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I ntroduction

How should we define a spectrum for nonlinear operators which attempts to preserve
the useful properties of the linear case, but admits applications to a possibly large
variety of nonlinear problems? This is the question that will provide the main focus
of this book. In fact, spectral theory for nonlinear operators is a rather new field in
nonlinear analysis, and, of course, is far from complete even in its most rudimentary
aspects. We do not believe that this should be an obstacle for describing the “state-of-
the-art” in a monograph like this: in fact, a book should open a field rather than close
it.

It is only a slight exaggeration to say that spectral theory for linear operators
is one of the most important topics of functional analysis and operator theory. In
fact, much information about a linear operator is “hidden” in its spectrum, and thus
knowing the spectrum means knowing a large part of the properties of the operator. The
range of applications of linear spectral theory is vast: apart from extremely important
applications of spectra of differential operators, say, to the modern theory of elliptic
boundary value problems, spectral theory is also at the heart of classical quantum
mechanics.

To put things in the right framework, let us recall some of the remarkable properties
of the spectrum of linear operators. Given a Banach space X over the field K = R or
K = C and a bounded linear operator L: X — X, the spectrum of L is

o(L) ={x € K:AI — L is not a bijection}, (1)

where I denotes the identity operator. As a simple consequence of the closed graph
theorem, the resolvent operator (\I — L)~! is then automatically bounded for each
A e K\ a(L) =: p(L), the resolvent set of L. Now, the resolvent set, spectrum, and
resolvent operator have the following well-known properties.

First of all, the Neumann series

(I L)’l—l I L_l—liLk—11+1L+1L+ )
A A AT A E
converges (in the operator norm) for each A € K with |A| > r(L), where

r(L) :=supf{|A| : L € o (L)} 3)

is the spectral radius of L. The conditions A € p(L) and |u — A| < ||[(A — L)™'~
imply that u € p(L); consequently, p(L) is open in K.
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By adapting methods from complex analysis one may show that the map A —
(A — L)~ ! is analytic whenever it is defined; consequently, p(L) is a proper subset
of the complex plane in case K = C, and so o (L) is nonempty.

The spectrum o (L) is closed and bounded, hence compact. Conversely, given any
nonempty compact set ¥ C K one can find a Banach space X and a bounded linear
operator L such that 0 (L) = X. A more precise statement is possible for a compact
linear operator L: in this case o (L) is at most countable, and so has no interior points.

For any polynomial p: K — K, the spectral mapping formula

o(p(L)) = p(a(L)) “4)

holds. So if one knows the spectrum of L, one also knows that of all powers L" of L
and all linear combinations of such powers.

Finally, the multivalued map o which associates to each bounded linear operator
L its spectrum o (L) as a subset of K is upper semicontinuous, and so the spectrum
o (L) cannot “collapse” when L changes continuously.

In view of the importance of spectral theory for linear operators, it is not surpris-
ing at all that various attempts have been made to define and study spectra also for
nonlinear operators. In the very beginning, the term spectrum was used for nonlinear
operators just in the sense of point spectrum (i.e., the set of eigenvalues) e.g. by Nemyt-
skij [202], [203] or Krasnosel’skij [160]. Here by eigenvalue of a nonlinear operator
F: X — X we mean, of course, any scalar A for which the equation F(x) = Ax has
a nontrivial solution.

Later it became clear that a more complete description requires, as in the linear
case, other (i.e., “non-discrete”) spectral sets. Starting from the late sixties, thisled to a
number of definitions of nonlinear spectra which are all different. In this connection,
it was tacitly assumed that a reasonable definition of a spectrum of a continuous
nonlinear operator should satisfy some minimal requirements, namely:

o It should reduce to the familiar spectrum in case of linear operators.

+ It should share some of the usual properties with the linear spectrum (e.g.,
compactness).

« It should contain the eigenvalues of the operator involved.

+ It should have nontrivial applications, i.e. those which may not be obtained by
other known means.

From the viewpoint of these four requirements, any definition of a spectrum should
focus on its analytical and topological properties and, of course, on applications.

Unfortunately, it turned out that, when building a nonlinear spectral theory, one
encounters several “unpleasant” phenomena. First of all, in contrast to the linear
case, the spectrum of a nonlinear operator contains practically no information on
this operator. Moreover, such familiar properties as boundedness, closedness, or
nonemptiness fail, in general, for all the spectra proposed so far in the literature.
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We shall return to this several times in the first chapters of this monograph. For
the time being, let us just give a series of quite simple examples which show what may
happen if we try to study spectral properties of rather harmless nonlinear maps.

Example 1. Let F: K — K be any continuous operator with F(0) = 0. Clearly, the
set

M::{Fix):xeK,x;éO} (5)

is then nothing but the set of eigenvalues of F' as defined above. Now, if we want
the spectrum of F to be bounded and contain the eigenvalues, then the set M must be
bounded, and so F must be of sublinear growth, i.e. |F(x)| < c|x| for some ¢ > 0. ©

Example 2. Let F: K — K again be any continuous operator. Then the set

N:={M:x,yeﬂ<,x;ﬁy} (6)
X =y

contains precisely all scalars A such that A/ — F is not injective, and so M = N if F is
linear. Now, if F' is nonlinear with F(0) = 0 we have of course only M C N, where
the inclusion may be strict (see Example 3). On the other hand, in case F(0) # O there
is no relation between M and N. For instance, for the affine function F(x) = ax + b
with b # 0 we have M = R\ {a} and N = {a}. Generally, if X is any Banach space
and F(x) = Lx + b, with L being linear and b nonzero, then every A € K satisfying
L] > r(L) is an eigenvalue of F, while N = o (L).

Now, if we want the spectrum of F to be bounded and contain the set N, then this set
must be bounded, and so F must be Lipschitz continuousi.e. |F (x)— F(y)| < L|x—y]|
for some L > 0. Vi

Example 3. Let F: R — R be defined by

F(x) = V. (7)

For this function (which we call the “seagull” in what follows) the sets (5) and (6)
are of course M = R\ {0} and N = R. In particular, every nonzero real number is
an eigenvalue of F. This remains even true if we replace (7), for any ¢ > 0, by the
“mutilated seagull”

VI if x| < €2,
€

, @®)

F.(x) =
+(x) if |x] > &-,

which has arbitrarily small range [0, €], but still every nonzero real number is an
eigenvalue. Observe that F¢ tends to the zero operator, uniformly on the real line,
as ¢ — 0. This shows that the set of eigenvalues may drastically “blow up” if the
operator changes continuously. On the other hand, in Chapter 6 we will see that one
of the most common spectra of the function (7) (or (8)) is {0}, i.e. disjoint from the
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set of eigenvalues. This is of course in sharp contrast to the linear case, where the
eigenvalues constitute an important part of the spectrum.

Observe that the operator Al — F, with F given by (7) or (8), is not bijective for
any A € R. So the analogue of the spectrum (1) for F would be the whole real axis,
and thus unbounded. <

Example 4. Let F: R — R be defined by

X if [x| > 1,
Fx)={x? ifo<x<l1, &)
—x? if—1<x<0.

In this case the function A/ — F is a bijection precisely for A < O or A > 1. So the
analogue of the spectrum (1) for F would be the interval (0, 1], and thus not closed. ©

Exampleb5. Let F: R — R be defined by

0 ifx <1,
Fx)y=3x—-1 ifl <x <2, (10)
1 if x > 2.

It is easy to see that Al — F is a bijection for A < 0 or A > 1, and so one can
expect that any “reasonable” spectrum contains the interval [0, 1]. On the other hand,
F2(x) = 0, and so the spectral mapping formula (4) certainly has no analogue for
nonlinear operators. Q

Example 6. Let F: R — R be defined as in Example 4. For 0 < § < % denote by
ps the quadratic polynomial pgs(x) 1= (x — 8)? 4 28 — 8% which satisfies ps(0) = 26,

ps(8) =28 — 8%, and p(—8) = 28 + 38%. Put

X ifx < -1,

—ps(x) if —1 <x < =4,

Fs(x) =10 if =6 <x <3, arn
ps(x) if§ <x <1,
X ifx > 1.

Then F — Fj is Lipschitz continuous with Lipschitz constant 25. Moreover, all A € R
for which A/ — F is not a bijection are contained in the open set G := R \ {0}, as
we have seen in Example 4. On the other hand, Fj; is not injective, and so the set of
all A € R for which Al — Fj is not a bijection is not contained in G. This shows
that the dependence of the “spectrum” on a nonlinear operator need not be upper
semicontinuous as in the linear case. Q
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Example 7. Let F: C — C be defined by
F(z) = min{|z], 1}e*. (12)

Then F is surjective, but for each ¢ > 0 one may find a continuous perturbation
G: C — Cof F suchthat |G(z)| < ¢ and F + G is not surjective. (For example, one
may choose G(z) := max{e(1 — |z|), 0}.) This shows that, in contrast to the linear
case, surjectivity is an unstable property. V%

Example8. Let F: C> — C? be defined by
F(z, w) = (W, i2). (13)
Obviously, F is a Lipschitz continuous bijection with Lipschitz continuous inverse

F~l(z, w) = (iw, 7). More generally, for every A € C the operator A] — F has the
Lipschitz continuous inverse

rz+w  Aw+iz
A —F) Nz, w) = ,— :
( ) @w) <i+|k|2 i—|k|2>
This means that the operator A/ — F is extremely regular, and so every “reasonable”
spectrum for F should be empty.
Observe that F2(z, w) = (—iz, iw) is a linear operator in this example, and so

o (F?) = {=i} is of course nonempty. Vi

At this point, however, one should pose the following critical question: why should
the spectrum of a nonlinear operator have the same properties as that of a linear
operator? After all, it is not the intrinsic structure of the spectrum itself which leads
to interesting applications, but its property of being a useful tool for solving nonlinear
equations. For instance, the fact that the spectrum of a nonlinear operator in a complex
space may be empty should be regarded as an advantage, not a drawback: as a matter
of fact, it means that a certain nonlinear equation involving a complex parameter is
solvable for all possible values of this parameter.

So, it is only for notational convenience that we retain the name “spectrum” in
the nonlinear case; actually we are more interested in studying specific nonlinear
equations rather than abstract spectra. In particular, we will show in the last chapter
that, when adopting the language of nonlinear spectral theory, one may get not only
a deeper insight into new classes of nonlinear problems, but also sometimes obtain a
re-interpretation of classical results from a different viewpoint.

In this book we discuss spectra for various classes of nonlinear operators, compare
their properties, point out their advantages and drawbacks, and indicate some possible
applications. Unless otherwise specified, all operators considered in this book are
supposed to be continuous. In most cases, we will also tacitly assume that the operator
in consideration is bounded, i.e., maps bounded sets into bounded sets. We point out
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that, in contrast to linear operators, for nonlinear operators these two requirements are
independent; in fact, it is easy to find continuous operators which are unbounded, or
bounded operators which are discontinuous.

Important special classes of continuous operators we are interested in are, roughly
speaking, Fréchet differentiable operators, Lipschitz continuous operators, quasi-
bounded operators, and linearly bounded operators. These are in fact operators for
which many important results have been proved in nonlinear spectral theory. When
discussing such abstract results, we will illustrate them throughout by numerous ex-
amples. Some selected applications to bifurcation theory, integral equations, and
boundary value problems, and partial differential equations will be given in the last
chapter.

The present book consists of 12 chapters. In Chapter 1 we recall the basic facts
on the spectrum of a bounded linear operator in a Banach space including its subdi-
vision in several subspectra. These facts will be needed for a comparison with many
new notions and concepts introduced in the following chapters. In Chapter 2 we
introduce and study some numerical characteristics which provide a “quantitative”
description of certain mapping properties of nonlinear operators, such as boundedness,
quasiboundedness, or Lipschitz continuity, and compare these characteristics with the
classical (Kuratowski) measure of noncompactness. These operator characteristics are
not only needed to define the various spectra considered in the sequel, but seem to be
also of independent interest. For example, they allow us to give a certain subdivision
of spectra which in the case of a bounded linear operator leads to the approximate
point spectrum, the approximate defect spectrum, and the continuous spectrum.

Since spectra have something to do with the “lack of invertibility” of operators,
in Chapter 3 we study general invertibility results. In particular, we will be interested
in conditions under which the local invertibility of a nonlinear operator implies its
global invertibility. For example, a classical condition of this type is provided by the
Banach—Mazur lemma which states that a continuous map is a global homeomorphism
if and only if it is both a local homeomorphism and proper.

Chapter 4 is devoted to a spectrum for continuous operators due to Rhodius, and
a spectrum for C' operators which goes back to Neuberger. The Rhodius spectrum
may be noncompact or empty, while the Neuberger spectrum is always nonempty (in
the complex case), but it need be neither closed nor bounded.

In Chapter 5 we discuss a spectrum for Lipschitz continuous operators which was
apparently first proposed by Kachurovskijin 1969, and a spectrum for linearly bounded
operators introduced recently by Dorfner. In contrast to the Neuberger spectrum, the
Kachurovskij spectrum is compact, but it may be empty even in (complex) dimension 2.
The Ddérfner spectrum in turn is always closed, but it may be unbounded or empty.
All four spectra considered in this and the preceding chapter, however, reduce to the
familiar spectrum in the linear case, and they all contain the eigenvalues of the operator
involved. Interestingly, these spectra always contain O in case of a compact operator
in an infinite dimensional Banach space; this is of course completely analogous to the
linear case.
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Chapter 6 is concerned with a spectrum for certain special continuous operators
which was introduced by Furi, Martelli, and Vignoli in 1978. This Furi-Martelli—
Vignoli spectrum is always closed, sometimes even compact, and it has many interest-
ing applications. It again coincides with the usual spectrum in the linear case, but it
need not contain the point spectrum in the nonlinear case. We also consider a certain
modification of this spectrum in Chapter 6 which was recently introduced by Giorgieri,
Viith, and the first author.

The flaw of the Furi—-Martelli—Vignoli spectrum of not containing the eigenvalues is
“repaired” in a certain sense by another spectrum which is some kind of “interpolation”
between the Furi-Martelli—Vignoli spectrum and the Dérfner spectrum. This spectrum
was introduced by Feng in 1997; it has similar topological properties as the Furi—
Martelli—Vignoli spectrum, but contains the eigenvalues. We will discuss the Feng
spectrum in detail in Chapter 7.

Roughly speaking, one may say that the Furi—-Martelli—Vignoli spectrum takes into
account the “asymptotic” properties of an operator, while the Feng spectrum reflects its
“global” properties. This is also one reason why the latter contains the eigenvalues, but
the former does not. A very interesting approach to some kind of “local” spectrum is
due to Vith; since his construction is rather far from what one usually calls a spectrum,
we have decided to call it “phantom”. More precisely, there are two kinds of Vith
phantoms which we will study in detail in Chapter 8.

There are several other spectra for nonlinear operators in the literature which do not
seem to be as important as the Furi-Martelli-Vignoli spectrum, the Feng spectrum,
and the Vith phantoms, but deserve being treated in this book. In Chapter 9 we
discuss a “semilinear” Feng spectrum proposed by Feng and Webb, the analogous
variant of the Furi—-Martelli—Vignoli spectrum, and another two spectra introduced
by Singhof—-Weyer and Weber. Moreover, we briefly mention a “strange spectrum”
for Lipschitz continuous operators which is defined through some kind of “nonlinear
adjoint”. Finally, we discuss spectra and phantoms for homogeneous operators which
seem to be particularly useful in view of applications.

Chapter 10 is concerned with nonlinear eigenvalue problems. This is one of
the historical roots of nonlinear spectral theory which goes back to, among others,
M. A. Krasnosel’skij, V. V. Nemytskij, and M. M. Vajnberg. Now the literature on
eigenvalues of nonlinear operators is so large that taking into account all results and
applications would have required another book. We therefore restrict ourselves to
those problems which are closely related to spectral theory.

A deeper analysis of such problems leads to a somewhat paradoxical statement:
the fact that some of the spectra mentioned above, though being very important in
applications, do not contain the point spectrum, is actually not a flaw of these spectra,
but a consequence of a “wrong” definition of the term eigenvalue. Here we are again
led to the same critical question as above: Why should an eigenvalue of a nonlinear
operator be defined in the same way as in the linear case? In fact, the problem of
finding the “appropriate” definition of the term eigenvalue in the nonlinear case is quite
subtle and will be discussed in detail in Chapter 10. This definition is equivalent to,
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but formally completely different from, the familiar definition in the linear case. This
again illustrates the fact that it is misleading, if not dangerous, to “borrow” notions
naively from the linear theory.

At this stage we cannot help mentioning that this was already observed seven
centuries ago, not by a mathematician, but by the genious of Dante Alighieri who
writes at the beginning of his Divina Commedia

Nel mezzo del cammin di nostra vita
Mi ritrovai per una selva oscura,
Ché la diritta via era smarrita.

We consider Dante’s intuition so important that we think the reader should spend
some time concentrating on these remarkable verses. To facilitate the task we shall
give below the English translation of these verses of Dante’s immortal masterpiece.

Midway upon the journey of our life,
[ found myself within a forest dark,
For the straight pathway had been lost.

Our crucial problem could not be described in a more plastic and suggestive way:

in the brushwood of the nonlinear theory (Dante’s “selva oscura”), the linear methods
(the “diritta via”) fail completely, and we have to find something new.

Dante in the “dark forest”
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In fact, this may be achieved if one adopts a completely new approach, as we
do in this book. Surprisingly, this was also noted by Dante who writes some lines
afterwards:

Ma per trattar del ben ch’i’ vi trovai,
Diro de I’ altre cose ch’io v’ ho scorte,

which reads in English as follows:

But of the good to treat, which there I found
Speak will I of the other things I saw there.

The remaining two chapters of the monograph are more application-oriented. An
interesting tool in spectral theory, both linear and nonlinear, is based on the notion of
numerical range. To the best of our knowledge, the first numerical range for nonlinear
operators in Hilbert spaces was introduced by Zarantonello in 1964. Subsequently,
numerical ranges for larger classes of operators in Banach spaces have been studied
by Rhodius and Pietschmann, Verma, Dérfner, and others. Interestingly, a new feature
which comes in here is the geometry of the underlying Banach space. We will show
in Chapter 11 how numerical ranges may be used to “localize” the spectrum of a
nonlinear operator on the real line or in the complex plane.

The final Chapter 12 is concerned with selected applications. In the first section we
derive some general solvability results for nonlinear equations which may be directly
obtained by means of spectral methods. Afterwards we discuss some applications to
nonlinear integral equations and boundary value problems for differential equations,
as well as applications to bifurcation theory. In the last section we show how spectral
theory for homogeneous nonlinear operators may be used to derive a certain nonlinear
Fredholm alternative which applies to existence and perturbation results for the p-
Laplace equation. We believe that this list of applications is by no means exhaustive,
and we hope that spectral methods will be a fruitful source for further research, both
theoretical and application-oriented.

Our exposition of nonlinear spectral theory is basically self-contained. We prove
all major statements, and we try to illustrate each definition and result by some ex-
amples. By O we denote the end of a proof and by © the end of an example. Each
chapter closes with a section called Notes, remarks and references, where we collect
some additional information and refer to the bibliography at the end of the book.

The notation is also standard: given a subset M of a metric space X, by M we
denote the closure, by M? the interior, and by d M the boundary of M. Furthermore,

diam M :=sup{d(x, y) : x,y € M} (14)
denotes the diameter of M, and

dist(x, M) := inf{d(x, y) : y € M} (15)
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denotes the distance of a point x from M. If X is in addition a linear space, co M is
the convex hull, co M the closed convex hull, and span M is the linear hull of M.
Since spectra are subsets of the complex plane, the special notation

D :={zeC:lzl<r}, D =D (16)
for the open complex disc of radius r > 0, and
Sri={zeC:lzl=r}, S =S (a7

for its boundary will be useful. All other notation will be explained when it occurs for
the first time in the text.

Understanding this monograph requires only a modest background of nonlinear
analysis and operator theory. Consequently, this book is addressed to non-specialists
who want to get a first idea of the development of the theory, methods, and applications
of this fascinating field during the last 30 years. Hopefully this monograph will give
some appreciation of nonlinear spectra, as well as a glimpse of the diversity of the
directions in which current research is moving.

As we have pointed out at the beginning, the theory treated in this monograph is
by no means complete, and we are far from the last word on the subject. Even worse,
one could be somewhat pessimistic by stating that we do not yet have a reasonable
definition of the terms “spectrum” and “eigenvalue” for nonlinear operators. All we
can do, when applying spectral theory to a specific nonlinear problem, is to choose
carefully a spectrum which has at least some of the needed features. Even a giant
like Sir Isaac Newton should have had a similar feeling when he wrote about his
mathematical achievements in the last years of his life:

I do not know what I may appear to the world,; but to myself I seem to have been
only like a boy playing on the seashore, and diverting myself in now and then finding
a smoother pebble or a prettier shell than ordinary, whilst the great ocean of truth lay
all undiscovered before me.



Chapter 1
Spectra of Bounded Linear Operators

In this chapter we recall the basic properties of the spectrum of a bounded linear
operator in a Banach space. The main purpose is to compare these properties with
those of spectra of nonlinear operators which will be defined in subsequent chapters.
In particular, we discuss different subdivisions of the spectrum which sometimes will
have natural analogues in the nonlinear case.

1.1 Thespectrum of abounded linear operator

Given two Banach spaces X and Y over K = R or K = C, by £(X, Y) we denote
the Banach space of all bounded linear operators L : X — Y with the usual operator
norm

LIl = sup{llLx] = [lx]| < 1}. (1.1)

As usual, we write £(X, X) =: £(X) for brevity. Throughout this monograph, we
denote by 6 the zero element of a vector space, and by ® the zero operator ®x = 6.
Moreover, we write

N(L)={xeX:Lx=0} (1.2)

for the nullspace and
R(L) :={Lx:x € X} (1.3)

for the range of alinear operator L. Thus, L isinjective (1-1)ifandonly if N(L) = {6},
and surjective (onto) if and only if R(L) =Y.

A Banach space which we will use very often in the numerous examples is the
space [, of all sequences x = (x1, x2, X3, . ..) with finite norm

(0%, xal?)? if1 < p < oo,

lxll = .
sup{|x,| :n=1,2,...} if p=o00,

as well as the subspace ¢ C I of all convergent sequences and the subspace co C I
of all null sequences. Moreover, several examples will be constructed in the Chebyshev
space C = C]0, 1] of all continuous functions on [0, 1] with finite norm

X[l = max{|x()[ : 0 <7 < 1},
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or in the Lebesgue space L, = L,[0, 1] of all (equivalence classes of) measurable
functions on [0, 1] with finite norm

il — | (o @1 an)™ if1 < p < oo,
B esssup{|x(?)| : 0 <t <1} if p=o0.
Here the essential supremum in L, is defined as usual by

esssup{|x(?)| : 0 <t <1} = irg_o sup{|x(®)| : t € [0, 1]\ D},

where mes D denotes the Lebesgue measure of D C R.
Given an operator L € £(X), the set

p(L) :={A € K: Al — L is a bijection} (1.4)
is called the resolvent set of L, its complement
o(L) :=K\ p(L) (1.5)
the spectrum of L. By the closed graph theorem, the inverse operator
RO L):=0I—L)"" (nepL)) (1.6)

is always bounded; this operator is usually called resolvent operator of L at A. For
every A with |A| > ||L|| we have A € p(L) and

IR(A; L)|| < (1.7)

A= IILI

A certain improvement of this will be given in Theorem 1.1 (b) below. Finally, the
number
r(L) :=supf{|A] : A € o (L)} (1.8)

is called the spectral radius of L. This number may be calculated in case of a complex
Banach space by the Ge!’fand formula

r(L) = lim /|[L"| = inf /|| L"]. (1.9)
n— 00 neN

For further reference, we collect some important facts about the spectrum, resol-
vent operator, and spectral radius in the following theorem.

Theorem 1.1. The sets (1.4) and (1.5), the operator (1.6), and the number (1.8) have
the following properties:

(a) The resolvent identities

RO L) —R(w; L) = (= M)RG; L)R(us L) (A, pe p(l))  (1.10)



(b)

©
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and
R(; L) — R(A; K)=R(; L)(L — K)R(A; K) (A€ p(L)Np(K)) (1.11)

are true for L, K € £(X); moreover, R(A; L) and R(w; L) commute for A, 1 €
p(L).

The Neumann series

R(A;L):%(I—%>__ Z( ) 1+1L+1L2 - (1.12)

converges in £(X) for each . € K with |A| > r(L).

L e p(L)and | — X < ||R(; L)~V imply that also i € p(L); consequently,
p(L) is open in K.

The map p(L) > A — R(A; L) € £(X) is analytic; consequently, p(L) is a
proper subset of the complex plane in case K = C, hence o (L) # @.

The estimate

r(L) < |IL| (1.13)
is true; equality holds in (1.13), for example, if X is a Hilbert space and L is
normal, i.e. commutes with its Hilbert space adjoint.
o (L) is closed and bounded, hence compact.

Conversely, given a nonempty compact set ¥ C K one can find a Banach space
X and an operator L € £(X) such that o (L) =

For any polynomial p: K — K, p(A) = a,A" + - -+ + a1X + ag, the identity
o(p(L)) = p(a(L)) (1.14)

holds; here p(L) = a,L"+---+a1L+agl and p(o (L)) = {p(X) : A € o (L)}

For fixed L € £(X) and any open set G 2 o (L) there exists a § > 0 such that
o (K) C G forevery K € £(X) with |K — L|| < é.

Proof. To prove (a), note first that (u — A)I = (ul — L) — (Al — L) and hence

R L) — R(u; L) = R(A; L)(ud — L)R(u; L) — R(A; LY — L)R(u; L)

=R, L)[(ul — L) — (M — L)]R(u; L)
=(u—A)RM; L)R(u; L)

for A, u € p(L), which proves (1.10). To prove (1.11), we use the trivial equality

L —

K = (I — K)— (Al — L) and obtain

W L)' L -K)OI-K)'=RO; L) — R K)
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for A € p(L) N p(K). From (1.10) we get, in particular,
(=2 RMA; L)R(p; L) = —[R(u; L) — R(A; L)] = —(A — w)R(u; L)R(A; L)

which shows that R(1; L) and R(u; L) commute.

The property (b) follows from the fact that the Neumann series for L /A converges
to (I—L/)L)_1 = AR(A; L),sincer(L/X) =r(L)/|A] < 1. The assumption |u—A| <
IR(x; L)|~" in (c) implies that

1 — G = L)~ (wl = L) = |RG; LI — L) = (u] — D]
IR D)l | —Al < 1,

and so (Af — L)~ (uI — L) is invertible. Consequently, also I — L is invertible,
and thus u € p(L).

To see that (d) is true, observe that the resolvent identity (1.10) implies the differ-
entiability of the resolvent operator (1.6) with

Rw: L) — RO L) R L)R(u; L) = —R(%; L)?
n —A n—>A

d
—R(A; L) = lim
dir n—>xr

and, more generally,

dk

—R(x:; L) = (=D k'R (x; L)FH!

—RO: L) = CD!KIRG: L)

for all k € N. Moreover, we have u € p(L) for |[u — A| < ||R(}; L1, by (c), and
the series with operator coefficients

R(u: L) = ) (=D*RO: L (= 1) (1.15)
k=0

converges in the space £(X) with norm (1.1). Consequently, p(L) = C would imply
that . — R(A; L) is abounded entire function, hence constant, by Liouville’s theorem.
This contradiction shows that p(L) # C, hence o (L) # @.

The assertion (e) is an immediate consequence of the Gel’fand formula (1.9) and
the fact that ||L"| < ||L||" in any space, while ||L"|| = ||L||" for normal operators in
Hilbert spaces. The assertion (f) follows directly from (c) and (e)

To illustrate (g), we may choose X =, (1 < p < 00) and

L(x1,x2,x3,...) = (a1x1, axxz, azxs, ...), (1.16)

where (a, ), is adense setin X. Itis clear thata, I — L is not invertible forany n € N,
which together with the closedness of o (L) implies that ¥ C o (L). On the other
hand, any point 1 € K\ X has a positive distance from X, and so the operator A/ — L
is an isomorphism with inverse

RO L)Y(x1, x2, %3, ...) = ((h—a) " "'x, b —a2) " 'xa, v —a3) " lxs, 0.



1.1 The spectrum of a bounded linear operator 15

Consequently, A € p(L) for these A, and hence o (L) C X.
Let us now prove (h). We write p as product of linear functions

p@)=ar —2)(A2—2) - Ay — 2),

where A1, A2, ..., A, are the complex roots (counting multiplicities) of the polynomial
p and a € C. Obviously, the operator

p(L) =a(l —L)(A2l —L)--- (] — L)

is invertible if and only if each factor A;I — L (j = 1,2, ..., n) is invertible. Now,
A € o(p(L)) implies that 0 € o (p(L)) with p(z) := X — p(z), and so p(n) = 0 for
some i € o(L). But then p(u) = A for this u, and hence A € p(o(L)). Since all
these implications may be inverted, we have shown that . € o(p(L)) if and only if
A€ p(o(L)).

It remains to prove (i). If A belongs to the closed set F := K\ G, then A € p(L),
hence R(A; L) € £(X). By what we have proved before, for any K € £(X) satisfying

IK =Ll =& —L)— &I = K)| < ———F—
IR(A; L)
we have then A € p(K) as well. But the fact that | R(X; L)|| — 0as |A| — oo implies
that actually

1

§:=min-——— >
reF |ROG L)

’

and so the assertion follows. m]

We make some comments on the last two assertions of Theorem 1.1. The state-
ment in (h) is usually called the spectral mapping theorem; it is true also for more
general maps than polynomials. The statement in (i) shows that the (multivalued)
map which associates to each bounded linear operator L its spectrum o (L) is upper
semicontinuous from £(X) into K. The following example shows that this map is, in
general, not lower semicontinuous; this means that the spectrum o (L) cannot “expand
suddenly” when L is changed continuously, but it may well “shrink suddenly”.

Example 1.1. Let X = [;(Z) be the space of all summable complex sequences

X = ('x’l)}’l = ("'7'x—27-x—17-x03-x17-x27"')7

indexed by the integers, with the usual norm. Forany ¢ € R, let L, € £(X) be defined
by L,x =y, where x = (x;), and y = (yy), are related by

xi_1 ifk#0,

K= Vexl, ifk=0.
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Then we have .
o(Lo) =D,

where
D={zeC:|z] <1} (1.17)

denotes the open complex unit disc. On the other hand,
o(Lg) =S:=0D={zeC:|z] =1} (¢#0).

So, here the spectrum “collapses” when ¢ changes from zero to a nonzero value. <

1.2 Compact and e-contractive linear operators

If we pass from the whole operator algebra £(X) to some subalgebra of operators,
much more can be said about the spectrum. Let us first consider the ideal RE(X, Y) C
£(X, Y) of compact linear operators; as before, we write R£(X, X) =: RL(X).
Recall that a linear operator L: X — Y is called compact if it maps every bounded
set M C X into a precompact set L(M) C Y (i.e. L(M) is compact). Compactness
may be defined equivalently with sequences: every bounded sequence (x;), in X
contains a subsequence (x,, )x such that (Lx,, )x converges. Obviously, every compact
linear operator is bounded; the converse is true only in finite dimensional spaces. For
example, the operator (1.16) is bounded in the sequence space [, (1 < p < o00) if
and only if (a,), is bounded, and compact in [/, if and only if @, — 0. Similarly, the
multiplication operator
Lx(t) =a(t)x(t) (1.18)

is bounded in the Lebesgue space L,[0, 1] (1 < p < oo)ifand only ifa € L[0, 1],
and compact in L,[0, 1] if and only if a(z) = 0 almost everywhere on [0, 1]. An
analogous result is true in the space C[0, 1] in case of a continuous multiplier a.

Let X be a Banach space over K and L € £(X). Recall that a number A € K is
called eigenvalue of L if the equation

Lx = Ax (1.19)

has a nontrivial solution x € X. Any such x is then called eigenvector, and the set
of all eigenvectors is a subspace of X called eigenspace. The (not necessarily finite)
number

o
n(; L) = dim | J NI = L) (1.20)
k=1
is called algebraic multiplicity of the eigenvalue A; even in finite dimensions this

number may be strictly larger than the geometric multiplicity dim N(ALI — L) of A.
Throughout the following, we will call the set of eigenvalues

op(L) :={A € K: Lx = Ax for some x # 6} (1.21)
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the point spectrum of L. The point spectrum is, of course, a subset of o (L), because
Al — L is not injective for A € op(L). For example, in case X = C" every operator
(matrix) L € £(X) has a pure point spectrum o (L) = op(L) = {A1,..., i} C C
satisfyingn(A1; L) + - - +n(hg; L) = n.

The following theorem shows that the situation is similar for the spectrum of a
compact operator, even in infinite dimensions.

Theorem 1.2. For L € REL(X), the following is true:

(@) Foranye > 0, the set {A € op(L) : |A| > &} is finite.

(b) If A # 0is not an eigenvalue of L, then .Ml — L: X — X is an isomorphism.
(c) Everypoint A € o(L) \ {0} is an eigenvalue of L.

(d) 0 e€o(L)if X is infinite dimensional.

We omit the proof of the statements (a)—(c), since we will prove below a more
general result (Theorem 1.3). To see that (d) is true, suppose that 0 € p(L). Then L
is a compact bijection on X with bounded inverse L~!, and hence I = LL™! is also
compact. This implies that X is finite dimensional.

Both Theorem 1.2 and the more general Theorem 1.3 will be illustrated in the next
section by a series of examples.

There is an important generalization of the class of compact operators which we
will discuss now. In this section we restrict ourselves to linear operators, while parallel
results for nonlinear operators will be considered in Section 2.3.

To this end, we have to recall a “topological” characteristic which is extremely
useful in the theory and applications of both linear and nonlinear analysis. Let X

be a Banach space and M C X a bounded subset. The (Hausdorff) measure of
noncompactness of M is defined by

a(M) = inf{e : ¢ > 0, M has a finite e-net in X}, (1.22)

where by a finite ¢-net for M we mean, as usual, a finite set {z1, ..., zn} C X with
the property that

M C [z1 + B(X)1U -+ - Ulzm + Be(X)].
Here and throughout the following we use the notation
B.(X)={xeX:|x||=<r} (1.23)
for the closed ball with centre 6 and radius » > 0 in X, and
S, (X)=0B,(X)={xeX:|x||=r} (1.24)

for the corresponding sphere. In case r = 1 we simply write B1(X) =: B(X) and
S1(X) =: S(X). The corresponding open balls will be denoted by

BY(X)={xeX:|x|l<r}
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and, in particular, B{(X) =: B’(X).
In the following Proposition 1.1 we recall some properties of the measure of
noncompactness (1.22).

Proposition 1.1. The measure of noncompactness (1.22) has the following properties
M,NC X, »eK, zeX):

(@) a(M) = 0ifand only if M is precompact, i.e. has compact closure.

(®) |a(M) —a(N)| <a(M + N) <a(M) + a(N).

(©) a(AM) = |A|a(M).

d oM+ {z}) =a(M).

() a(coM) = a(M).

) a(MUN)=max{a(M),a(N)}.

(g) a(B (X)) =a(Bl(X)) =a(S, (X)) =0ifdim X < coand=r ifdim X = oo.

h) IfM{ DMy D --- 2D M, D ... isadecreasing sequence of closed sets in X
o0

with a(M,)) > 0asn — 0o, then My, := ﬂ M,, is nonempty and compact.

n=1

Proof. Property (a) rephrases a well-known characterization of precompactness by
finite e-nets in complete normed (even metric) spaces. To prove (b), it suffices to
observe that, if {z1, ..., z;,} is a finite e-net for M, and {wy, ..., w,} is a finite n-net
for N then {z; +w; :i =1,...,m; j=1,...,n}isafinite (¢ + n)-net for M + N.
Similarly, if {z1, ..., 2, } is afinite e-net for M, then certainly {1z, ..., Az, }isafinite
|\]e-net for AM, which proves (c). Finally, (d) follows from the trivial observation
that {z1, ..., zp} is a finite e-net for M if and only if {z1 + z, ..., z» + z} is a finite
&-net for M + z.

In assertion (e) we have to show only that «(co M) < a(M), by (f). Fix n >

o (M), choose a finite n-net {zy, ..., z,,} for M, and let ¢ > 0 be arbitrary. Then
N :=co{z1, ..., z;m} is acompact set satisfying dist(x, N) < nforall x € co M. But
since N is compact, we certainly find a finite e-net {wy, ..., w,} for N, and this is
then a finite (1 4 ¢)-net for co M.

To see that (f) holds it suffices again to observe that, if {71, ..., z,} is a finite e-net
for M, and {wy, ..., w,} is a finite n-net for N, then {z1, ..., 2} U {wy, ..., w,}is

a finite 6-net for M U N, where § := max{e, n}.

Let us now prove (g); by (c) and (e), we may restrict ourselves to the closed unit
ball B(X). If X is finite dimensional, then B(X) is compact, and hence a(B(X)) = 0,
by (a). Suppose that X is infinite dimensional. Since B(X) may be covered by
itself, we have the trivial estimate o(B(X)) < 1. Suppose that «(B(X)) < 1, and fix
¢ € ((B(X)), 1). By definition, we find then a finite e-net for B(X). This e-net gives
rise to finitely many closed balls of radius ¢, each of which may in turn be covered by
finitely many balls of radius &2, by the homogeneity property (c) and the translation
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invariance (d). Continuing this way we may cover B(X) by an increasing, though
finite, number of balls of arbitrarily small radius . We conclude that «(B(X)) = 0,
contradicting the well-known fact that the unit ball of an infinite dimensional Banach
space is never compact.

It remains to prove (h). Let (x,), be a sequence with x,, € M, for all n, and put
N, = {x;, : m > n}. Obviously, N,, € M,,, and hence

a(Ny) =a(N2) =+ =a(Ny) =a(M,) - 0 (n— o0).

Consequently, the set N1 = {x1, x2, x3. ... } is precompact, and hence x,,, — x4 (k —
00) for some subsequence (xy, )x. But the limit x, belongs then to the intersection
Moo, and so M, # . The compactness of M, follows from the assumption that
a(M,) — 0 as n — o0, and the fact that M, is closed. O

Now let L: X — Y be a bounded linear operator. From the definition (1.22) of
the measure of noncompactness it follows then that

a(L(M)) < ka(M) (1.25)
for any bounded subset M C X, where at least k = ||L||. In fact, if {z{, ..., 2} is
a finite e-net for M, then obviously {Lz1, ..., Lz,} is a finite ||L|e-net for L(M).
More generally, we put

[L]a = inf{k : k > 0, (1.25) holds} (1.26)

and call the characteristic [L]s the measure of noncompactness (or a-norm) of L.
In particular, in case [L]s < 1 the operator L is called a-contractive (or a ball
contraction). Intuitively speaking, the condition [L]ao < 1 means that the image
L(M) of any bounded set M C X is “more compact” than M itself.

Parallel to (1.25) and (1.26), we will also be interested in the “reverse” condition

a(L(M)) = ka(M) (1.27)
for any bounded subset M C X, and in the “lower” characteristic
[L]y = sup{k : k > 0, (1.27) holds}. (1.28)

Observe that we may write the characteristics (1.26) and (1.28) in the equivalent
form (L(M)) (L(M))
o o
[L]a= sup ———, [Lla= inf ——— (1.29)
a(M)>0 a(M) a(M)>0 a(M)
if the space X is infinite dimensional. In finite dimensional spaces this does not make
sense, since all bounded sets are precompact, and so there are no sets M satisfying
0<a(M) < oo.
We collect again some basic properties of the characteristics (1.26) and (1.28)
in the following Proposition 1.2. Recall that a bounded linear operator is called
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left semi-Fredholm if it has closed range and finite dimensional nullspace, and right
semi-Fredholm if it has a closed range of finite codimension. Given an operator
L € £(X,7Y), throughout the following we denote by L* € £(Y*, X*) its Banach
space adjoint defined by the equality

(L*O)x :=4€(Lx) (LeY* xeX). (1.30)

Proposition 1.2. The characteristics (1.26) and (1.28) have the following properties
(L, K € £(X,Y), » € K):

(@) [L]a =0ifandonlyif L is compact.

() [L+ K]a <[L]a +[K]a.

(¢) [AL]a = [AI[L]A.

(d) [Klal[Lla =[KL]a < [K]alL]aA-

() [Lla—I[K]a =[L+ Kla = [L]a +[K]a.

() |[Lla — [K]al <L — K]a;, in particular, [L — K]a = 0 implies [L], = [K]a.
(g) [L1a[L™"a = 1ifdim X = oo and L is a linear isomorphism.

(h) [L]a =L

() [Lla <I[Lla ifdim X = oc.

(G) [AM —L]a =[rM — L]y = |A] ifdim X = oo and L is compact.

(k) [Lla > Oifand onlyif L is left semi-Fredholm.

(1) [L*]a > O ifand only if L is right semi-Fredholm.

Proof. The properties (a)—(f) are immediate consequences of the definitions (1.26)
and (1.28) and the properties of the measure of noncompactness (1.22) proved in

Proposition 1.1.
Property (g) follows from the chain of equalities

[L™']a = sup

a(L~Y(N)) a(M) ( . a(L(M)))l 1
— = sup ————— = inf =
aN)>0  @(N) a(M)>0 ¢ (L(M))

a(M)=0 (M) L1

while property (h) has already been proved after Proposition 1.1.

The estimate (i) is a trivial consequence of (1.29), while (j) follows from the fact
that [/]o = [/]a = 1 in every infinite dimensional space X.

To prove (k), suppose first that [L], > 0, and fix k € (0, [L],). Since the set
M = N(L) N B(X) is mapped into F (M) = {0}, we get

a(M) < %a(F(M)) =0,

which shows that M is precompact, and hence N (L) is finite dimensional. We prove
now that the range R(L) of L is closed. Since dim N(L) < oo, there exists a closed
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subspace X9 C X such that X = Xo & N(L). Let (y,), be a sequence in R(L)
converging to some y, € Y, and choose (x;), in X with Lx,, = y,. Now we
distinguish two cases. First, suppose that (x;), is bounded. With k > 0 as before we
get then

1
a({x17x25x39 }) S %a({)’l’ )’27 y37 . }) = Oa

and hence x,, — x, for some subsequence (x,, )« of (x,), and suitable x, € X. By
continuity we see that L(x4) = Y4, and so y, € R(L). On the other hand, suppose that
|xn || = oo. Sete, := x,/||x,|l and E := {e1, e2,e3,...}. Then clearly E C S(X)
and

_ Lo o

ol llxall
hence a(L(E)) = 0. On the other hand, «(L(E)) > ka(E), by definition (1.28),
and thus «(E) = 0. Without loss of generality we may assume that the sequence
(en)n converges to some element e € S(Xg). So Le = 6, contradicting the fact that
XoN N(L) = {0}

Now we prove that the closedness of R(L) and the fact that N (L) is finite dimen-
sional imply that [L], > 0. Since dim N(L) < oo we may find a closed subspace
Xo of X with X = Xo & N(L). The projection P: X — X satisfies [P], = 1,
since I — P is compact. Consider the canonical isomorphism L: Xo — R(L). Since
L=LPand [I:]a > 0, we conclude that also [L], > [f,]a[P]a > 0.

It remains to prove (1). To this end, suppose first that [L*], > 0. By what
we have proved in (k), this implies that R(L*) is closed, and hence R(L) is closed.
Moreover, the nullspace N(L*) of L* is finite dimensional, so we may find a basis
{g1,...,, g} for N(L*),i.e. N(L*) = span{gy,...,, g:}. Butthe fact that R(L) =
N(g1)N---N N(gy,) shows that N (L) has finite codimension.

Finally let us show that the closedness of R(L) and the fact that R(L) has finite
codimension imply that [L*], > 0. Again, the closedness of R(L) implies the closed-
ness of R(L*). On the other hand, we have R(L) = N(gy) N--- N N(g,), where
{g1,...,gn}is abasis of N(L*). Thus dim N(L*) < o0, and the result proved in the
second part of (k) implies that [L*], > 0. The proof is complete. O

-0 (n— ),

€n

Proposition 1.2 (k) and (1) give a characterization of semi-Fredholm operators in
terms of the lower measure of noncompactness (1.28). In particular, L € £(X, Y) is
Fredholm if and only if both [L], > 0 and [L*], > O.

Theorem 1.2 provides a precise description of the spectrum of a compact lin-
ear operator. An important generalization to «-contractive linear operators reads as
follows.

Theorem 1.3. For L € £(X) with [L]a < 1, the following is true:
(a) Foranye > 0, the set {, € op(L) : |A| > [L]a + &} is finite.

(b) If A with |A| > [L]a is not an eigenvalue of L, then A\l — L: X — X is an
isomorphism.
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(c) Every point . € o (L) with |A| > [L]a is an eigenvalue of L.

Proof. To prove (a), suppose that there exists a sequence (A, ),, of distinct eigenvalues
of L with |A,| > [L]a + ¢, and let (x,), be a corresponding sequence of eigenvectors.
Since L is a-contractive, we may find k € N such that [L]’/g < % Since all eigenvalues
are distinct, the sequence of spaces X, spanned by {xy, ..., x,} is strictly increasing.
By the well-known Riesz lemma we may find a sequence (e;), in S(X,) such that
lx — enll > % for all x € X,,_. From the fact that ¢, lies in the linear hull of
{x1, ..., x,} it follows that

Lken — Aﬁen € X;—1
and

Lken Lkem

Zn,m ‘=€ — W‘FW € X1

for n > m. Consequently,

e e 1
% <_> vy (L”)H —len—zamll =2 (=m). (13D
‘ A"I/Cl A‘fn n n,m 2

Now, since the set M = {Al_kel , Az_kez, k;keg, ...} is included in the closed ball
B, (X) of radius r = ([L]a + &)~ !, we conclude that

k k 1
a(L"(M)) < [LTjo(M) < 3

On the other hand, (1.31) shows that «(L¥(M)) > % a contradiction.

To prove (b) we show first that the range R(Al — L) of A — L is closed in X. Let
(yn)n be asequence in R(AI — L) which converges to some y € Y, and choose x, € X
with Ax,, — Lx,, = y,. We claim that the sequence (x;), is bounded. In fact, suppose
that ||x, || — oo and put e, := x,,/||x,||. Thene, € S(X) and Ae,, — Le, = yu /|1 xnl,
hence

e — Leyll = 220 00 (0 = o0,
(B
Moreover,
[L] 1
afer, e2,...)) < W’*a({el,ez,...}) + e
[L]a

= Wa({eh €2, ...},
which implies that e ({e1, e2, €3, ...}) = 0, by our assumption |[A| > [L]a. So (e,),
admits a convergent subsequence, say e,, — e € S(X) as k — oo. The continuity
of L implies that Ae — Le = 6, contradicting the fact that A & op(L).
So we have proved that the sequence (x,), is bounded. Repeating the same
reasoning as before for (x,), instead of (e,), we obtain a convergent subsequence
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Xp, —> X as k — oo, and again by continuity we get y = Ax — Lx € R(Al — L). The
boundedness of the resolvent operator R(A; L) on R(AI — L) follows as usual from
the closed graph theorem.

Now we show that Al — L is onto, so actually R(A/ — L) = X. Denoting
R, == R((A — L)"') forn =0,1,2,3,..., we see that (R,,), is a decreasing (with
respect to inclusion) sequence of closed subsets of X. We claim that this sequence
becomes stationary, i.e. there exists n € N such that R, = R,, for all m > n. In fact,
suppose that R, 11 C R, for all n, and fix § > 0 with [L]s < |A|5. By Riesz’ lemma
we find a sequence (y,), with y, € Ry, ||y;|| = 1, and dist(y,, R;;) > § for every
m > n. In particular, ||y, — y|| = 8 for m > n, and so (y,), contains no convergent
subsequence. So putting M := {y1, y2, y3, ...} we see that

0<a(M) <1,
since M C S(X). Moreover, for m > n we have
ILym = Lynll = (A = L)yn — (A = L)ym + Aym — Aynll = |28,
because (Al — L)y, € Ry41, A — L)y, € Ry41, and Ay, € R,;,. Consequently,
a(L(M)) = |8 > [L]a.

On the other hand, from (M) < 1 it follows that o (L(M)) < [L]a, a contradiction.

We have proved that R, = R;,y; for some n. Now, any y € R,_ satisfies
M — L)y € R, = R((A — L)"), and so we find x € R,+1 = R, such that
(M — L)y = (A — L)x. Since LI — L is injective, as already proved, we conclude
that y = x, hence y € R,. This shows that R,_1 € R,, hence R,_; = R,.
Continuing in this fashion we see that X = Rp = R; = R(AI — L) which means that
Al — L is indeed surjective.

The assertion (c) is only a reformulation of (b), and so the proof is complete. O

The simple example Lx = pux with 0 < || < 1 shows that an analogue of
Theorem 1.2 (d) for «-contractive operators is not true.

1.3 Subdivision of the spectrum

There are many different ways to subdivide the spectrum of a bounded linear oper-
ator; some of them are motivated by applications to physics (in particular, quantum
mechanics).

Let X be a Banach space and L € £(X). We say that A € K belongs to the
continuous spectrum o.(L) of L if the resolvent operator (1.6) is defined on a dense
subspace of X and is unbounded. Furthermore, we say that A € K belongs to the
residual spectrum o (L) of L if the resolvent operator (1.6) exists, but its domain of
definition (i.e. the range R(Al — L) of Al — L) is not dense in X in this case R(A; L)
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may be bounded or unbounded. Together with the point spectrum (1.21), these two
subspectra form a disjoint subdivision

o (L) = op(L) Uoe(L) Uor(L) (1.32)

of the spectrum of L. Loosely speaking, the elements A in the subspectrum oy (L)
characterize some lack of injectivity, those in oy (L) some lack of surjectivity, and those
in o (L) some lack of stability of the operator Al — L. We illustrate the subdivision
(1.32) in the following table and then give some examples.

Table 1.1
R(A; L) exists R(A; L) exists R(A; L)
and is bounded | and is unbounded | does not exist
RM —-L)=X A€ p(Ll) _ A € op(L)
RAM —-L)=X A€ p(L) A€ oc(L) A € op(L)
RO —L)#X A€ or(L) A€ or(L) A € op(L)

Observe that the case in the first row and second column cannot occur in a Banach
space X, by the closed graph theorem. If we are not in the third column, i.e., if A
is not an eigenvalue of L, we may always consider the resolvent operator (1.6) (on a
possibly “thin”” domain of definition) as “algebraic” inverse of A/ — L. This will be
done in several examples in the sequel.

Example1.2. Let X = [, (I < p < 00), (@), a bounded sequence in K, and
L € £(lp,) defined by (1.16). Let first p < oo. Denoting by A = {ay, az, a3, ...} the
set of all elements of the sequence (a,), we get

o(Ly=A4A, op(L)=A, oc(L)y=A\A, ox(L)=9. (1.33)

In particular, o (L) = {0} if a, — 0,1i.e. L € R£(l,). In case p = oo the continuous
and residual spectrum change their role, i.e. we get

o(L)y=A4A, op(L)=A, oc(L)=0, or(L)=A\A. (1.34)

We have used this example already for proving Theorem 1.1 (g). <

Example1.3. Let X = [, (1 < p < oo0) over K = C, and let L be the left shift
operator

L(x1,x2,x3,...) = (x2, X3, X4, .. .). (1.35)
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It is easy to see that L € £(I,) with r(L) = ||L|| = 1. Consequently, o (L) is
contained in the closure of the complex unit disc (1.17). Moreover, L is surjective but
not injective, since its nullspace is

NIL) ={(xpn€lp:xry=x3=x4=---=0}.

This implies, in particular, that 0 € o},(L). To analyze the spectrum of L, we have to
distinguish the two cases 1 < p < oo and p = oo. In fact, a careful analysis shows
that

o(L)=D, op(L)=D, o (L)=S, or(L)=9 (1.36)
for 1 < p < oo, and
o(L)y=o0p(L) =D, oc(L)=0r(L) =9 (1.37)

for p = oo. Indeed, the eigenspace to the eigenvalue X is generated by the vector
x, = (1,A,22,...) which belongs to every [, for |A| < 1, but only to [, for
Al = 1. Q

Example1.4. Let X =, (1 < p < oo) over K = C, and let L be the right shift
operator
L(x1,x0,x3,...)=(0,x1,x2,...). (1.38)

It is easy to see that L € £(I,) with r(L) = || L|| = 1. Consequently, o (L) is again
contained in the closure of the complex unit disc (1.17). In this example, L is injective
but not surjective, since its range

R(L) = {(yn)n € lp :y1 =0}

is even not dense in /,. This implies, in particular, that 0 € o;(L). A scrutiny of
the spectrum of L shows that now we have to distinguish the three cases p = 1,
1 < p < ooand p = 0. In fact, we have

o(L)=0x(L) =D, op(L) =o0c(L) =9 (1.39)
for p =1or p = 0o, and
o(L)y=D, op(L)=¥, o(L)=S, o(L)=D (1.40)

for 1 < p < oo. In particular, the operator (1.38) has no eigenvalues in any of the
spaces [,,. v

In Theorem 1.2 (d) we have seen that 0 always belongs to the spectrum of a
compact operator if the underlying space is infinite dimensional. We show now by
three examples that a more precise classification of 0 as spectral point is not possible.
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Example1.5. Let X =1, (1 < p < o0) over K = C. If we define L € R£(I),) by
L(x1,x2,X3,%4,...) = (X1, $X2, 333, $x4,...) (1.41)
we see that 0 € o.(L), since the inverse operator
L™ (1, y2, 3, y4, ) = (01,252, 3y3, 4ys, )

is defined on a dense subspace of [, and is not bounded on /,,. Actually, we have
op(L)={1,3.3.5....}, oe(L)=1{0}, on(l)=0
in this case. On the other hand, if we define L € ££(/,) by
L(x1,x2,X3, X4, ...) = (X2, 3X3, 3X4, 1X5,...) (1.42)

we see that 0 € o (L), since ey = (1,0,0,0,...) is an eigenvector to the eigenvalue
A = 0. The inverse operator L™ is not defined here. Actually, we have

o(L) =op(L) = {0}, oc(L)=0r(L) =0 (1.43)
in this case. Finally, if we define L € R£(/,) by
L(x1,x2, %3, X4, ...) = (0, X1, 5X2, 3X3,...) (1.44)

we see that 0 € oy(L), since the range R(L) of L is not dense in /,,. Here the inverse
operator

L7 01, v2, 93, v4, - 0) = (2, 293, 3ya, 4ys, ...)
is defined, but not bounded on R(L). Actually, we have

o(L) =o0r(L) ={0}, op(L)=o0c(L)=¥0 (1.45)
in this case. Q

Now we pass to an example which may be considered either in the space C =
C[0, 1] of all continuous functions x: [0, 1] — R, or in the space L, = L,[0, 1] of
all p-integrable (1 < p < o0) or essentially bounded (p = oo) functions on [0, 1].

Example 1.6. Let a € CJ0, 1] be fixed, and define L by (1.18). Obviously, L is
bounded on X = C[0, 1]. Moreover, one may easily show (for example, by means of
the Arzela—Ascoli criterion) that L is compact if and only if a(¢) = 0 on [0, 1]. More
generally, the equality

[L]a = L] =r(L) = |al

is true. In case a(t) = 0 we have of course 0 (L) = op(L) = {0}. In general, the
range R(a) = {a(t) : 0 <t < 1} of the function a is compact, by the continuity of a,
and

o(L) = R(a), oc(L)=0, op(L)=Ri(a), or(L)=R(a)\ Ri(a), (1.46)
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where R;(a) is the topological range of a which consists, by definition, of all A € R
such that the set {¢t : a(t) = A} has nonempty interior. In particular, if the multiplier
a is strictly monotone, then R(a) = @, and so the operator (1.18) has no eigenvalues
at all and a purely residual spectrum.

If the multiplier a is not continuous, but only essentially bounded, we may consider
the corresponding operator (1.18) in the space L,[0, 1] (1 < p < o0). In this case
one has to replace the topological range R;(a) of a by the essential range R.(a) which
consists, by definition, of all > € R such that, for every neighbourhood I of A, the set
{t : a(t) € I} has positive measure. The relations (1.46) then become

0(L) = Re(a), oc(L) = Re(L) \ 0p(L),

(1.47)
op(L) = (A € Re(a), mes{t:a(t) =2} >0}, or(L) =0
in case p < oo, and
o(L) = Re(a), oc(L) =10, (1.48)
op(L) = {A € Re(a), mes{t:a(t) =21} >0}, op(L)=Re(L)\op(L)
in case p = oo. N

The following example contains a noncompact operator with compact square.

Example1.7. Let X =1, (1 < p < oo)over K = C, and let L € £(/,,) be defined
by
L(x1,x2,x3,X4,...) = (x2,0,x4,0,...). (1.49)

Trivially, we have Lz(xl, x2,Xx3,%4,...) =(0,0,0,0,...) which is a compact oper-
ator. However, the operator L itself is not compact, since the image {Ley : k € N} of
the basis vectors ey = (k) is not precompact in /,. The spectral mapping formula
for polynomials (Theorem 1.1 (h)) implies that o (L) = op(L) = {0}. Q@

Given a bounded linear operator L in a Banach space X, we call a sequence (xy)x
in X a Weyl sequence for L if ||x;]| = 1 and || Lxx|] — O as k — oo. For example,
the basis elements ey = (8k,,)» in [, form a Weyl sequence for the operator (1.41).

In what follows, we call the set

oq(L) := {A € K : there exists a Weyl sequence for Al — L} (1.50)

the approximate point spectrum of L; this subspectrum will be defined also for non-
linear operators in the next chapter and will play a very important role in nonlinear
spectral theory. Moreover, the subspectrum

os(L) := {X € K: Al — L is not surjective} (1.51)

is called defect spectrum of L; its nonlinear analogue will be important in Chapter 6.
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By definition, we have then [|Ax — Lx|| > c|lx| forall x € X if L ¢ og(L);
equivalently, this may be stated as

inf{|[Ae — Le|| :e € S(X)} >0 (A &€ aq(L)). (1.52)
The two subspectra (1.50) and (1.51) form a (not necessarily disjoint) subdivision
o (L) = oq(L) Uos(L) (1.53)
of the spectrum. There is another subspectrum,
oco(L) ={A € K: RO\ — L) # X} (1.54)

which is often called compression spectrum in the literature and which gives rise to
another (not necessarily disjoint) decomposition

o (L) = oq(L) Uoco(L) (1.55)

of the spectrum. Clearly, o (L) € 0q(L) and o¢o(L) € 05(L). Moreover, comparing
these subspectra with those in (1.32) we note that

0r(L) = 0co(L) \ 0p(L) (1.56)
and
oc(L) =0 (L)\ [op(L) Uaco(L)]. (1.57)

Sometimes it is useful to relate the spectrum of a bounded linear operator to that of
its adjoint. Building on classical existence and uniqueness results for linear operator
equations in Banach spaces and their adjoints, one may prove the following

Proposition 1.3. The spectra and subspectra of an operator L € £(X) and its adjoint
L* € £(X*) are related by the following relations:

(a) o(L*) =o(L).

() oc(L*) S og(L).

(©) oq(L*) = as(L).

(d) o5(L*) = og(L).

(e) op(L*) = 0co(L).

(0 0co(L™) 2 op(L).

() o(L) =o0q(L)Uop(L*) = op(L) Uaq(L").

The relations (c)—(f) show that the approximate point spectrum is in a certain sense

dual to defect spectrum, and the point spectrum dual to the compression spectrum.
The last equation(g) implies, in particular, that o (L) = oq(L) if X is a Hilbert space
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and L is normal. Roughly speaking, this shows that normal (in particular, self-adjoint)
operators on Hilbert spaces are most similar to matrices in finite dimensional spaces.

Let us briefly illustrate the above decompositions by means of the multiplication
operators (1.16) and (1.18). Let L be the operator (1.16) in the sequence space X = [,
(1 < p < o0)over K =R, and let again A = {a, : n € N} denote the range of the
multiplier sequence (a;),. Then

oq(L) = 05(L) = 0co(L) = A (1.58)
in case p < oo, and
oq(L) = A, 0s5(L) =0co(L) = A (1.59)

incase p = oo. Similarly, if L is the operator (1.18) in the function space X = C[0, 1]
over K = R, then
oq(L) = 05(L) = 0co(L) = R(a), (1.60)

where R(a) = {a(t) : 0 <t < 1} is the range of the multiplier function a. On the
other hand, if we consider the same operator L in the function space X = L,[0, 1]
and denote again by R.(a) the essential range of a, see Example 1.6, then

0gq(L) = 05(L) = Re(a), 0co(L) = 0p(L) (1.61)

in case p < 00, and
0q(L) = 05(L) = 0co(L) = Re(a) (1.62)
in case p = 00.
We close this section with an important topological property of the approximate

point spectrum (1.50). In Chapters 6 and 7 we will prove a certain analogue for
nonlinear spectra.

Proposition 1.4. The following is true:
(@) do (L) € oq(L) for L € £(X).
(b) do (L) = oq(L) for L € RL(X).

Proof. Fix . € 9o (L), and suppose that A & oq(L). Then we find § > 0 such that
[Ax — Lx|| = é for all x € B(X). For |u — A| < §/2 we have then

)
ez = Lxll = fax = Ll = [ = Alllx ] = Slxll (€ X,

which implies that u ¢ oq(L). Choose a sequence (1), in p(L) such that |1, —A| <
8/(n + 1), which is possible since A € do (L). We show that the range R(AI — L) of
M — L is dense in X, and so A € p(L), a contradiction.

Suppose that R(AI — L) is a proper subspace of X. By Riesz’ lemma, we find
then y € S(X) such that ||y — Ax + Lx|| > 1/2 for all x € X. On the other hand,
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since A, € p(L), every range R(A,I — L) is dense in X, and so we find a sequence
(x5)n in X such that ||y — A,x, + Lx,|| < 1/n for all n € N. Combining these two
estimates yields

1§
1y = Axn + Lan |l = Wy = Ann + Ll + A = A lIXnll = =+ 2 1An — AL,

and so ||y — Ax, + Lx,|| < 1/2 for sufficiently large n. This is a contradiction, and
so the inclusion (a) is proved.

If L is compact, then the spectrum o (L) has no interior points, by Theorem 1.2,
and so oq(L) € o (L) = 90 (L) € oq(L), by (a). O

1.4 Essential spectra of bounded linear operators

A particularly important subdivision of the spectrum of a bounded linear operator is
that into a “discrete” and an “essential” part. There are various definitions of essential
spectra; they all coincide in case of an underlying Hilbert space, but may be different
in the Banach space setting.

Given L € £(X) as before, we set

p+ (L) :={A e K: R(A — L) closed and dim N(AI — L) < oo}, (1.63)
p—(L) :={, € K: R(Al — L) closed and codim R(A] — L) < 00}, (1.64)

and
o+ (L) ==K\ px(L). (1.65)

Thus, A € p4 (L) if and only if Al — L is left-semi Fredholm, A € p_(L) if and only
if Al — L is right-semi Fredholm, and A € p4 (L) N p_(L) ifand only if A7 — L isa
Fredholm operator.

In what follows, we call the sets

pek (L) == p+(L) U p_(L), oek(L) :=04(L)No_(L) (1.66)

essential resolvent set and essential spectrum in Kato’s sense, respectively, and the
sets

pew(L) == p+(L) N p_(L), 0ew(L) :=04(L)Uo_(L) (1.67)

essential resolvent set and essential spectrum in Wolf’s sense, respectively, of the
operator L. So A € pex (L) if and only if Al — L is semi-Fredholm, and A € pew (L)
if and only if A/ — L is Fredholm. Denoting by

ind L :=dim N(L) — codim R(L)
the index of a Fredholm operator L, we still recall the sets

Pes(L) := {1 € pew(L) :ind(A] — L) =0},  0es(L) := K\ pes(L)  (1.68)
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called the essential resolvent set and essential spectrum in Schechter’s sense, respec-
tively. So A € pes(L) if and only if A1 — L is Fredholm of index zero. The inclusions

Oek (L) C Oew(L) C 0es(L) (1.69)

follow immediately from the definitions. We point out that Schechter’s essential
spectrum (1.68) has a particularly suggestive interpretation. In fact, the formula

Oes(L) = ﬂ o(L + K) (1.70)
KeRL(X)

shows that o.s(L) consists precisely of those points in ¢ (L) which cannot be “re-
moved” by compact perturbations of L.

There is yet another definition which is useful in applications to elliptic boundary
value problems. If A is an isolated point of o (L), by the spectral projection associated
with A one means the operator P, € £(X) defined by

1 1
Poi=>— | @-D7'dz=5—| R(zLydz, (1.71)
2mi ro) 2mi ro)
where I"(}) is a simply closed contour around A such that A is the only point of
o (L) inside I"(X). If P, is finite dimensional (i.e. dim R(P;) < o0), then

n(h; L) = dim U N((A — L)Y = dim R(P;),
k=1

see (1.20). Such an eigenvalue is usually called an isolated finite dimensional eigen-
value.

We say that A belongs to the essential spectrum in Browder’s sense and write
A € oep (L) if either the range of A1 — L is not closed, or A is an accumulation point of
o (L), or X is an eigenvalue of L of infinite multiplicity (1.20). Thus, the only points
A € 0(L) \ oep(L) are isolated finite dimensional eigenvalues. As before, by pep (L)
we mean the complement of o.p(L). It is not hard to prove the inclusion

Oes(L) C oep(L) (1.72)

which complements (1.69).

All essential spectra introduced so far are closed subsets of o (L), hence compact.
They are empty if the underlying Banach space is finite dimensional. Moreover, for
a self-adjoint operator they all coincide. In the following proposition we recall some
relations between these subsets.

Proposition 1.5. The following inclusions and equalities are true:
(@) oek(L) Uop(L) = oq(L).

(b) doep(L) S does(L) S doew(L) S doek(L).

(¢) 90 (L) S peb(L) U oew(L).
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Proof. The assertion (a) is obvious. To prove (b), suppose first that A € doep(L). If
A is isolated, then A € o.s(L) by definition. On the other hand, assume that A is not
isolated and A ¢ oes(L). Let C be the connected component of pes(L) containing A.
By (1.70), we may then find a compact operator K such that . € p(L 4 K). Denoting
by D the connected component of p(L + K) containing A we have C N D # {J and

R(u: L) = R(u: L+ K)(I + KR(u; L+ K))™' (e CND).

This implies that A can be at most an isolated singularity of / + K R(u; L 4+ K), and
therefore also of R(u; L). This contradicts our assumption, and so A € oes(L). The
assertion follows now from (a).

To prove the second inclusion in (b), suppose we can find A € d0es(L) \ 00w (L).
Then Al — L is Fredholm, and so there exists § > 0 such that also u/ — L is
Fredholm for |A — | < 6, by the stability of the Fredholm property. Moreover,
ind(ul — L) = ind(AI — L) for such w. But A € ocs(L) implies thatind(Al — L) = 0,
by definition, and so ind(u/ — L) = 0, a contradiction.

Now suppose that A € doew (L) \ d0ew(L). Then Al — L is semi-Fredholm, and
so there exists § > 0 such that also u/ — L is semi-Fredholm for | — u| < 8, by
the stability of the semi-Fredholm property. Moreover, ind(u/ — L) = ind(Al — L)
for such . We can take (&t € pew (L) so that ind(Al — L) = ind(ul — L) < oo and
Al — L is Fredholm. But this contradicts our assumption A € oeyw(L). The proof of
the last inclusion in (b) is similar.

Let us now prove (c). Given A € do (L), we distinguish three cases. First, if A is
an accumulation point of o (L), then A € d0es(L) C 90ew (L) € gew(L), by what we
have proved above. Next, if A is an isolated point of o (L) with n(A; L) < oo, then
A € peb(L), by definition. Finally, suppose that A is isolated with n(A; L) = oco. Then
the integral representation (1.71) of the spectral projection shows that A € oew(L).
The proof is complete. O

Let us illustrate Proposition 1.5 by means of an example.

Example1.8. In X = [, over K = C, consider the right shift operator (1.38). We
already know that this operator has no eigenvalues, i.e. op(L) = ¥, and thato (L) = D.
From the definitions of essential spectra it follows that

oek(L) = Oew(L) =S,  0es(L) = oen(L) = D.

So from Proposition 1.5 (a) we may conclude that oq(L) = S, and Proposition 1.5 (c)

becomes o
SC M\D)US.

Moreover, all inclusions in Proposition 1.5 (b) are equalities in this example. ©

To conclude, we mention the following result on spectra and essential spectra of
compact operators which is an immediate consequence of the definition of essential
spectra.
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Theorem 1.4. For L € RL(X) the equality
Oek (L) = Oew(L) = 0es(L) = 0ep(L) = {0} (1.73)
holds.

In analogy to the radius (1.8) of the whole spectrum, let us consider the radii of
the essential spectra

re(L) = sup{|r| : A € 0, (L)} (k € {ek, es, ew, eb}). (1.74)

The following theorem shows that, although the various essential spectra may be
different, they all have the same “size”.

Theorem 1.5. Let X be a complex Banach space and L € £(X). Then the equality

rek(L) = rew(L) = res(L) = rep(L) (1.75)
holds.

Proof. By (1.69) and (1.72) it suffices to show that rep(L) < rex(L). Let coo[oep(L)]
be the unbounded connected component of pep(L). Since C \ coo[oep (L)] is compact
we find Ag € C\ cool0ep(L)] such that

|Aol = max{[A] : & € C\ cooloen(L)]}.

But Ag € dcooloeb(L)] implies that Ag & pek (L), and therefore |Ag| < rek. m]

1.5 Notes, remarksand references

The basic notions and facts on spectral theory for bounded linear operators may be
found in every book on functional analysis, see e.g. [36], [102], [249]. We point out
that the Neumann series (1.12) which is fundamental in spectral theory converges only
if the underlying normed space X is complete, as may be seen by the example

1
L(x1,x2,x3,...) = E(xz’x3,x4, o)

in the non-complete space ¢, C cg of all finite sequences with the supremum norm.

The only property of the spectrum which is perhaps less known is its upper semi-
continuity with respect to small perturbations, see Theorem 1.1 (i). The proof of this
property, as well as Example 1.1, are taken from [158, Chapter IV, § 3]. The first paper
which is concerned with continuity properties of spectra, viewed as multivalued maps
from the algebra £(X) into the complex plane, seems to be [205].

We will study an analogue of the resolvent operator (1.6) for nonlinear operators
in detail in Section 5.6 below. A general discussion of resolvent operators and their
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connections with semigroups, which in part carry over to nonlinear operators, may be
found in Chapter 4.3 of the book [35].

A notion which is quite useful in linear spectral theory, but we do not consider in
this book, is that of spectral resolutions. This is a family {P, : —o0 < A < 400}
of projections in a Hilbert space X with the property that every selfadjoint operator
L € £(X) may be represented in the form

+o00
L:/ AdPy.

—0o0

Interestingly, Zarantonello [284], [285] has developed a parallel theory for certain
classes of nonlinear operators, where now P, is a nonlinear projection (viz., the
projection on a closed convex subset K of X which associates to each x € X the
element P(x) € K of best approximation in K). A continuation of this idea may
be found in the thesis [159], together with applications to homogeneous Nemytskij
operators (see Section 4.3) and to nonlinear integral operators of Uryson type.

Theorem 1.2 shows that the spectral properties of compact linear operators are
similar to those of matrices, apart from the exceptional role of the point 0. Theo-
rem 1.3 is a natural extension of Theorem 1.2 due to Ambrosetti [4]. More material
on measures of noncompactness and linear o-contractive operators may be found in
the survey paper [231] or in the monograph [1]. The only nontrivial property of the
measure of noncompactness (1.22) is the “nontrivial intersection property” given in
Proposition 1.1 (h); this goes back to Kuratowski [168].

We remark that the measure of noncompactness (1.26) is closely related to the
so-called essential norm

LIl ;= inf{|L — K|| : K € RE(X, ¥)} (1.76)

of L € £(X,7Y), ie. the norm of L in the Calkin algebra £(X,Y)/RL(X,Y) of all
bounded modulo compact operators. In fact, it is not hard to see that

[L1a = LN < (L]l (1.77)

The first estimate in (1.77) follows from Proposition 1.2 (b), while the second estimate
is a consequence of the trivial fact that the zero operator is compact. For instance,
for the multiplication operator from Example 1.6 we have equality on both sides of
(1.77). The second inequality in (1.77) is of course strict for any compact operator
L # ©. We point out that the first inequality in (1.77) may also be strict. For example
[134], let X = [, x ¢ be equipped with the product norm

ad 1/2
e 9l = (eI, + 1912 = (3 bl + sup al?)
n=1 n
and define L: X — X by L(x, y) = (6, x). Then

[Lla = —=. [ILII= L]l =1.

-
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This example is of course somewhat academic. However, there are also natural exam-
ples for noncompact operators L which satisfy 0 < [L]s < ||L|| and are connected to
essential spectra of elliptic differential operators over an unbounded domain, see [7].

The subdivision (1.32) of the spectrum is standard and may be found in most
textbooks on functional analysis and operator theory, e.g. [249]. Examples 1.2-1.5
are also taken from [249].

In our definition of the approximate point spectrum (1.50), the defect spectrum
(1.51) we followed [36]. We remark that the approximate point spectrum (1.50) is
also called limit spectrum by some authors.

The proof of the relations between the subspectra of L and L* stated in Propo-
sition 1.3 may be found in many textbooks on functional analysis and operator the-
ory, e.g., [249]. The equalities (1.58)—(1.62) may be proved in a straightforward
way. For example, let us sketch the proof of the equality oq(L) = Re(a) in (1.61).
The inclusion o (L) < Re(a) is easy to prove. Conversely, for A € R.(a) we
may find subsets D,, C {t : |a(t) — A| < 1/n} of measure mes D,, > 0. Putting
xn(2) 1= (mes D,))~'/Py, (1), where x, denotes the characteristic function of D,,, we
see that ||x,|| = 1 and [|Ax, — Lx,|| < 1/n,and so A € og(L), by (1.52). Of course,
for proving the equality o4(L) = Re(a) in (1.62) for p = 0o, we just use x, directly
without multiplying by (mes D,)~/7.

The essential spectrum in Kato’s sense has been introduced and studied in [158],
the essential spectrum in Wolf’s sense in [277], the essential spectrum in Schechter’s
sense in [235], and the essential spectrum in Browder’s sense in [49]. For obvious
reasons, Wolf’s essential spectrum (1.67) is also called Fredholm spectrum by some
authors. Observe that every operator L € £(X, Y) induces an element L in the Calkin
algebra £(X, Y)/RL(X, Y) by means of the canonical definition L:=L+ RL(X,Y).
In this terminology, the essential norm (1.76) of L is then nothing else but the norm
of L in L£(X,Y)/RL(X, Y). An important criterion, called Atkinson’s theorem [28],
states that an operator L € £(X, Y) is Fredholm if and only if the induced operator L
is invertible in £(X, Y)/RL(X, Y). Consequently, we may consider Wolf’s essential
spectrum ey, (L) as the full spectrum a(I:) of L in the Calkin algebra £(X)/RL(X).
This implies, in particular, that the essential spectrum oew (L) (and hence also the
essential spectra oe5(L) and oep (L), by (1.69) and (1.72) are always nonempty in case
K=_C.

Identifying the spectra oew (L) and O'(I:) allows us to prove the last argument
in Proposition 1.5 (c) rather quickly. Indeed, if A is an isolated point of o (L) with
infinite multiplicity n(A; L), then the corresponding spectral projection (1.71) cannot
be compact. Consequently,

1 A A
— R(z; L)dz =P, # 0O,
2mi )

where I' (A) surrounds A, and so A € gew(L).
Interestingly, the radii (1.75) of the various essential spectra do not only coincide,
but also satisfy a Gel’fand-type formula (1.9) with the norm || L|| replaced by the «-
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norm (1.26). In fact, if X is a complex Banach space and L € £(X), then the chain
of equalities

VIL* A - (1.78)

is true; for a short proof see [73]. If X is a real Banach space one has to pass to the
so-called complexification X¢ of X which consists, by definition, of all ordered pairs
(x,y) € X x X, written usually x 4+ iy. The set X is equipped with the algebraic
vector space operations

Fek(L) = rew(L) = res(L) = rep(L) = il;f VIL A =

lim
n—>oo

x+iy)+@+iv) =& +u)+i(y+v)

and
A +in)(x +iy) = Ax —puy) +i(ux +Ay).

A natural norm on X¢ is the so-called projective tensor norm defined by
n
llx + iyl = inf Y |Axl llzxll,
k=1

where the infimum is taken over all possible representations of the form x + iy =
AMz1+ -+ Apzyp with g, ..., A, € Cand zy, ..., z, € X. Equivalently [162], one
may define a norm on X¢ by

lx +iy|l := max || (sint)x + (cost)y].
0<t<2m

Given a real Banach space X and an operator L € £(X), one may extend L to an
operator L¢ € £(X¢) putting

L(x+iy):=Lx+iLy.
It is readily seen that then
ILcll = IILIl, [Lcla =I[L]a, [Lcla=I[Lla,

and so L and L¢ have the same essential spectral radius, by (1.78).

Itis well known that, although the spectral radius (1.9) of a bounded linear operator
L may be strictly less than its norm, for any ¢ > 0 one may always find a norm || - ||,
which is equivalent to the original norm | - || on X and such that r(L) < ||L|l; <
r(L) + e, where ||L||. denotes the operator norm of L in (X, || - ||¢). There is an
analogous result for the essential spectral radius (1.74) called Leggett’s theorem (see
[171, Theorem 1]) which states that for any ¢ > 0 one may always find a norm
|| - e which is equivalent to the projective tensor norm || - || on X¢ and such that
re(L) < [Lcla,e < re(L) + €, where [Lc]a . denotes the a-norm (1.26) of L¢ in
(Xc, Il - le), and r. (L) is given by (1.74).
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There is another characteristic for bounded linear operators which is of some
interest in spectral theory. Given L € £(X), the number

IL~Y~" if L is bijective,

L] = .
0 otherwise

(1.79)

is called inner norm of L (see [1]). This number is closely related to the inner spectral
radius
ri(L) :=inf{|A| : A € o (L)}, (1.80)

r(L) = lim J/TL"| (1.81)

holds true, which is of course the analogue to (1.9). In fact, for any bijection L € £(X)
we have

inasmuch as the formula

ri(L) = inf{|A| : A € o (L)}
= (sup{|Al"" :h e a(L)D!
= (sup{|p| s n e o (L™ HH ™!
1

and therefore
ri(L) =r(L™H" = ( lim Y ||L—”||)_1 = lim V/|[L7"|~'= lim J|L"].
n—oo n—oo n—oo

If L is not bijective, then L" is not bijective either for any n, and both sides in (1.81)
are zero.

The proof of Proposition 1.5 (b) may be found in [192], that of Proposition 1.5 (c)
in [149]. Theorem 1.4 may be found in [149]-[151], in the proof of Theorem 1.5
we followed [73]. We remark that one may prove some kind of polynomial spectral
mapping theorem (see Theorem 1.1 (h)) also for the various subspectra we considered
in this chapter. Indeed, in [150] it is shown that

op(p(L)) = p(op(L)), oz (p(L)) = p(oz(L)), 0er(p(L)) = p(oen(L)),
oek(p(L)) = p(0ek (L)), 0es(p(L)) = p(0es(L)), 0ew(p(L)) = p(0ew(L)),
o (p(L)) = p(oy (L)), o_(p(L)) = p(o_(L))

for any polynomial function p: C — C.

The following example which shows how essential spectra naturally arise in the
study of integral equations on unbounded intervals is taken from [73] (see also [68]).
Denote by L1 (R, C) the Banach space of (classes of) measurable functions x : R — C

with the usual norm
+00
[l |l =/ lx(2)] dt.

—0o0
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Given k, y € L1 (R, C), consider the Wiener—Hopf equation
+00
Ax(s) —/ k(s —t)x(@)dt = y(s) (—00 < s < 00), (1.82)

—o0

where L € C is fixed. We may rewrite (1.82) as operator equation Ax — Lx = y,
where

+o00
Lx(s) := / k(s —t)x(t) dt. (1.83)

—o0

Applying the Fourier transform, i.e.

+o00 )
x(0) = / x(s)e'*? ds,
—00

to both sides of (1.82) yields
AX(0) — k(0)%(0) = $(0) (—00 < 0 < 00), (1.84)

since the Fourier transform maps convolutions into pointwise products. Now, from
the continuity of k£ and the fact that

A

k(xo0) = lim_ k(o) =0

it follows that I'; := {A — 12(0) 1 —00 < 0 < +o00} is a closed curve in the
complex plane. Clearly, in case lg(a) # ) equation (1.84) may be solved to get X and,
subsequently, x, provided we know the antitransform of y(c)/(A — 12(0)). In fact, it
may be shown that A/ — L is a Fredholm operator on L (R, C) if and only if 12(0) £ A
for all 0 € [—o00, 400]. For the index we get then the nice formula

ind(A\I — L) = —w(Ty, 0)

involving the winding number w(T;, 0) of I, around the origin. Moreover, one may
show that

Oew(L) = {k(0) : —00 < & < +00},

Few(L) = max{|k(c)| : —00 < o < 400},

and
0 (L) = 0es(L) = oew(L) U{A : w(ly, 0) # 0}.

For the special example k(s) = eI, say, we have l%(o) = 2/(02 + 1) and thus
0 (L) = oew(L) = oen(L) = [0, 2],

since I'; does not wind around the origin for A ¢ [0, 2].
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An interesting completely different approach to spectra and essential spectra of
linear operators in Hilbert spaces was proposed recently by Stuart [244]. Let H be
a real Hilbert space with scalar product (-, -), and let L € £(H) be a selfadjoint
operator, so o (L) C R. Denote by H; the domain of the operator |L|!/?, equipped
with the natural scalar product

(6, )1 = (x, ) + (LI 2x, L] ?y).

Then there exist unique bounded linear operators A and B such that (Ax, y); =
(Lx,y)forallx € Handy € Hy,and (Bx, y); = (x, y) forall x, y € H;. The main
result in [244] states that the resolvent set p(L) of L consists precisely of all A € R
such that the (Gateaux differentiable) quadratic functional J, : H; — R defined by

NH(x) = ((A=AB)x,x)1 (x € Hy)

satisfies a Palais—Smale condition, which means that every sequence (x,), in Hj such
that (J, (x;,)), is bounded and || JA/ (xn)|l = O contains a convergent subsequence.



Chapter 2
Some Characteristics of Nonlinear Operators

In this chapter we introduce and study some numerical characteristics for continuous
nonlinear operators F between two Banach spaces X and Y. Such characteristics de-
scribe and “quantify” certain mapping properties of F', such as compactness, Lipschitz
continuity, or quasiboundedness. All these characteristics are necessary to define the
various nonlinear spectra in subsequent chapters; we request the reader’s indulgence
until then.

2.1 Somemetric characteristics of nonlinear operators

Throughout this chapter X and Y are two Banach spaces, and F: X — Y is a con-
tinuous (in general, nonlinear) operator. The set €(X, Y) of all continuous operators
from X into Y is of course a linear space; moreover, €(X) := €(X, X) is an algebra
with respect to composition. Given F € €(X, Y), we put

F&x)—F
[F]Lip = sup M 2.1
X#y lx =yl
and
. IF(x) = F(y)ll
Flip = inff ——— 2.2
e =2 = 22

and write F' € Lip(X,Y) if [F]Ljp < 00. In case X = Y we simply write £ip(X)
instead of Lip(X, X). Note that (2.1) is a seminorm on the space L£ip(X,Y), and
[FlLip = O means that F is constant. On the subspace Lipy(X,Y) of all F €
Lip(X, Y) satisfying F(0) = 0, where 6 denotes the zero vector, (2.1) is even a
norm.

In the following Proposition 2.1 we recall some useful properties of the character-
istics (2.1) and (2.2). Recall that an operator F is called closed if it maps closed sets
onto closed sets.

Proposition 2.1. The characteristics (2.1) and (2.2) have the following properties
(F,G e €(X,Y)):

(@) [Flip > Oimplies that F is injective and closed.

() [Gliip [Flip < [GFlLip =< [Gliip [FlLip-
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(©) [Flip — [GlLip < [F + Gliip < [Flip + [GlLip-
(d) [[Flip — [Glip|l = [F — GlvLip; in particular, [F — G]Lip = 0 implies [Flip =
[Gliip-

(e) [F_I]Lip = [F]H;} if F is a homeomorphism.

Proof. The condition [F]jjp > 0 means that we may find k& > 0 such that || F(x) —
F)I| = kllx — y|l forall x,y € X. So F(x) = F(y) implies x = y, i.e. the
injectivity of F. To see that F is closed, let M C X be a closed set, and let (y,), be
a sequence in F (M) which converges to y € Y. Choose a sequence (x;), in M such
that F(x,) = y,. With k > 0 as before we get then ||x,,, — x,|| < k|| ym — yu |l which
implies that (x,), is a Cauchy sequence. Denoting by x the limit of this sequence,
the continuity of F implies that F'(x) = y, and so y € F(M). The proof of (a) is
complete.

The properties (b)—(d) are straightforward consequences of calculation rules for
suprema and infima. Finally, (e) follows from the chain of equalities

1 IF~'w) — F ') lx — ¥l
[F~ " ]Lip = sup =sup ——————
utv llu — vl xty [F ) = FO)l
B ( IF(x) — F(y)n)‘1 1
=|inf ——— = ,
x#y o=yl [Flip
and so Proposition 2.1 is proved. O

Given F € €(X, Y), consider now the two characteristics

. | F o)l
[Flg = lim sup ——— (2.3)
Ixl—oo Xl
and F
[Flq = lim inf IECOI (2.4)
Ixll—>oc0 || x]|

In case [F]q < oo we write F € Q(X,Y) and call F quasibounded. Again, for
X =Y we simply write (X) instead of Q(X, X). Also the characteristic (2.3) is a
seminorm on the space Q(X, Y); here [F]g = 0 means that F has strictly sublinear
growth on large spheres, i.e. | F(x)|| = o(]|x]|) as ||x|| — oo.

Proposition 2.2. The characteristics (2.3) and (2.4) have the following properties
(F,G € &(X,Y)):

(@) [Flq > 0implies that F is coercive, i.e.

lim [[F(x)| = oo. (2.5)

llx[|—o00
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(b) [Glq[Flq =[GFlq = [Glq[Flo.

(©) [Flg—[Glq < [F + Glq < [Flq +[Glo.

(d) |[Flq = [Glql = [F — Gl in particular, [F — Glq = 0 implies [F]q = [Glq.
(e) [F_I]Q = [F];1 if F is a homeomorphism.

Proof. Firstofall, from[F]q > 0itfollows that there exists k > O such that || F(x)|| >
k| x| for ||x| sufficiently large, and hence (2.5) holds. The properties (b)—(d) are

straightforward consequences of calculation rules for limsup and liminf. Finally, (e)
follows from the chain of equalities

F-! F -1 1
[F_I]Q = lim sup IE— O = lim su Al = (1' inf | OC)“) = —,
Iyl=oo VIl Ixl—oo IF) Ixl—c0  [lx|] [Flg
and so we are done. ]

Finally, let us introduce the characteristics

[Flp = sup | (x|l 2.6)
xz0 x|l
and
(Flo = inf 12O 27
x#0 x|

In case [F]g < oo we write F' € B(X, Y) and call F linearly bounded. As before,
for X = Y we simply write B(X, X) =: ®B(X). The characteristic (2.6) is of course
a norm on the space B(X, Y), since [F]g = 0 implies F' = ©®, the zero operator.

Proposition 2.3. The characteristics (2.6) and (2.7) have the following properties
(F,G e ¢(X,Y)):

(a) [Flp > 0implies that F is bounded away from zero.

(®) [Glh[Flb = [GFlB < [Glp [Fls.

() [Flo—I[Glg = [F+Glp < [Fly + [Gls.

(d) |[Fly — [Glv| < [F — Glg; in particular, [F — G]g = 0 implies [Flp = [Glp.
(e) [F~ g = [F]l:1 if F is a homeomorphism.

Proof. The proof is very similar to that of the preceding Proposition 2.2. From
[Flp > 0 it follows that there exists k > 0O such that || F(x)| > k|x| forall x € X,

and this precisely means that F is bounded away from zero. The properties (b)—(d)
are again straightforward consequences of calculation rules for suprema and infima.
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Finally, (e) follows from the fact that F'(x) = 6 if and only if x = 6, and from

F~! F -
[F~5 = sup =" _ “u lxll (inf I (X)II) _ ’
y2o Iyl xz0 1F )l x#0 x|l [Flb
and so Proposition 2.3 is proved. O

For alinear operator L € £(X, Y) we have of course [L]g = || L||, by the definition
of the norm. In particular, if L is a linear isomorphism, then Proposition 2.3 (e) implies
that

(Ll = L7 =1L = 1L,
where | L | denotes the inner norm (1.79) of L. It is also useful to mention some

relations between the above characteristics; we omit the (trivial) proof of the following
lemma.

Lemma 2.1. The characteristics (2.1)—(2.4) and (2.6)—(2.7) are related by the in-
equalities

[Flo = [Flq = [Flg = [FlB. (2.8)
Moreover, in case F(0) = 0 we have in addition

[Flip = [Flo, [FIs = [Fluip. (2.9)

From Lemma 2.1 it follows, in particular, that every linearly bounded operator is
quasibounded, and that every Lipschitz continuous operator is linearly bounded if it
leaves zero fixed. These trivial connections may of course be verified directly.

2.2 Alist of examples
Combining (2.8) and (2.9) in case F(0) = 6, we get the chain of inequalities
[Flip < [Flo < [Flq = [Flq = [Fls = [FlLip- (2.10)

There are in principle 32 possibilities for equality and strict inequality in (2.10) which,
surprisingly, may all indeed occur. We collect the possible combinations in the fol-
lowing table and then illustrate them by a series of 32 examples.
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Table 2.1

[Flip =[Flp = [Flq = [Flo = [FlB = [FlLip

Example 2.1

[Flip < [Flo = [Flq = [Flo = [Fls = [FlLip
[Flip=I[Flp <[Flq=[Flo=I[Fls =[Flp
[Flip=[Flo = [Flq < [Flo = [FIs = [FlLip
[Flip=[Flo = [Flq = [Flg < [Fls = [FlLip
[Flip=[Flo =[Flq=[Flo =[FIs < [FlLip

Example 2.2
Example 2.3
Example 2.4
Example 2.5
Example 2.6

[Flip <[Flo < [Flq=[Flqo =I[FIs = [FlLip
[Flip < [Flo = [Flq < [Flo = [Fls = [FlLip
[Flip <[Flo =[Flq=[Flg < [Fls = [FlLp
[Flip < [Flo = [Flq = [Flo = [FIs < [FlLip
[Flip=[Flo < [Flq <[Flgo =[FIs = [FlLip
[Flip=[Flo < [Flq=[Flq < [Fls = [FlLip
[Flip=[Flo < [Flq =[Flo =[FIs < [FlLip
[Flip=I[Flo =[Flq <[Flg < [Fls = [FlLp
[Flip=[Flo = [Flq < [Flo =[FIs < [FlLip
[Flip=[Flo =[Flq=[Flo < [Flg < [FlLip

Example 2.7

Example 2.8

Example 2.9

Example 2.10
Example 2.11
Example 2.12
Example 2.13
Example 2.14
Example 2.15
Example 2.16

[Flip=[Flo =[Flq < [Flg < [Fls < [FlLip
[Flip=[Flo < [Flq=[Flq < [Fls < [FlLip
[Flip=[Flo < [Flq <[Flo =I[FIs < [FlLip
[Flip=I[Flp <[Flq <[Flg < [Fls =[FlLp
[Flip < [Flo = [Flq = [Flo < [FIs < [FlLip
[Flip <[Flo =[Flq <[Flo =[FIs < [FlLip
[Flip < [Flo =[Flq < [Flq < [Fls = [FlLip
[Flip <[Flo < [Flq =[Flo =I[FIs < [FlLip
[Flip < [Flo <[Flq=[Flg < [Fls = [FlLp
[Flip <[Flo < [Flq <[Flo =[FIs = [FlLip

Example 2.17
Example 2.18
Example 2.19
Example 2.20
Example 2.21
Example 2.22
Example 2.23
Example 2.24
Example 2.25
Example 2.26

[Flip < [Flo < [Flq < [Flo < [Fls = [FlLip
[Flip <[Flo < [Flq <[Flo =I[FIs < [FlLip
[Flip <[Flo < [Flq=1[Flq < [Fls < [FlLip
[Flip < [Flo =[Flq < [Flg < [Fls < [FlLip
[Flip=I[Flp <[Flq <[Flg <[Fls < [FlLp

Example 2.27
Example 2.28
Example 2.29
Example 2.30
Example 2.31

[Flip <[Flo <[Flq <[Flg <[Fls < [FlLp

Example 2.32

Some of the following examples may be given in the simplest case X = ¥ = R.
Alternatively, we may often choose X = Y as arbitrary Banach spaceand F: X — X
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in the form
F(x) = ¢(lx[De, (2.11)

where ¢ : [0, 00) — [0, c0) is a scalar function (usually piecewise linear), and e € X
is a fixed element with |le|| = 1.

Example2.1. Let F be an isometry between two Banach spaces X and Y satisfying
F(6) = 6. Then all characteristics are equal to 1. Q@

Example2.2. Let X = Y and F be as in (2.11) with ¢(¢) = ¢. Then
[Flip=0, [Flo=I[Flq=I[Flo=I[Flg=I[FlLip=1. N

Example2.3. Let X = Y and F be as in (2.11) with

) = 0 ifr <1,
LA PRI > 1.
Then
[Flip=I[Flo =0, [Flq=I[Flo=I[Flg=I[FlLip=1. @
Example2.4. Let X = Iy and let F be the (linear) left shift operator
F(x1,x2,x3,...) = (x2, x3, X4, ...). Then
[Flip=[Flo =[Flq=0, [Flo=I[Fls=I[FlLip=1. @

Example2.5. Let X = Y and F be as in (2.11) with

0 — tifr <1,
L B ifr>1.

Then
[Flip=[Flo =[Flq=I[Flo=0, [Flg=[FlLp=1 V)

Example2.6. Let X =R, Y = C, and F(t) = 1e?®, where ¢(r) = Zi max{|t], 1}.
Then

[Flip=[Flo =[Flq=[Flo=[Fls =1, [FlLp=+/1 + 72/4. ©
Example2.7. Let X = Y and F be as in (2.11) with

t ifr <1,
o) =11 if1<t<2,
t—1 ifr>2.

Then
[Flip =0, [F]b=%, [Flg=I[Flo=I[Flg =[FlLip = 1. Q
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Example2.8. Let X =Y = R and

—ix ifx < -2,

if —2<x<-1,
—X if—1<x<0,

X if x > 0.

F(x) =

Then
[Flip =0, [F]b=[F]q=%, [Flo =[Flg = [FlLp = 1.

Example2.9. Let X = Y and F be as in (2.11) with

~

ifo<r<l,

) =
v () t+1 ifr> 1.

=

Then
[Flip =0, [F]b=[F]q=[F]Q=%, [Flg = [FlLip = 1.

Example2.10. Let X = R, ¥ = C, and let F(r) = |t|e?®, where ¢ (1)
2mi max{|t|, 1}. Then

[Flip=0, [Flv=I[Flq=I[Flo=I[Flz=1, [Flp=v1+4n2
To see that [F]Lip = 27 + 1 it suffices to note that |F'(t)] = ~/1+4nZast 1 1.
Example2.11. Let X = Y = R and

—Ix—1 ifx <1,
F(x)=10 if —1 <x <0,
X if x > 0.

Then
[Flip=[Flo =0, [Flqg= % [Flo =[Fls = [FlLip = 1.

Example2.12. Let X =Y = R and

—ix+ 4 ifx <1,
—Xx if—1<x<0,

F(x) =140 if0<x <1,
x—1 ifl <x <2,
13 if x > 2.

Then
[Flip=[Flo =0, [Flq=I[Flgo= % [Flg = [FlLip = 1.
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Example2.13. Let X = Y and F be as in (2.11) with

0 ifr <1,
pot)=1t—1 ifl <r<2,
it ift >2.
Then
[Flip=[Flp =0, [F]q=[F]Q=[F]B=%, [FlLp = 1.

Example2.14. Let X =Y = R and

ifx <0,
if0<x <1,

x—{—% if x > 1.

F(x)=

= = O

Then
[Flip=[Fly=[Flq=0, [Flo=1, [Flsg=I[Flup=1.

Example2.15. Let X = Y = R and

0 ifx <1,
Fx)y=4{x—-1 ifl<x<?2,
x o ifx>2

Then
[Flip=I[Flp=[Flq =0, [F]Q=[F]B=%, [Flup = 1.

Example2.16. Let X = Y and F be as in (2.11) with

0 ifr <1,
p)=3t—-1 ifl<t<2,
1 ift > 2.

Then
[Flip=I[Flo=[Flq=[Flg =0, [F]B=%, [Flup = 1.

Example2.17. Let X = Y = R and

0 ifx <1,
Fx)y=43x-1 ifl <x <2,
x4+ 3 ifx>2
Then

[Flip=[Flo =[Flq=0, [Flo=13. [Fle=%, [Flp=1l.

47
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Example2.18. Let X = Y and F be as in (2.11) with

0 ifr <1,
p(t)=3r—1 ifl<t<2,
e+ ifr>2

Then
[Flip=[Fly =0, [Flg=[Flo=13. [Fle=3% [Flp=1l.
Example2.19. Let X =Y =R and

—Z)C 1fx§0,
ifo<x<l1,
x—1 ifl<x<2,

X if x > 2.

F(x) =

Then
[Flip=[Fly =0, [Flg=73. [Flo=I[Flz=%. [Flp=Ll
Example2.20. Let X = Y = R and

—Ix -1 ifx <1,
0 if —1<x<0,
x if0 <x <1,

%x—i—% if x > 1.

F(x) =

Then
[Flip=[Flb=0, [Fly=1% [Flo=3% [Flg=I[Flp=1.

Example2.21. Let X = Y and F be as in (2.11) with

5t ifo<r<1,
p)={t—4% ifl<t=<2
It+t ifr>2

Then

[Flip=0, [Flo=I[Flq=[Flo=1%. [Fle=3, [Flp=1.

Q

Q

Q

Q
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Example2.22. Let X =Y = R and

—3X ifx <0,

1 .

5X fo<x <1,
Fx)=113 ey

jx—l ifl<x<2,

X if x > 2.

Then
[Flip=0 [Flo=[Flq=2% [Flo=I[Flg=1, [Flup=3.
Example2.23. Let X =Y = R and
—Ix  ifx <0,

F(x)=13x if0<x <1,

x+3 ifx>1

N[ —

Then
[Flip=0, [Flo=[Flg=73. I[Flo=3, [Flg=I[Flp=1Ll

Example2.24. Let X = Y and F be as in (2.11) with

t ifr <1,

o) = 1 ifl<t<2,
2t —3 if2<t<3,
t ift > 3.

Then
[Flip=0, [Flob= % [Flg=I[Flo=I[Fls =1, [FlLp=2.
Example2.25. Let X = Y and F be as in (2.11) with

ifr <1,
ifl <t <2,
ift > 2.

Q(t) =

ICTC R
W —

Then

[Flip=0, [Flo=1%, [Flg=I[Flo=3. [Flg=I[Flp=1.

49

Q

Q

Q

Q



50 2 Some Characteristics of Nonlinear Operators

Example2.26. Let X = Y = R and

—ix ifx =<0,
X fo<x <1,

x—3 ifx > 1.

F(x) =

ESE

Then
[Flip=0, [Flo=13%. [Flq=3., [Flo=I[Flg=I[FlLp=1l.

Example2.27. Let X =Y =R and

—ix—3 ifx <1,
—4x if —1 <x <0,
ifo<x<1,

Ix+3  ifx>1

F(x) =

Then
[Flip=0, [Flo=4%, [Fly=%. [Flo=3% [Flg=I[Flp= 1.

Example2.28. Let X =Y = R and

—3x  ifx <0,

1 .

X f0<x <1,
F(x)=13 SRS

5x—1 ifl <x <2,

X if x > 2.

Then
[Flip=0, [Flh=1%. [Fly=3. [Flo=I[Fls=1 [Flp=3.

Example2.29. Let X = Y and F be as in (2.11) with

3t ifr <1,
o) =3t—4% ifl<t=<2,
4 ifr>2

Then

[Flip=0, [Flo=1%. [Flq=I[Flo=3 [Flz=3 [Flip=1

Q

Q

Q

Q
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Example2.30. Let X = Y = R and

|
= =
=

Fx) =

EN[OS [T ST
= =

Then

ifx <0,
if0<x <1,
ifl <x <2,

if x > 2.

[Flip=0, [Flo=I[Flq=1% I[Flo=2, [Flg=1,

Example2.31. Let X =Y = R and
F(x) =
) 2x —2
%x—i—l

Then

ifx <0,
if0<x <1,
ifl <x <2,

ifx > 2.

[Flip=I[Fly=0, [Flg=14%. [Flo=3, I[Flz=1,

Example2.32. Let X =Y = R and

Fx)=

Then

ifx <0,
ifo<x <1,
ifl<x <2,

if x > 2.

[Flip=0, [Flo=% [Flg=2, [Flo=3, [Fls=1,

2.3 Compact and a-contractive nonlinear operators

[Flip=3. ©
[Flp=2. @
[Flup=3. ©

51

The characteristics introduced above all contain some kind of “metric” information
on the operator F. In rather the same way as we have introduced the “topological”
measure of noncompactness for bounded linear operators in Section 1.2, we can do

this for nonlinear operators.

Let X and Y be two infinite dimensional Banach spaces. A continuous operator
F: X — Y is called a-Lipschitz if there exists some k > 0 such that

a(F(M)) < ka(M)

(2.12)
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for any bounded subset M C X, where a (M) denotes the measure of noncompactness
(1.22). In this case we put

[F]a = inf{k : k > 0, (2.12) holds} (2.13)

and call the characteristic [ F']a the measure of noncompactness (or a-norm) of F.
We write F € A(X,Y) if [Fla < o0, and A(X, X) =: A(X) as before. As in the
linear case, for [F']5 < 1 the operator F is called «-contractive (or a ball contraction).
Similarly, F' is called «-nonexpansive if [F]o < 1. We point out that, in contrast to
the linear case, a bounded nonlinear operator F need not satisfy at all an estimate of
the form (2.12).

Parallel to (2.12) and (2.13), we will also be interested in the “reverse” condition

a(F(M)) = ka(M) (2.14)
for any bounded subset M C X, and in the “lower” characteristic
[Fla = sup{k : k > 0, (2.14) holds}. (2.15)

As in the linear case, the equivalent representations

_ a(F(M))
[Fla = as\;l)llo el (2.16)
and F M
[Fl, = inf a(F(M)) (2.17)

aM)>0 a(M)

are useful in infinite dimensional spaces. It is not hard to see that the characteristic
(2.13) is a seminorm on A(X, Y). As in the linear case, we have [F]a = 0 if and
only F is compact, i.e. the image F (M) of each bounded set M C X is precompact
in Y. By R(X, Y) (and, in particular, by R(X) := K(X, X)) we denote the class of all
compact operators between X and Y.

We collect again some basic properties of the characteristics (2.13) and (2.15) in
the following Proposition 2.4. Recall that a nonlinear operator F': X — Y is called
proper if the preimage F~(N) = {x € X : F(x) € N} of each compactset N C Y
is compact in X, and proper on closed bounded sets if this is true for the restriction
of F to closed bounded sets. We will study the important class of proper operators in
detail in the next chapter.

Proposition 2.4. The characteristics (2.13) and (2.15) have the following properties
(F,G e€(X,Y), » e K):

(@) [Fla > 0and[F]lq > 0imply that F is proper.
(b) [Fla > 0implies that F is proper on closed bounded sets.
(©) [Gla[Fla =[GF]A = [Gla[F]aA.
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(d) [Fla—[Gla <[F +Gla = [Fla +[G]a.

() |[Fla—I[Glal <[F — G]la; in particular, |[F — G]a = 0 implies [F], = [G]a.
6 [F 1A= [F]a_1 if F is a homeomorphism.

(@ [Fla < [FlLip-

(h) [Flip < [Fla ifdim X = oo.

(i) [AM — Fla =[A — F]a = |A| ifdim X = oo and F is compact.

() [Fla = [Flq ifdim X = oo.

Proof. From[F], > Oitfollows that we may find k > O such thata (F(M)) > ka(M)
for each bounded M C X. By our additional assumption [F]q > 0, we know that F

is coercive (see Proposition 2.2 (a)). So, given a compact set N C Y we conclude that
F~(N) is bounded and

a(F~(N)) = %a(F(F_(N)) < %a(N)

which shows that F'~(N) is precompact. Moreover, the continuity of F implies that
F~(N) is also closed, hence compact. So we have proved (a). The same reasoning
shows that F' is proper on bounded closed sets if only [F], > O.

The properties (c), (d) and (e) follow immediately from the definition of the char-
acteristics (2.13) and (2.15) and from the properties of the measure of noncompactness
« established in Proposition 1.1.

Property (f) is trivial if X is finite dimensional (we use the convention 1/0 = oo
and 1/00 = 0 here). If X is infinite dimensional, the assertion follows from the fact
that o (F(M)) = 0 if and only if «(M) = 0 and from the chain of equalities

1 a(F~Y(N)) a(M)
[Fla= sup ————— = sup ———
aMy>0  a(N) a()=0 & (F(M))
( . a(F(M)))l 1
= inf ———— = .
a(M)>0  a(M) [Fla
If {z1,...,2n} is an e-net for M C X and [F]Ljp < o0, then obviously

{F(z1),..., F(zm)} is a [F]Lipe-net for F(M) C Y, which proves (g). The esti-
mate (h) is trivial if [F]jp = 0; so assume that [F]jp > 0. Choosing k € (0, [Fliip)
we have then || F(x) — F(y)|| > k||x — y|| for all x, y € X. Consequently, the same
reasoning as in (g) shows that «(F(M)) > ka(M) for any bounded M C X, and so
[F]a > k which proves (h).

The assertion (i) follows from (d) and (e) and the fact that [/]5o = [/], = 1 in any
infinite dimensional space.

Finally, to prove (j) suppose that F' is quasibounded and choose k > [F]q. We find
then R > O such that || F(x)| < k||x|| forall x € X satisfying ||x|| > R. In particular,
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F(Sr(X)) C Brr(Y),and hence a(F (Sg(X))) < ka(Br(X))) = ka(Sr(X)). Since
X is infinite dimensional, we may apply formula (2.17) and get

a(FGSr(X)) _

[Fla <
a(Sr(X))

from which the assertion follows, since k > [F]q is arbitrary. |

Observe that equality (i) in Proposition 2.4 is false if dim X < oo, since then
[/]ao = 0 and [/], = oo. The next example shows that the converse of Proposi-
tion 2.4 (b) is not true, i.e. the properness of F' on closed bounded sets does not imply
that [F], > O.

Example 2.33. Let X be an infinite dimensional Banach space and F: X — X be
defined by

F(x) = |lx|x. (2.18)

Then F is a proper homeomorphism with continuous inverse

y .
—— ify #60,

F~ly) = { VIVl (2.19)
6 if y = 0.

On the other hand, the sphere S/, (X) is mapped by F' onto the sphere Sy /,,2(X) which
implies that [ F], = 0. Q@

We also remark that the inequality [ F'], < [F]q inProposition 2.4 (j) is sharp in the
sense that [ F']q cannot be replaced by any of the lower characteristics contained in the
estimates (2.8) and (2.9). In fact, for the linear left shift operator F from Example 2.4
we have

[Flip=[Flpb =[Flqg=0, [Flo=[Fla=1

Proposition 2.4 shows that, in contrast to the metric characteristics introduced in
the previous section, the topological characteristics [ F]5 and [ F'], have essentially dif-
ferent behaviour in finite and infinite dimensional spaces. This is not surprising, since
the Heine—Borel compactness criterion characterizes precisely the finite dimensional
normed spaces.

There are bounded nonlinear operators which frequently occur in applications
and satisfy the strict inequality 0 < [F]a < [F]Lip. As a typical example, let us
consider radial retractions. Recall that a subset M C X is called retract of a larger
subset N 2 M if there exists a continuous map p: N — M (“retraction”) such that
p(x) = x on M. In other words, M is a retract of N if and only if the identity on M
may be extended to a continuous map on N.
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Example 2.34. Let X be an infinite dimensional Banach space, and let p: X — X
denote the radial retraction

x if [lx| < r,

px) = if x| > (2.20)

,
llxl

of X onto the closed ball B,(X) which maps the exterior X \ B.(X) of B.(X) onto
the sphere S, (X). Then

[pla =1, 1=lplup =2 (221

The first equality in (2.21) is easy to prove: on the one hand, for any bounded set
M C X, wehave p(M) C co[M U {6}] and hence

a(p(M)) =< a(co[M U {0}]) = a(M U{0}) = a(M),

by Proposition 1.1 (e) and (f). On the other, from p(B,(X)) = B-(X) it follows that

[pla = 1.
To prove the second estimate in (2.21) we have to distinguish three cases. If

x|l < rand |ly|| < r then of course [[p(x) — p(V)Il = llx — yl. If x]| > r and
lyll <r then
rx r }"y
lox) —pWMI=||——y| < —lx=yl+|——Y
flx |l flx|] [l |l
Iyl

< llx =yl + I ||(II)CII =) < lx =yl +lxll =yl = 2llx = yll.

Finally, if ||x|| > r and | y|| > r then

1
lo(x) — oIl = Hn—”)}—””_ﬂﬂ =yl +riyl ‘ﬂ_lly_ﬂ

< llx =yl + ﬂ HiylE=Txll < 2llx = yl.

We have proved that [p]Lip < 2; the lower estimate [p]Lip > 1 is of course trivial.

It is well known that retractions are an important tool in fixed point theory. As
a matter of fact, the statement of Brouwer’s fixed point theorem is equivalent to the
non-existence of a continuous retraction of the closed unit ball B(R") in R” onto its
boundary S(R"). Likewise, the fact that in every infinite dimensional Banach space
X such retractions exist means that Brouwer’s theorem fails in any such space. This
is precisely the point where compactness comes in: in Schauder’s fixed point theorem
one has to impose a compactness condition either on the domain or on the range of
the operator involved. As a consequence, retractions from the closed unit ball of any
Banach space onto its boundary can never be compact. In fact, if p: B(X) — S(X)
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were a compact retraction, then F = —p would be a compact selfmap of B(X), and
so would have a fixed point X € S(X), by Schauder’s fixed point theorem, which
leads to the contradiction —x = X and ||x|| = 1. Theorem 2.1 below shows that it is
also impossible to find an a-contractive retraction of this type, i.e. p: B(X) — S(X)
satisfying [p|p(x)]a < 1. Nevertheless, the following quite remarkable example
shows that there do exist such retractions with [p|p(x)]a being arbitrarily close to 1!

Example 2.35. In the Banach space X = C[0, 1] of all continuous real functions on
[0, 1], define F: B(X) — X by

i 1+ [lx]l
Fx)(@) = {x(lfﬁ) if0<rt< +T

o I|lx]]
x(1) if 5= <r<1L

It is not hard to see that F is continuous, || F(x)|| = ||x|| forx € B(X),and F(x) = x
for x € S(X). Moreover, for each x € B(X) the function F(x) attains its norm in the
interval [0, %(1 =+ |lx|D]. Finally, the Arzela—Ascoli theorem and a simple geometric
reasoning show that «(F(M)) < a(M) forall M € B(X),i.e., [F|px)la =< 1.

Now we define, for each u € (0, co), another mapping P,: B(X) — X by

u
P, (x)(t) = max {0, S @ =l - 1)} .

Observe that P, is continuous and compact, and P, (x)(¢) = 0 on [0, %(1 + ||x|)] for
each x € B(X). In particular, P,(x) = 6 for x € S(X).
For u > 0, a retraction p,: B(X) — S(X) may now be defined by

F(x) + Py(x)
IF(x) + Pu(x)Il

Observe that the operator F + P, is a-nonexpansive, because [F|px)]Ja < 1 and

[Py|Bx)la = 0. Moreover, F + P, = I on §(X), and so also p, = I on S(X). On
the other hand, for x € B(X) we have the lower estimates

IF () + PuColl = max(lel, F(D) + Pu(o (D)
= max {[lx]], x(1) + S(1 = x)}

pu(x) = (2.22)

= max {lll, 5= xl) = x| = =

max | [[x]l, = (1 — [[xI) — x|t = —,

- 2 u+4

because the last term attains its minimum u/(u + 4) for functions x with ||x| =
u/(u+4). So the operator (2.22) is well-defined and in fact retracts the unit ball B(X)
onto its boundary S(X). Moreover, a straightforward calculation shows that

u+4

a(pu(M)) < a(M) (M < B(X)), (2.23)

which means that [p, |px)]a < (u 4+ 4)/u. Passing in (2.23) to the limit ¥ — oo we
see that the o of the retraction may be made arbitrarily close to 1. Q
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We will use Example 2.35 in subsequent chapters to construct several operators
with surprising or even “pathological” properties.

We pass now to an important result for a-contractive operators which is known as
Darbo’s fixed point theorem and which we will use later several times.

Theorem 2.1. Let X be a Banach space, M C X nonempty, bounded, closed, and
convex, and F: M — M an a-contractive operator. Then F has a fixed point in M,
i.e.anx € M with F(x) = x.

Proof. We define a sequence (M,,), of subsets M, C X recursively by
Mo =M, M| .= EF(M()), ey Mn+1 = %F(Mn)

One may easily see by induction that (M,,), is monotonically decreasing (with respect
to inclusion), and each M,, is a closed convex subset of M. Choosing k € ([F]a, 1)
we get

a(My) = a(F(M)) < ka(M)

and, more generally,
a(Mpt1) = a(F(My)) < ka(F(My—1)) < --- < K'a(M),

hence o(M,) — 0 as n — oo. By Proposition 1.1 (h), this implies that the set

is nonempty, compact and convex. Moreover, this set is invariant under F since
F(M,) Cco F(M,)) = M, 4 implies F(My) C M. From Schauder’s fixed point
theorem it follows that F has a fixed point in My, € M. O

As we have seen above, both compact operators and contractions (i.e., [F]Lip < 1)
are particular examples of a-contractive operators. This implies that Darbo’s fixed
point theorem generalizes both the classical Schauder fixed point principle and (a
special version of) Banach’s contraction mapping principle. On the other hand, since
we have proved Darbo’s fixed point principle by means of Schauder’s fixed point
principle, these two results are actually equivalent.

The following fixed point theorem is an easy but quite useful consequence of
Theorem 2.1; we will use this many times in what follows.

Theorem 2.2. Let X be a Banach space and F: X — X an a-contractive operator
with [Flg < 1. Then the operator 1 — F is surjective; in particular, F has a fixed
point in X.
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Proof. Fix z € X and put
F,(x):= F(x) +z. (2.24)

The condition [F;]g = [Flg < 1 ensures that we may find g € ([F]g, 1) and b > 0
such that

[F:l < qlixll+b  (x € X).

Consequently, for R > b/(1 — gq) the operator F, maps the ball Br(X) into itself, and
the assertion follows from Theorem 2.1. O

For the sake of completeness we still mention a slight generalization of Theo-
rem 2.1 which goes back to Sadovskij. Let us call a continuous operator F: X — Y
condensing if

a(F(M)) < a(M) (2.25)

for every bounded set M C X with noncompact closure. Such operators also satisfy
a fixed point theorem.

Theorem 2.3. Let X be a Banach space, M C X nonempty, bounded, closed, and
convex, and F: M — M a condensing operator. Then F has a fixed point in M.

Proof. Firstwe show that there exists anonempty set K € M suchthat K C F(K). To
this end, fix x € M and consider the orbit Q (x) := {x, F(x), F2(x), F3(x), ...} of x.
Since Q(x) = F(2(x)) U {x} and F is condensing, we have «(£2(x))) = 0,1i.e. Q(x)
is precompact. We claim that the set K of all accumulation points of €2 (x) satisfies
K C F(K). Indeed, K is nonempty since €2 (x) is precompact. Given y € K, choose
a sequence (ny )y of natural numbers such that F"¥(x) — y as k — oo. Again by the
precompactness of €2(x), the sequence (F =1 (x)); has a convergent subsequence;
without loss of generality let F"*~!(x) — z as k — oo. The continuity of F implies
then that y = F(z), and so y € F(K) as claimed.

Now denote by 2t the family of all closed convex sets between K and M which
are invariant under F, i.e.

M={N: K S NCM,coN=N, F(N) C N}.
Since M € 9N, this family is nonempty. The intersection M of all sets from 01 is then
a minimal element of 1.
We define a map @ : 91 — 9N by
®d(N) :=7co F(N).

The inclusion F(K) 2 K proved above shows that ® maps indeed 91 into itself.
Since F(N) C N forall N € 91 we obtain

®(N)=co F(N) CcoN=N (N eM).
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In particular, fqr N = M we have QD(A;I) - M, and so even @(M) = M, by the
minimality of M. Finally, from

a(F(M)) = a(@ F(M) = a(®(M)) = a(M)

it follows that M is precompact, since F is condensing. Schauder’s fixed point theorem
implies that F has a fixed pointin M € M. m]

The following example shows that Theorem 2.3 is a nontrivial generalization of
Theorem 2.1.

Example 2.36. Let X be an infinite dimensional Banach space and F: X — X be
defined by
(I —=lixIDxif flx| < 1,

F = 2.26
2 0 if ||x]| > 1; ( )

then F is condensing but not a-contractive. In fact, since F (M) € co(M U {6}) for
any set M C B(X), we trivially have [F]ao < 1. Given M C B(X) with noncompact
closure, fix r with 0 < r < a(M). For M| := M N B,(X) we have then, on the one
hand,

a(F(My)) <a(M)) <a(Br (X)) =r <a(M),
while for M> := M \ B,(X) we have, on the other,
F(My) C{tx:0<r=<1-r, xeMy}Ccol[(l-r)MU{6}],

hence
a(F(Mz)) < (1 —raM) < a(M).

We conclude that o (F(M)) = max{a(F(My)), a(F(M>))} < a(M), i.e. F is
condensing. Nevertheless, F is not a-contractive. Indeed, if (2.12) were true with
some k < 1, for the sphere S, (X) with O < r < 1 — k we would have

kr < (1 —r)r =a(F(S,(X))) < ka(S, (X)) = kr,
a contradiction. Q

If X is an infinite dimensional space, there are in principle 8 possibilities for
equality and strict inequality occurring in the chain of estimates

[Flip < [Fla < [Fla < [FlLip (2.27)

which is a combination of Proposition 2.4 (g) and (h). The following 8 examples
correspond to these possibilities. In all these example we may choose X = [, and,
surprisingly, F' linear.
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Example 2.37. Let L(x1, x2, x3, X4, Xs, ...) = (X1, X2, X3, X4, X5, ... ); then
[Llip =[L]a =I[L]a =[LlLip = 1.
Of course, the identity on any infinite dimensional space will do the same job. V%

Example2.38. Let L(x1, x2, x3, X4, X5, ...) = (X2, X3, X4, X5, X6, ... ); then

[Llip =0, [Lla=I[L]a =I[L]Lp=1. @

Example 2.39. Let L(x1, x2, X3, X4, X5, ...) = (x1, 0, x3,0, x5, ...); then
[Llip=[L]la=0, [L]a=I[LlLp=1

To see that [L], = 0, observe that the set M = {x : x = (0,x2,0,x4,0,...)
lx|| = 1} satisfies (M) = 1. Q@

Example 2.40. Let L(xy, x2, x3, X4, X5, ...) = (x1,0,0,0,0, ...); then

[Llip =[Lla =[L]A =0, [Llup=1. O
Example2.41. Let L(xy, x2, x3, X4, Xs, ...) = (2x2, x3, 2X4, X5, 2X6, . . . ); then
[Llip=0, [Lla=1, [L]a=I[LlLip=2. v
Example2.42. Let L(xy, x2, X3, X4, X5, ...) = (2x2, X3, X4, X5, Xg, . . . ); then
[Llip=0, [Lla=I[LIa=1, [LlLp=2. V)
Example 2.43. Let L(x1, x2, x3, X4, X5, ...) = (2x1, 0, x3, 0, x5, ...); then
[Llip=[L]la =0, [L]a=1, [LlLip=2. V)
Example2.44. Let L(x1, x2, x3, X4, Xs, ...) = (3x2, x3, 2x4, X5, 2X6, . . . ); then
[Llip=0, [Lla=1 [Lla=2, [Llp=3. V)

To obtain a general view of these examples, we collect them again in the following
table.
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Table 2.2

[Flip =[Fla = [F]a = [FlLip || Example 2.37
[Flip < [Fla =[F]a = [FlLip || Example 2.38
[Flip =[Fla < [Fla = [FlLip || Example 2.39
[Flip =[Fla = [F]a < [FlLip || Example 2.40
[Flip < [Fla < [F]a = [FlLip || Example 2.41
[Flip < [Fla =[F]a < [FlLip || Example 2.42
[Flip =[Fla < [F]a < [FlLip || Example 2.43
[Flip < [Fla < [F]a < [FlLip || Example 2.44

2.4 Special subsets of scalars

Let X be a Banach space over K and F: X — X a continuous operator. We define
several subsets of K by means of the lower characteristics (2.2), (2.4), (2.7) and (2.15),
namely

olip(F) ={A € K: [Al — Flj;p =0}, (2.28)
oq(F) ={A € K: [Al — F]q = 0}, (2.29)
op(F) ={A e K:[Al — F]y, =0}, (2.30)
and
o.(F)={AeK:[A — F], =0}. (2.31)

Observe that we have already defined a subspectrum og(L) for linear operators
L in (1.50); so we have to show that this notation is compatible. But this follows
immediately from the fact that [L]q = 0 if and only if there exists some sequence
(en)n in S(X) such that || Le, || — 0 as n — o0, see (1.50).

The following Proposition 2.5 gives some information on the sets (2.28)—(2.31).
In particular, the inclusions in (a) show that o, (F) is always contained in an “annular
domain” for k € {lip, q, b, a}.

Proposition 2.5. The sets (2.28)—(2.31) have the following properties:

(a) The inclusions

olip(F) S {A € K: [Flip < |A| < [Fluip} (2.32)
oq(F) C{A e K:[Flq <Al = [Flo}s (2.33)
ob(F) S {A e K: [Flp <[] = [Fls}, (2.34)

and
0a(F) C{A e K:[Fla <Al < [F]a}, (2.35)
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are true.
(b) 04(F)  op(F).
(¢) ob(F) S op(F) if F(0) =0.
(d) oa(F) S op(F).
() o0,(F)={0}if F is compact and dim X = oo.
() 9o (L) S oq(L) = ov(L) = aiip(L) S o (L) if L € £(X).
(g) 9o (L) =o0q(L) =ou(L) = 0iip(L) =0 (L) if L € RLE(X).
(h) 0.(L) =04 (L) and o,(L*) = o_(L) if L € £(X).
(1) 0a(L) S oq(L) if L € £(X).
Proof. To prove (2.32), fix A € oyip(F'). We have then [A] — F]jjp = 0, by definition,
and Proposition 2.1 (c) implies that [Fjip — [Al]Lip < 0 and [Al]p — [FlLip < 0.

Consequently,
[Flip < [M]Lip = |A| = [AM liip < [FlLip,

so (2.32) is true. The inclusions (2.33)—(2.35) are proved similarly.

The inclusions in (b), (c) and (d) follow straightforwardly from (2.8), (2.9) and
(2.27), respectively.

To prove (e), let X be infinite dimensional and F: X — X be compact. Then
[Fla = [F1la = 0, and so the assertion follows from (2.35).

Now let L: X — X be bounded and linear. We show that o7;,(L) € oq(L), and
hence o4(L) = op,(L) = oyip(L), by (b) and (c). Given A € oyjp(L), by linearity we
may find a sequence (x,), in X \ {#} such that

[Axp — Lxp || _

n=>00 |lxu|l

In case [|x,|| — oo we immediately have A € og(L) and so we are done. In case

lx; ]l = O we define y, := x,,/||x,,||2 and get |y, || — oo and
1Ay, — Lyn|l . “xn”iz“)\xn — Lx,|| . [Ax, — Lx,||
————— = lim — = lim —— =0,
n—00 |yl n—>00 (Bl n—>00 (B

hence again A € oq(L). Finally, if the sequence (x;,), is both bounded and bounded
away from zero we put z,, := nx, and get ||z,|| — oo and

Az — Lzl . nllAx, — Lx,| . |Axy — Lxyll
_— llm _—= llm _—=

n=>00 izl n=>00  nlx|l n=>00 x| ’

hence A € oq(L) as before.

We have proved the equalities in (f). The first inclusion in (f) has already been
shown in Proposition 1.4 (a), and the last inclusion is trivial.

Now, if L: X — X is compact and linear, from Theorem 1.2 we conclude that
o (L) has no interior points, and so do (L) = o (L) which proves (g).
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Finally, (h) is just a reformulation of Proposition 1.2 (k) and (1), while (i) is a trivial
consequence of (d) and (f). O

By means of the Examples 2.1-2.32 and 2.36-2.43 one may show that the inclu-
sions in Proposition 2.5 (b) and (c) may be strict; by Proposition 2.5 (f), such examples
cannot involve linear operators. The following two examples show that the spectral
set (2.31) plays a somewhat exceptional role: it does not contain the boundary of the
spectrum even in the linear case, and it is not comparable with the other spectral sets
in the nonlinear case.

Example2.45. Let X = I and let L € K£(X) be the projection onto the first
coordinate as in Example 2.40. Then

do (L) =o(L) ={0,1}, oa(L) ={0}.

Here the last equality follows from the fact that the “reduced” unit ball M = {x €
B(X) : x; = 0} is mapped by Al — L into a set whose measure of noncompactness is
precisely |A|. Q

We remark that Proposition 2.5 (e) also implies that the subspectrum o,(L) in
general does not contain the boundary of the spectrum o (L).

Example 2.46. Let X be an infinite dimensional Banach space, ¢ € X fixed with
lell = 1, and
F(x) = llx|le.

Then o,(F) = {0}, by Proposition 2.5 (¢), but 0 ¢ oy,(F) N oq(F), since [F], =
[Flg=1. V)

We will use the spectral sets (2.29)—(2.31) over and over again in Chapters 6-9.
For the time being we just describe some of their properties.

Theorem 2.4. The sets (2.28)—(2.31) are closed for any F € &€(X). Moreover, the
set (2.28) [(2.29), (2.30), (2.31), respectively] is even compact for F € Lip(X)
[F € Q(X), F € B(X), F € A(X), respectively].

Proof. We prove the closedness of the set (2.28), the proof for the other sets is similar.
From Proposition 2.1 (d) it follows that

[[Al — Flip — ! — Flipl < 1A — | (A, u € K)

which immediately implies that oy (F) is closed. For F' € Lip(X) the inclusion
(2.32) shows that oy;, (F) is also bounded, hence compact. O

One cannot expect that the sets (2.28)—(2.31) are also bounded for general F €
&(X). To see this, let us consider some very simple examples.
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Example2.47. Let X = C[0, 1]and F: X — X be defined by

ifx(t) <1,

FOO =120 iftxo > 1.

Then F € B(X) N2A(X), but F ¢ Lip(X), and oy (F) = R.

Q

Example2.48. Let X = C[0, 1] and F: X — X be defined by F(x)(¢) = x(1)x(2).

Then F € €(X), but F ¢ 9(X) UA(X), and

0q(F) = 0p(F) = 01ip(F) = 0a(F) = R.

To see that 0, (F) = R, considerthe set M, = {x € X : x(1) = A, ||x|| = M+ 1}.Q

Example2.49. Let F: loo — loo be defined by

F(x1,x2,x3,...) = (/Ix11,0,0,...).

Then F € Q(X) NA(X), but F ¢ B(X), and 0y (F) = o1ip(F) = [0, 00).

Example 2.50. Let X = I, as in the preceding example, but

F(xi,x2,x3,...) = /Ix1l, v Ix2 v/ 1x3], .. .).

Then F € Q(X), but F ¢ B(X) UA(X), and o,(F) = [0, 00).
Example 2.51. Let F: R — R be defined by

0 ifx =2n,n €N,
F(x) = {x? ifx=2n—1,n¢eN,
linear otherwise.

Then F € (X), but F ¢ Q(X), and

olip(F) = op(F) = 0q(F) = [0, 00).

2.5 Notes, remarksand references

The characteristic (2.1) is widely used in nonlinear analysis, since Lipschitz constants
are natural substitutes for operator norms if one passes from linear to nonlinear prob-
lems. The first systematic examination of (2.2) may be found in [181] and [82]. The
characteristic (2.3) was introduced by Granas [136] under the name quasinorm of F,
the corresponding lower characteristic (2.4) was studied for the first time, to the best
of our knowledge, together with the spectral set (2.29), in [124]. The characteristic
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(2.4) plays a prominent role in bifurcation theory for nonlinear operators which are
not necessarily differentiable, see [125]; we will return to such problems in Chapter 6.

The spectral set (2.29) was studied subsequently in [129], [130]. In particular,
it is shown by degree-theoretical methods in [129] that Al — F is always surjective
for F € 2A(X) N Q(X) satisfying some natural additional conditions. For linear
operators, these conditions are well known. The characteristics (2.6) and (2.7) may
also be considered as natural “nonlinear analogues” to norms and have been introduced
in [82], see also [8], [15].

All the examples in Section 2.2 are of course straightforward, maybe only the
Examples 2.6 and 2.10 are not completely trivial.

There is a huge amount of literature on «-contractive and condensing operators,
we mention the survey [231] and the monograph [1], where one may also find the
proof of some properties stated in Proposition 2.4. We point out that the inequality in
Proposition 2.4 (g) may be strict for many important operators arising in applications,
and therefore there are reasonable examples of a-contractive operators which are not
contractive; see [7] for a series of such examples.

Radial retractions occur in many places in nonlinear analysis and topology, we took
the calculations in Example 2.34 from [184]. In view of the relations (2.21) which
illustrate the difference between the Lipschitz- and the a-norm of a retraction, the
following result is interesting [74]: Let p be the radial retraction (2.20) in a Banach
space X with dim X > 3; then [plLip = 1 if and only if X is Hilbert.

The remarkable Example 2.35 is due to Wosko, see [279]. We point out, however,
that the first example of this type has been given already in 1974 by Furi and Martelli
[119], [120], also in the space X = C[0, 1] of continuous functions. Furi and Martelli
first consider, for u € (1, 00), the operator F,: B(X) — B(X) defined by

Fy (x) (1) = min{1, u(l — 0)|x ()| + ut};

this operator satisfies a Lipschitz condition with constant «, and so [F,|px)la < u.
Afterwards they define a corresponding retraction p, : B(X) — S(X) by means of a
geometrical reasoning. This retraction satisfies the estimates

2u u-+1 u? 4+ 3u

- 1Ot(M)-l- - 1ot(Fu(M)) =—

a(pu(M)) = a(M) (M < B(X)),
and so [ |Bx)la < (u2 + 3u)/(u — 1). Note that this expression attains its minimal
value 9 for u = 3. A detailed discussion of the existence (and explicit construction)
of Lipschitz continuous retractions of B(X) onto S(X) may be found in the excellent
book [132].

We have chosen Wosko’s example because it is somewhat simpler, and it gives a
sharper estimate. We may rephrase Example 2.35 in terms of the following general
problem from Banach space geometry. Given a Banach space X, we call the number

W(X) := inf{k : k > 0, there exists a retraction

. (2.36)
p: B(X) = S(X) with [p]a < k}
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the Wosko constant of the space X. From Darbo’s fixed point principle (Theorem 2.1)
it follows that W (X) > 1 for every space X; so it is interesting to give upper estimates
(or better lower estimates) for W (X). Example 2.35 shows that W(CIO0, 1]) = 1, but
it is an open problem whether or not W(X) = 1 in every Banach space X. We shall
come back to this in Section 7.6.

Theorem 2.1 (which generalizes Schauder’s celebrated fixed point principle [234])
may be found in [71], Theorem 2.2 in [268], [269], and Theorem 2.3 in [230]. Exam-
ple 2.36 which illustrates the difference between Darbo’s and Sadovskij’s fixed point
theorem is taken from [208]. A systematic account of all these fixed point theorems
and their application to differential and integral equations may be found in the books
[71] and [286]. There is another remarkable fixed point theorem due to Nussbaum
[209] for a-contractive operators on spheres which reads as follows.

Theorem 2.5. Let X be an infinite dimensional Banach space and
F:85X) — S (X)
an a-contractive operator. Then F has a fixed point in S, (X).

The proof of Theorem 2.5 is completely different from that of Theorem 2.1 and
requires rather subtle topological arguments, see [209]. We will see in Chapter 10 that
Theorem 2.5 may also be obtained as a corollary of the so-called Birkhoff~Kellogg
theorem on eigenvalues of nonlinear operators. We remark that Theorem 2.5 was
extended from «-contractive to condensing operators in [186]. The example of a
rotation in X = R? shows that Theorem 2.5 is false in finite dimensions.

The spectral sets (2.29) and (2.31) have been studied in detail in [122], the set
(2.28) has been introduced in [181], and the set (2.30) has been considered first in
[82]. Of course, all scalars A which belong to one of these sets characterize some
“lack of regularity” of the operator A/ — F; this is made more precise in Section 2.5.
In the proofs of most results from Section 2.4 we followed the theses [82] and [155].



Chapter 3
I nvertibility of Nonlinear Operators

In this chapter we give several conditions on a nonlinear operator F: X — Y un-
der which the local invertibility of F implies its global invertibility. The simplest
such condition is, by the classical Banach—-Mazur lemma, the properness of F which
we already introduced in Section 2.3. Closely related properties are ray-properness,
coercivity, and ray-coercivity. We establish all possible relations between these and
similar notions, and we show by means of some counterexamples that other relations
cannot occur.

3.1 Proper and ray-proper operators

As in the preceding chapter, X and Y are Banach spaces, and F': X — Y is a con-
tinuous operator. Recall that F is called proper if the pre-image F~(C) = {x € X :
F(x) € C} C X of any compact set C C Y is compact. Further, we call F ray-proper
if the pre-image F~ ([0, y]) C X of the “ray” [0, y] = {ty : 0 < ¢ < 1} is compact
forany y € Y. Finally, F is called closed if the image F (M) of every closed subset
M of X is a closed subset of Y. Some simple but important interconnections between
these properties are collected in the following

Theorem 3.1. With X, Y, and F as above, the following statements are true:
(a) Every proper operator F is ray-proper, but not vice versa.
(b) F is proper if and only if F is closed and ray-proper.

(c) [If L is linear, properness of L is equivalent to the existence and boundedness of
L~ on R(L).

Proof. The statement (a) is a simple consequence of the fact that any ray [0, y], being
a bounded and closed subset of a one-dimensional subspace, is compact. Of course,
(a) is also a straightforward consequence of (b).

To prove (b), suppose first that F is proper and C C X is closed. Let (y;), =
(F(xn)), be a sequence in F(C) such that y, — y € Y asn — oo. Then the
set {y, ¥1, y2, ¥3, ...} is compact, and so is the set F~ ({y, y1, y2, y3,...}), by the
properness of F. In particular, we may find a subsequence (x;,, )i of (x,), with
Xp, — x € C as k — oo. By continuity, we have F(x) = y,andso y € F(C).

Conversely, suppose that F is ray-proper and closed, and let C C Y be compact.
Let (A,), be a decreasing sequence of nonempty closed subsets of '~ (C); we have
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to show that the sets A, have a nonempty intersection. Since F is a closed operator,
the sets F'(A,) are closed in the compact set C, and so there exists some y € C which
belongs to F(A,) foralln € N.

By assumption, the set F~([6, y]) is compact, and so the sets B, := A, N
F~([6, y]) form a decreasing sequence of nonempty compact subsets of X. It follows
that the sets B,, hence also the sets A,, have a nonempty intersection, and so we are
done.

It remains to prove (c). Clearly, every linear isomorphism L: X — R(L) is
proper. Conversely, if L is not injective, then L maps a nontrivial subspace into {6},
and so L cannot be proper. Similarly, if L~ ! exists, but is unbounded, there exists a
sequence (yy), in Y such that y, — 6, but ||L_1yn|| > ¢ > Oforall n € N. Then the
set C := {0, y1, y2, ¥3, ...} C Y is compact, but its pre-image L~ (C) C X is not,
and so L is not proper. O

The above properties are of particular interest in invertibility results for nonlinear
operators. As a matter of fact, each of these properties is “missing” if an operator
is only locally invertible, but not globally invertible (see Theorem 3.2 below for a
precise formulation). Results of this type are not only of theoretical interest, but also
important in view of applications: thus, to prove the global invertibility of a proper
operator simply reduces to proving its local invertibility which may often be achieved
by other well-known means (e.g., by the inverse function theorem and its various
generalizations).

Before stating a corresponding theorem, we have to recall another notion. Let us
call an operator F: X — Y ray-invertible if the following holds: for each y € Y
there exists a continuous path y : [0, 1] — X such that F(y (7)) =tyfor0 <t < 1.
Observe that a ray-invertible operator is always onto, since y = F(y (1)) € F(X)
for a suitably chosen path y. We also point out that, if there exists a path with the
required properties, it is always unique, provided that F' is a local homeomorphism.
To see this, suppose that y1, y2: [0, 1] = X be continuous with y;(0) = y2(0) =0
and F(y1(tr)) = F(y(r)) = ty for 0 < t < 1. Let 7y be the largest value such
that y1(t) = y2(7) for T < 79, and assume that 7y < 1. Then also y;(79) = y2(79).
Since F(y1(t)) = F(y2(7)) and F is a homeomorphism near y1(79) = y2(79), by
assumption, we obtain that y1(t) = y»(t) also for T > 79 sufficiently close to 7.
This contradiction shows that tg = 1, i.e., y; = y».

Theorem 3.2. Let F: X — Y be an operator satisfying F(0) = 6. Then F is a global
homeomorphism if and only if any one of the following four conditions is satisfied:

(a) F is alocal homeomorphism and proper.
(b) F is alocal homeomorphism and ray-proper.
(¢c) F isalocal homeomorphism and closed.

(d) F isalocal homeomorphism and ray-invertible.
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Proof. We first prove (d) and then show how the other three assertions follow from
(d). It is easy to see that every global homeomorphism F: X — Y is ray-invertible.
Suppose that F': X — Y is a ray-invertible local homeomorphism. The last property
implies that F is an open mapping, and the ray-invertibility implies that F is onto. So
we only have to show that F is injective.

Given y € Y, we find a (unique) continuous path y: [0, 1] — X such that
F(y(r)) = tyfor0 < t < 1. Fix x := y(1) and choose x € X such that
F(x) = F(X) = y. Define z: [0,1] — X by z(¢) := t(X — x) + x, so z(0) = x,
z(1) = x, and F(z(0)) = F(z(1)) = y. Since F is ray-invertible, for each ¢ €
[0, 1] we find a (unique) continuous path y;: [0, 1] — X such that y,(0) = 6 and
F(yi(r)) =tF(z(1)) for0 <7 < L.

Now, for # being sufficiently close to 1, we must have y; (1) = z(t), because F is
a local homeomorphism, and thus y;(1) = z(1) = X. On the other hand, the relation
F(y1(r)) = 1y and the uniqueness of y; imply that y () = y(z) forall T € [0, 1].
In particular, X = y;(1) = y (1) = x, and so we are done.

Let us now show that (b) is a consequence of (d). To this end, it suffices to prove that
every ray-proper local homeomorphism is ray-invertible. Fix y € Y. Without loss of
generality we may assume that F'(§) = 6. Since F is alocal homeomorphism, we find
8 > 0 and a continuous path y:[0,8) — X such that y(0) = 0 and F(y (7)) = Ty
for 0 < t < 4. Denote by § the largest number such that y may be extended to [0, 8)
with F(y(t)) =tyfor0 <7 < 8, we claim that § = 1.

Suppose that§ < 1. Let (Tn)n be some sequence in [0, 3) with 7, — Sasn — o0o.
Since F is ray-proper, by assumption, the set F~([6, y]) is compact, and so the
sequence () (t,)), admits a convergent subsequence, say y (7,,) — X € F~ ([0, y])
as k — oo. The continuity of F implies that F(x) = F(y(é)) = Sy. Since F
is locally invertible, we may extend y to [0, §) for some § > 5, contradicting the
definition of 5.

The assertion (a) is an immediate consequence of (b) and the fact that properness
implies ray-properness, by Theorem 3.1 (a).

It remains to prove (c). By what we have already proved, it suffices to show that
every closed local homeomorphism is ray-invertible. Fix y € Y. If y = 6 it is easy
to see that y (t) = 0 is the only path satisfying F(y(r)) = 6 for0 < t < 1. So let
y # 0, and define y : [0, <§) — X and (1,), as in the proof of (b). We show that the
sequence (¥ (t,)), again contains a convergent subsequence, and then the remaining
part of the proof goes as before.

Suppose that (y(7,)), contains no convergent subsequence. Then we find § >
0 such that ||y (t,) — v(m)|| = & for m # n. This implies that the set C :
{y(r1), y(r2), y(13), . }1sclosed1nX andso F(C) = {11y, 12y, T3V, .. }1sclosed
inY, by assumptlon Consequently, $ y e F(C),and F(y(ty)) =1y = $ y for some
n € N. But§ > 1, for all n, and so y = 6, a contradiction. The proof is complete. O
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The standard second-year calculus example of a local homeomorphism which is
not globally invertible is F: R?> — R? defined by

F(x1,x2) = (e™ cos xz, e*! sinxy). 3.1

Of course, the operator (3.1) is not ray-proper since F~ ([0, y]) = (—00,0) x {2k :
k € Z} for y = (1, 0), and thus not proper either. Similarly, F is not closed since
F(R x {0}) = (0, co) x {0}. Finally, F' is not ray-invertible since it is not onto.

Let us now make a comparison of the various conditions on F arising in Theo-
rems 3.1 and 3.2. A careful analysis of the implications of these theorems shows that
there are only 10 combinations which do not lead to a contradiction; we collect them
in the following table.

Table 3.1

global= ‘ local= ‘ proper ‘ ray-proper | ray-invertible ‘ closed H

yes yes yes yes yes yes Example 3.1
no no yes yes yes yes Example 3.2
no yes no no no no Example 3.3
no no no yes yes no Example 3.4
no no no no yes yes Example 3.5
no no no no yes no Example 3.6
no no no yes no no Example 3.7
no no no no no yes Example 3.8
no no yes yes no yes Example 3.9
no no no no no no Example 3.10

To show that these possibilities actually occur, we give a series of 10 examples.
The only example which is not straightforward is Example 3.4.

Example3.1. Let X =Y = R and F(x) = x. Obviously, F has all 6 properties. O
Example3.2. Let X = R3, ¥ = R?, and
_ . 2 __ .2 2 2 _
F(x1,x2,x3) = (rcost,rsint) (r“=xy+x5+x3, t =mx1/7).

Clearly, F isnotlocally invertible. On the other hand, F is proper, since | F (x) || = ||x]||
for all x € R3. It is also clear that F is closed. Q

Observe that Example 3.2 is not possible for Y = R, since any continuous surjec-
tive operator F: X — R, withdim X > 2, has the property that F~ ({y}) is unbounded
for any y € R.
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Example3.3. Let X = Y = R and F(x) = arctanx. Then F is locally invertible,
but has none of the remaining properties. V%

Example3.4. Let X = Y be a real separable Hilbert space with orthonormal basis
{e1,e2,e3,...}. For0 < § < \%,let

(G

={xeX:|x—ell =6}, B:=|{)Bn

n=1

Obviously, B, N B, = @ for m # n. We define F by

Fx) X ifx e X\ B,
X) =
%(1 _ HX—;nH)en + |\X—8€n||x if x € B,,.

Then F is a continuous operator with F'(B,) = T,, where T}, is the “ice cream cone”
T, =co({ie,}UB,) (n=1,2,3,...).

It is not hard to see that F is neither globally nor locally invertible. Furthermore,
F is not proper, since the set F'~ ({el, 5e7, 163, ...} U{0}) contains the noncompact
set {el, ey, e3,...}. Similarly, F is not clésed, since the set F({e1,ez,e3,...}) =
{eq, ez, ;63, ... }isnotclosed. We claim that F' is both ray-proper and ray-invertible.

F1x y € Y. Iftheray [0, y] does not meet any of the sets 7,,, we have F~ ([0, y]) =
[0, ¥], and there is nothing to prove. In the opposite case, we have [0, y]NT,, # ¥ for
justone n. Since T, is closed and convex we getthen [0, y]NT, = {ty : t— <t <1t}
for some scalars t_, t > 0.

If y = ne, for some n > 0, then all points x € F~ ([0, y]) belong to the ray
{te, : 0 <t < oo}. By definition, F maps the generic point x = te¢, of this ray to the
point F(te,) = y,(t)e,, where y, is the piecewise linear function

t ifo<r<1-s,
Lylommd 1) ifl-s<r<1,

) = 1y "ﬁﬁlu ) ifl<tr<l1+8,
t ifl14+8 <t < oo.

This shows that, for every n > 0, the pre-image F~ ([0, ne,]) is some interval con-
taining 6. On the other hand, if y is not of the form y = ne, for some n > 0, then
F~([8, y]) is contained in the plane IT = span {e,, y}. The restriction of F to this
plane is the identity outside B,, N IT; in particular, the boundary ¥ of B,, N IT is kept
fixed. To understand the action of F' on the interior of the ball B,, N I1, observe that the

two segments joining e, with the two points, where the tangent rays starting from %en

hit the boundary X, are mapped by F to the segments joining %en with these bound-
ary points. (Geometrically, F maps the “night-cap” with peak e, continuously to the
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“night-cap” with peak %en, keeping the boundary X fixed.) This geometric reasoning
shows that the pre-image of the portion of [0, y] inside B, N I is a continuous curve
in B, N IT which is mapped 1-1 onto [8, y] N B, N I1. Altogether, we conclude that
F is both ray-proper and ray-invertible. Q

Example3.5. Let X = R2, Y = R, and F(x1,x2) = x;. Then F is closed and
ray-invertible, but has none of the remaining properties. V%

Example3.6. Let X = R?, Y = R, and F(x1,x2) = xjcosx>. Then F is ray-
invertible, but has none of the remaining properties. Q

Example3.7. Let X = Y = R? and F = H o G, where
G(x1, x2) = (|x1], arctanx2),  H(y1, y2) = (e”! cos y2, e’ sin y»).

It is not hard to see that F is ray-proper. On the other hand, F' is not proper, since
the pre-image

F (S(Y)=F ({1, y):yi+y3=1)={0) xR

is not compact. Similarly, F is not closed since the set

FUO} xR) = {(y1,y2) : yi +y3 =1, y1 > 0}

is not closed in R?. It is clear that F is neither ray-invertible nor globally invertible.
By Theorem 3.2, F cannot be locally invertible either. Q

Example3.8. Let X = Y = R and F(x) = 0. Obviously, F is closed, but has none
of the remaining properties. Vv

Example3.9. Let X = Y = R and F(x) = |x|. Obviously, F is proper and closed,
but not ray-invertible. Q

Example3.10. Let X = Y = Rand F(x) = sin x. Obviously, F is neither ray-proper
nor ray-invertible. To see that F is not closed, consider the discrete set {27n + % :
n € N}. v

It is interesting to compare Example 3.7 with the following (linear!) operator
between infinite dimensional spaces:

Example 3.7'. Let X = Y = CJ0, 1], equipped with the usual maximum norm, and

let F be the operator defined by

N

F(x)(s) = / x(t) dt. (3.2)
0
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The range of F is the subspace C&[O, 1] ={y € cllo, 11 : y(0) = 0} of X, and
F is invertible on this subspace with inverse F~'(y) = y’. However, F~! is not
bounded, since we consider Y equipped with the C-norm, and thus F is not proper,
by Theorem 3.1 (c). It is easy to check that

/ : 1
F(6.y]) = [0,y] ifye .CO[O’ 1],

{6} otherwise,
and hence F' is ray-proper. On the other hand, F' is not closed since C(l) [0, 1] is not
closed in Y. Finally, F is not ray-invertible either, since F is not onto. Thus, in this
case Theorem 3.2 (a), (c) and (d) do not apply, but Theorem 3.2 (b) does. In fact, F'
cannot be a local homeomorphism, by Theorem 3.2 (b); this may of course also be
verified directly.

Now take X = C[0, 1] and Y = C}[0, 1] with norm ||y|ly = [|'llx, and let F
be defined again by (3.2). In this case the operator F is not any more compact, but
a global homeomorphism with continuous inverse F~!(y) = y’. Consequently, F is
not only ray-proper now, but even proper, closed, and ray-invertible. v

3.2 Coercive and ray-coercive operators

Recall that an operator F: X — Y is called coercive if the pre-image F~(B) C X of
any bounded set B C Y is bounded in X, and ray-coercive if the pre-image F~ ([0, y])
of [0, y] is bounded in X for any y € Y. It is easy to see that the coercivity of F is
equivalent to the condition

lim |[F(x)|| = oo, (3.3)

llxfl—o00

which we already used in (2.5).

Theorem 3.3. With X, Y, and F as above, the following statements are true:

(a) Every coercive operator F is ray-coercive, but not vice versa.

(b) Everyray-properoperator F is ray-coercive, the converse is trueincase X = R™.

(c) Every coercive operator F: R™ — Y is proper, the converse is true in case
Y =R"

(d) If L is linear, coercivity of L is equivalent to the existence and boundedness of
L~ on R(L).

Proof. The statement (a) is a simple consequence of the fact that any ray [6, y] is
a bounded subset of Y, while (b) follows from the fact that precompactness implies
boundedness, and coincides with boundedness in finite dimensional spaces.

To prove (c), suppose firstthat F: R™ — Y is coercive, andlet C C Y be compact.
Then C is bounded and closed, and so is F'~ (C), by the coerciveness and continuity
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of F. But then F~(C) is already compact, being contained in a finite dimensional
space. The converse also follows from the fact that compact sets and closed bounded
sets coincide in finite dimensional Banach spaces.

It remains to prove (d). Clearly, every linear isomorphism L: X — R(L) is
coercive. Conversely, if L is not injective, then L maps a nontrivial subspace into {6},
and so L cannot be coercive. Similarly, if L~ ! exists, but is unbounded, there exists a
bounded sequence (y;,);, in Y such that L1 ynll = o0, and so L is not coercive. O

Again, the implications of Theorem 3.3 show that there are precisely 7 combina-
tions which do not lead to a contradiction; we collect them in the following tablet.

Table 3.2

’ proper ‘ ray-proper | coercive | ray-coercive H

yes yes yes yes Example 3.1
yes yes no yes Example 3.11
no yes yes yes Example 3.12
no yes no yes Example 3.7
no no yes yes Example 3.13
no no no yes Example 3.14
no no no no Example 3.8

We make some remarks on Table 3.2. The operator F from Example 3.1 is trivially
coercive. The operator F' from Example 3.7 is ray-coercive, by Theorem 3.3 (b), but
not coercive, by Theorem 3.3 (c). The fact that F from Example 3.8 is not ray-
coercive is again trivial. The following 4 nontrivial examples fit in the remaining rows
in Table 3.2.

1

Example3.11. Let X = Y be as in Example 3.4, and put now, for0 < § < 7

o0
B, :={x e X:|x —neyl <né}, B:= UB”’

n=1
and

oo
K, :=co({e,}UB,), K := U K,.
n=1

Obviously, the sets K, are all closed and satisty D(K,,,, K,;) > % —38 > Oform # n,
where D(A, B) denotes the distance of the sets A and B. Now we define F by

ifx e X\B,

X
(1 sl 4 bmmel ey e g,

F(x) =
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Then F is a continuous operator with F'(B;) = K,,. Since F (ne,) = e,, F cannot be
coercive. However, F is proper. In fact, let C C Y be compact. Then C meets only
a finite number of the sets K,,; therefore it suffices to prove that the sets F~(C \ K)
and F~(C N K,) are compact.

By definition of F, we have F~(C \ K) = C \ K. Moreover, for fixed n we have
F~(CNK,) C€CUBy,since F(B,) = K,. Thus, we only have to show that the set
[F~(C N K,)]N B, is compact.

For fixed n, consider the sequence (yi); defined by

. (1 Il ;SnenH) en llxk ;anenllxk

in B,. Suppose that this sequence converges to some y, € Y. Without loss of
generality we may assume that the real sequence (&; )i with & = ||xx —ney, || converges
to some & € [0, nd] as k — oo. If &£ = 0, then (x; ), converges to ne, as k — oo. If
& > 0, then & > O for large k, hence

_né 1 & _né 1 &
o (i) = o - 0[] )

as k — oo. In any case, (xi); contains a convergent subsequence, and thus the set
[F~(C N K,)]N B, is compact as claimed. The ray-properness and ray-coercivity of
F follows from Theorem 3.1 (b) and Theorem 3.3 (b). Q@

Example 3.12. Let X = Y be as in Example 3.4, and let, again for 0 < § < \/ié

o0
Kni=1{x € X : |x — Ixlleall < 82}, K := | J Ko
n=1

Again, K,, N K, = ¥ for m # n. Define ¢,,: X \ {8} - R by

1 n—11x—1|x|e
Pn(x) = —+ e = lxllen n=1,2,3,...),
n n Sllx|l

and F': X — X by

x ifx e X\ K,
Fx) On(x)x ifx € K, and ||x]| <1,
x) = .
[lxll =1+ @ = [Ix[Dga(x)]x ifx € Kyand 1 < [|x] <2,
x if x € K, and || x| > 2.
Then F is continuous on X. Since || F(x)|| = ||x|| for || x|| > 2, F is certainly coercive.

On the other hand, F cannot be proper, because F'(e,;) = %en. However, F is ray-
proper. In fact, for any y € Y the pre-image F~ ([0, y]) is bounded, by the coercivity
of F, and contained in the ray {ty : 0 < ¢ < oo}. Q@
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Example 3.13. Let X and F as in Example 2.46. Being compact, F cannot be proper.
On the other hand, F is coercive, since | F(x)|| = ||x|| for all x € X. A trivial
calculation shows that

_ B,(X) if y=reforsomer > 0,
F(WJD={ .

{6} otherwise.

Consequently, F is ray-coercive but not ray-proper since X is infinite dimensional. ©

Example3.14. Let X = Y be as in Example 3.4, and let F(x) = ¢(||x]||), where
¢: [0, 00) — S(X) is the continuous vector function given by
(n—1)en + (t —n + Degs

o) = m—1<t<mn n=172,3,...).
[(n —1)ey, + (& —n+ Deyyrll

Since || F(x)|| = 1 forall x € X, F cannot be coercive. It is not difficult to check that
the function ¢ is injective. Consequently, for any y € Y the pre-image F~ ({y}) is
either empty or coincides with the sphere {x € X : |x|| = ¢~ !(y)}. This shows that
F cannot be ray-proper, let alone proper.

Finally, for any y € Y the pre-image F~ ([0, y]) is again either empty or some
sphere, and hence F is ray-coercive. Q

3.3 Further propertiesof nonlinear operators

Combining the invertibility results in Theorem 3.2 with some of the properties of
the numerical characteristics studied in Chapter 2, one may give further sufficient
conditions under which a continuous operator F': X — Y is a global homeomorphism.
We state some of theses conditions which will be particularly useful in subsequent
chapters.

We begin with a particular case of Theorem 3.2.

Proposition 3.1. Suppose that X and Y are infinite dimensional Banach spaces, and
F: X — Y is a local homeomorphism satisfying [Fl, > 0 and [F]q > 0. Then F is
a global homeomorphism.

Proof. The assumptions [F], > 0 and [F]q > 0 imply that F is proper on the whole
space X, by Proposition 2.4 (a). So the statement follows from Theorem 3.2 (a). O

Example 2.33 shows that the estimate [F], > 0 is not necessary, and so Theo-
rem 3.4 cannot be inverted. Moreover, as mentioned in Theorem 3.3 (¢), the coercivity
of F: X — Y implies its properness in case dim X < oo, and Example 3.13 shows
that this may fail in case dim X = oo. The following result describes a class of opera-
tors for which coercivity always implies properness on closed bounded sets, no matter
what the dimension of the underlying spaces is.



3.3 Further properties of nonlinear operators 77
Proposition 3.2. Let F: X — Y be a coercive operator which is representable as a
sum F = G + H with[H]a < [Gla. Then F is proper on closed bounded sets.
Proof. Proposition 2.4 (d) implies that

0<[Gla—[H]A =[G+ H]a =[Fla,
and hence F is proper on closed bounded sets, by Proposition 2.4 (b). O

Proposition 3.2 applies, for example, to operators of the form F = G + H, where
G is Lipschitz continuous and injective with Lipschitz continuous inverse, and H is
compact. In fact, for such operators we have

[H]la =0 < [Glip = [Gla.

In particular, taking G (x) = Ax with A € K we see that [G]q = |A| and so A — H is
always proper on the whole space X for H compact and A # 0. This fact will be used
several time in subsequent chapters. Another example of this type is the following.

Example3.15. Let X =, and F: X — X be defined by
F(xy,x2,x3,...) = (Ix|l, x1, x2,...). 3.4

Then F is the sum F = L 4+ H of the linear right-shift operator

L(xy,x2,x3,...) =(0,x1,x2,...) 3.5)
(see Example 1.4) and the simple nonlinear operator

H(x) =|x|le, (e:=(1,0,0,...)) (3.6)
(see Example 2.46). Since

IF ) = FOIP = (lxl = IlyD? + e = ylI* < 2flx = yII?

and || F(e)|| = |le+ Le|| = v/2, we obviously have [ Fi i, = V2. Ttis easy to see that
[Flo=I[Flg =[Flq=[Flp = /2 as well. On the other hand, the compactness of
the operator (3.6) implies that

[H]a =0 < 1 =[Llip =[Lla = [Llq = lILI,
and so F' = L 4 H is proper on the whole space X. <
Recall that an operator F' € €(X, Y) with F(0) = 0 is called 1-homogeneous if
F(itx)=tF(x) (xeX,t>0). (3.7)

We will study 1-homogeneous and similar operators in detail in Section 9.6. For the
time being, we only state a result which shows how to generate from a given operator
another 1-homogeneous operator with the same measure of noncompactness.
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Proposition 3.3. Given F: X — Y with F(0) = 0, define for r > 0 an operator
F.: X —> Y by

Il prxy 0
Fo(x):=1 7 (i) e #6, 3.8)
0 ifx =90.
Then F, is 1-homogeneous, F, and F coincide on S,(X), and
[Frla = [Fla. (3.9)
Proof. Since F,(x) = %F 1(rx), we may restrict ourselves to the case r = 1, i.e., to
the operator
Il F () ifx #06,
Fi(x) := Il 3.10
1) {9 ifx = 6. -10)

It is clear that F} is 1-homogeneous and F(x) = F(x) on S(X). Fixgq € (0, 1) and
put
Ry :={x e BX):¢"" <lxl <q"} (n=0,1,2,...).

Moreover, we use the abbreviation v(x) := x/||x|| for x # 6. Now, forany M C R,
we have
V(M) ST (0} Ug~ M),

and so x(v(M)) < q_(”+1)a(M). Furthermore, from
FiM) € | J{tFoMD) : g™ <1 < ¢") STo((6) Ugq" Flv(M)])
it follows that a(F1(M)) < g"a(F[v(M)]). Combining these estimates yields

n

q
qn-i-l

a(Fi(M)) < q"a(Flv(M)]) < [Flaa(M),

and so [F1]a < [F]a, since g € (0, 1) was arbitrary. The converse inequality follows
from the fact that F;(S(X)) = F(S(X)). |

3.4 Themapping spectrum

This chapter is concerned with several sufficient (and in part also necessary) conditions
for the invertibility of a nonlinear operator. In view of the definition (1.5) of the linear
spectrum, it could be a tempting idea to define the spectrum of a nonlinear operator
F e ¢(X) simply by

X (F):={} € K: LI — F is not a bijection}; (3.11)

we will call (3.11) the mapping spectrum of F in what follows. More precisely, we
could study the injectivity spectrum

Yi(F) :={} € K: Al — F is not injective} (3.12)
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and the surjectivity spectrum
Y (F) :={h € K: LI — F is not surjective} (3.13)

separately to get some information on X (F) = %; (F) U X, (F). Of course, for linear
operators L we have already studied the spectra

Li(L) = op(L), Xs(L) =o0s(L)

in Section 1.3. In the nonlinear case it turns out, however, that this approach is too
“naive” to be of any use. In fact, the simple definitions (3.12) and (3.13) make sense
only in the linear case, since we have then the very rigid structure of linearity (which
guarantees the linearity of the inverse of a linear operator), as well as such powerful
tools like the closed graph theorem (which guarantees the boundedness of the inverse
of a bounded operator).

We show now by a series of very simple examples that the mapping spectrum
(3.11) has none of the familiar properties of a spectrum.

Example3.16. Let X =R and F: X — X be defined by

F(x) =/Ix]. (3.14)

Then
Ni(F)=%X(F)=R, X(F)={0}.

So X (F) may be unbounded. Q@
Example3.17. Let X =R and F: X — X be defined by

by if [x] > 1,
Fx)={x? ifo<x<l1, (3.15)

—x? if-1<x<0.
A straightforward calculation shows that
Li(F)=X%(F) =(0,1], X,(F) = {1}.
So X (F) need not be closed. Q@

The surjectivity spectrum of a real function may be calculated in general by means
of the following simple observation. Suppose that the limits

. F(x) F(x)
lim =:a_, lim =:a4
X—>—00 X X—00 X
exist, and put m := min{a_, a4} and M := max{a_, a;+}. Then the intermediate

value theorem implies that X;(F) = [m, M]. In particular, X;(F) is bounded if and
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only if F is quasibounded. For instance, we have m = M = 0 in Example 3.16, and
m = M = 1 in Example 3.17.

One of the most important properties of the linear spectrum (1.5) is that it is always
nonempty in case K = C. It is not hard to see that also the mapping spectrum (3.11)
is nonempty in case X = K (i.e., dim X = 1) and F(#) = 6. Indeed, we have then
the trivial inclusion

{F)(Cx) :xeK,x#O}EEi(F)QZ(F)'

However, already in the case X = C? this is no more true!

Example 3.18. Let X = C?> and F: X — X be defined by
F(z,w) = (W, i7). (3.16)

Then for any A € C, the map (Al — F)(z, w) = (Az — w, Aw — iZ) is a bijection on
C? with inverse

_ M4+ Aw+il
M—F) 0 = ,— : 3.17
( (D) Q+w2i—uﬁ) (3.17)
Consequently,
Li(F)=%Z(F)=%X(F) =¥
in this example. So X (F) may be empty. vV

Observe that the square of the operator F' in Example 3.18 has the form
FX(z,w) = (—iz, iw),
1.e., 18 linear. So we have
%i(F?) = Z,(F) = B(F?) = {=i).
Of course, the injectivity spectrum (3.12) is closely related to the point spectrum
op(F) :={A € K: F(x) = Ax for some x # 0}, (3.18)

which is of course analogous to (1.21). As in the linear case, we will call the elements
A € op(F) the eigenvalues of F in what follows. Clearly, in case F'(0) = 6 we have
the trivial inclusion

op(F) € Zi(F) (3.19)

which, however, may be strict. For instance, we have op(F) = R\ {0} C R = X;(F)
in Example 3.16, since every straight line through the origin with slope A # 0 meets
the graph of the function F(x) = /[x] in some nonzero point. Of course, for linear
operators L we always have oy, (L) = X; (L), by definition.
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On the other hand, if F is a nonlinear operator such that F(0) # 6, the point
spectrum (3.18) is in general very large. Indeed, suppose that F maps R into R with
F(0) > 0, say. Given ¢ € (0, F(0)), by continuity we may find § > 0 such that
|F(x) — F(0)] < ¢ for |[x|] < §. But this means that the ratio F(x)/x attains all
values A < —(F(0) + €)/38, as well as all values A > (F'(0) — £)/6, and thus op(F)
contains two unbounded intervals. Moreover, if X is an arbitrary Banach space, and
F(x) = Lx+zisaffine (i.e., L € £(X) and z # 0), thenevery A € Kwith |A| > r(L)
(see (1.8)) belongs to o}, (F).

Let us now take a closer look at the surjectivity spectrum (3.13). Recall that for
z € X we have defined the translation F; of F in (2.24) by

F.(x)=F(x)+z (3.20)

The next result provides a connection between the surjectivity spectrum X, (F) and
the point spectra oy, (F7) of all translations (3.20).

Proposition 3.4. The equality

K\Z(F)= [ op(F) 3.21)

Z€X\{=F ()
holds for F € €(X).

Proof. Suppose first that A € op(F;) for all z # —F(6). For every such z we may
find x, # 6 such that Ax, = F;(x;) = F(x;) + z, hence (A\I — F)(x;) = z. This
shows that R(AI — F) D X \ {—F(0)}. Since trivially also —F () € R(Al — F), we
see that A — F is surjective.

Conversely, suppose that A/ — F is surjective, and so for every z € X we find
x; € X such that Ax, — F'(x,) = z. Moreover, if z is different from — F'(0), then x, is
different from 6. But this means precisely that x = x; is a nontrivial solution of the
eigenvalue equation F;(x) = Ax, and thus A € op(F;). O

The equality (3.21) may be easily illustrated by means of Example 3.16. In fact,
the real function F,(x) = /[x| + z has point spectrum o, (F;) = R\ {0} for every
z € R, and so X, (F) = {0}.

If X is a Banach space and L: X — X is bounded and linear, the surjectivity
spectrum (L) coincides with the approximate defect spectrum o3(L) introduced in
(1.51). In this case formula (3.21) becomes

K\ 05(L) =[] op(L:) (3.22)
z#0

and gives an interesting link between the approximate defect spectrum of the linear
operator L, on the one hand, and the point spectra of the affine operators L., on the
other.
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To illustrate (3.22) consider, for example, the multiplication operator (1.16) in the
space X =1, (1 < p < 0c0). We already know that o5(L) = Aforl < p < oo, and
os(L) = A for p = oo, where A = {ay, ap, as, ...} (see (1.58) and (1.59)). Now,
for A € Rand z = (21,22,23,...) # (0,0,0,...) the equation L,x = Ax has the
formal solution x = (x1, x2, x3, ...) with

= n=1273,...),
which is nontrivial since z 7% 6. The condition A ¢ A is necessary and sufficient for
x €lpincase 1 < p < oo, while the condition A ¢ A is necessary and sufficient for
X €loo. Sowe getop(L;) =R\ Aand op(L;) =R\ A, respectively, in accordance
with (3.22).

Proposition 3.4 may be used to obtain the following boundedness result for the
surjectivity spectrum: the spectrum X, (F) is bounded if and only if the sets K\ o}, (F7)
with z € X are uniformly bounded. Of course, this criterion is not very practicable,
since it requires the knowledge of the point spectra op(F;). Instead, we mention
another result which is useful for “localizing” X, (F). First we need the following
proposition which seems to be of independent interest.

Proposition 3.5. Let X be a real Banach space, and let F: B.(X) — X be a-
contractive. Suppose that ) € R satisfies

A—1] <1—[Fla. (3.23)

Assume that F has no eigenvalues ju > A with eigenvector on S.(X), i.e., F(x) = ux
with ||x|| = r implies that i < A. Then there exists an x € S,(X) with F(X) = AX.

Proof. Consider the operator G: B,(X) — X defined by
G(x):=F(x)+ (1 —A)x.

Since [G]a < [F]a + |1 — A|] < 1, the operator G is a-contractive. Denote by p the
radial retraction (2.20) of X onto B, (X). Since pG is again «-contractive, by (2.21),
and maps the ball B, (X) into itself, Theorem 2.1 implies that there exists x € B, (X)
with x = p(G(%)).

We claim that x € S,(X) and x = G(x), hence F(x) = Ax. Indeed, ||X|| < r
would imply

. . G|
Xl =lp(GON =r =7 =1
GO
a contradiction. Suppose now that ||X|| = r, but ¥ # G(x). Then ||G(x)| > r, hence

X—0-2x = pux

Py = 19601,

with © = %||G()?)|| — 1 4+ A > A, contradicting our assumption. O
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Observe that condition (3.23) implies 0 < A < 2. This restriction is due to the
fact that the class of «-contractive operators is not closed under linear combinations,
but only under convex combinations. If F' is compact, (3.23) is of course fulfilled for
each A € (0, 2).

We also point out that Proposition 3.5 implies (and so is actually equivalent to)
Darbo’s fixed point theorem (Theorem 2.1) for balls. In fact, taking A = 1 in (3.23)
(i.e., [F]a < 1) we see that the relations F(x) = ux, ||x|| = r, and F(B,(X)) C
B, (X) imply that u < 1, and so F has a fixed point on S, (X).

Theorem 3.4. Let X be a real Banach space, and let F: X — X be a-contractive
and quasibounded, i.e., [F]a < 1 and [F]q < oo. Then Al — F is surjective for all
A € R satisfying

A>[Flg, |1—=A] <1—[F]a. (3.24)
Consequently, s (F) is contained in the union of the two intervals (—oo, max{[F]lq,
[Fla}] and [2 — [F]a, 00).

Proof. Fix A € Rsatisfying (3.24)andz € X; wehavetofindx € X withAx—F(X) =
z. Choose p > 0 so large that

lzll = (A — [Flo)pe, (3.25)

and r > p so large that || F(x)|| < [Flgllx| for ||x]| > r.

We apply Proposition 3.5 to the translation F, defined by (3.20) on S, (X). Obvi-
ously, [F;]a = [F]a < 1, so F; is a-contractive, and (3.23) holds for F,. Moreover,
[F;log = [Flg < oo. Suppose that there exist 4 > A and x € §,(X) such that
F,(x) = pux. Then

0=|lpx = F()ll = [lux — FQ)ll — lzll
> A= [Fllxll = llzll = & = [FlQ)(r — p) > 0,

a contradiction. So from Proposition 3.5 we conclude that there exists X € S, (X) with
AX = F,(X), hence Ax — F(X) = z. O

Observe that in case [F]o < 1 we may choose A = 1 in Theorem 3.4 and obtain
Theorem 2.2 as a special case.

Let us now briefly discuss other properties of the mapping spectrum (3.11). The
next example shows that the spectral mapping theorem (Theorem 1.1 (h)) fails even
for very simple polynomials.

Example3.19. Let X =R and F: X — X be defined by

0 ifx <1,
Fx):=3x—-1 ifl<x<2, (3.26)
1 if x > 2.
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A simple calculation shows that X (F) = [0, 1], and thus p(Z(F)) = [0, 1]for p(z) =
22, say. On the other hand, the fact that F2(x)=0 implies that X (p(F)) = {0}. ©

Finally, let us see if the mapping spectrum (3.11) has any semicontinuity properties.
Of course, since (3.11) coincides with (1.5) on the algebra £(X) of continuous linear
operators, it is trivially upper semicontinuous there, by Theorem 1.1 (i). We could ask
whether or not the mapping spectrum is also upper semicontinuous on the operator
classes £ip(X), Q(X), or B(X), equipped with the seminorms (2.1), (2.3), and (2.6),
respectively. The following example shows that this is not true.

Example 3.20. Let X = R, and denote, for0 < § < %, by ps the polynomial function
ps(x) = (x — 8)> + 28 — 82. Let F be defined as in Example 3.17 and put

X ifx < —1,

—ps(x) if =1 <x < =4,

Fs(x):=30 if —§ <x <38,
ps(x) ifé <x <1,
X ifx > 1.

A simple calculation shows that Fyp = F and [F — Fs]Lijp < 28. Moreover, the
open set G := R\ {0} contains X (F), by what we have observed in Example 3.17.
On the other hand, ¥ (Fj) is not contained in G for 0 < § < % since Fjs is not a
bijection for such §. This means that the map X which associates to each F' € Lip(X)
its mapping spectrum is not upper semicontinuous on £ip,(X) with norm (2.1) and
hence, a fortiori, not upper semicontinuous on (X) with seminorm (2.3) or B(X)
with norm (2.6) either. Q@

Let us now see what happens with compact nonlinear operators. As we have
seen in Example 3.18, the mapping spectrum (3.11) may be empty even for compact
operators. However, in infinite dimensional spaces we have the following result which
is completely analogous to the linear case (see Theorem 1.2 (d)).

Theorem 3.5. Let X be an infinite dimensional Banach space and F € K(X). Then
0€e X5(F) C X(F), hence (F) £ @.

Proof. The proof is similar to that in the linear case, but we cannot suppose that the
inverse of a continuous nonlinear operator is also continuous. Assume thatQ & X, (F).
Then F is surjective, and so for every y € X we have y € F(B, (X)) forsomen € N.
In other words, we have the representation

X =J F®B,x) = | FB: ().

n=1 n=1

By Baire’s category theorem, at least one of the compact sets F (B, (X)) contains
an interior point, and so X must be finite dimensional. m]



3.5 Excursion: topological degree theory 85

Example 3.16 shows that, in contrast to Theorem 1.2 (a), the mapping spectrum
of a compact nonlinear operator may be uncountable.

3.5 Excursion: topological degreetheory

The fixed point theorems we discussed in Section 2.3 are of fundamental importance
in nonlinear analysis. We have proved them by elementary means. Another method
for obtaining these and many other existence results builds on a topological method
known as degree theory, index theory, or rotation of vector fields. In this section we will
briefly discuss some properties of the topological degree for compact or «-contractive
perturbations of the identity in Banach spaces.

Let X be a Banach space, 2 C X an open bounded subset, and F: Q@ — X an
o-contractive (e.g., compact) operator. For every y € X \ (I — F)(9€2) one may then
define an integer deg(I — F, 2, y), the topological degree of I — F on Q with respect
to y. This degree has the following characteristic properties.

Property 3.1 (Existence). Ifdeg(I — F, 2, y) # 0, then the equation x — F(x) = y
has a solution in Q; in particular, deg(I — F, 2, 0) # 0 implies that F has a fixed
point in 2.

Property 3.2 (Normalization). One has

1 1 Q,
deg(l, @, y) == TVER
0 ify¢S.

Property 3.3 (Excision). If Q' C Q is open such thaty & (I — F)(Q\ ), then
deg(I — F, ', y) = deg(I — F, Q, ).

Property 3.4 (Additivity). If Q = QU R, QN2 =@, andy ¢ (I — F)(02 U
0€27), then

deg(l — F,Q,y) =deg(I — F,Q1,y) +deg(I — F, 22, y).
Property 3.5 (Homotopy). Suppose that H: Q x [0, 1] — X is a-contractive and
yE€U—H(-,1)0R)for0 <t <1.Thendeg(I — H(-,t),2,y) does not depend
on t, in particular,
deg(l - H(’O)’ Q’ y) = deg(l - H(, 1), Q’ y)
Property 3.6 (Continuous dependence). If ||y — z|| < dist(y, (I — F)(0S2)), then

deg(I — F,Q2,y) =deg(I — F, 2, 7).
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Property 3.7 (Boundary dependence). If F,G: Q — X are a-contractive with
Flag =Glagandy ¢ (I — F)(0R2), then

deg(l — F,Q,y) =deg(I — G, Q, y).

We point out that these 7 properties are not independent of each other; for exam-
ple, the additivity property implies the excision property, and the homotopy property
implies the boundary dependence property. In general, the homotopy property is by
far the most important one, since it makes it possible to calculate the degree of a
“complicated” operator through the degree of a “simpler” operator in the same ho-
motopy class. A good example for this is Darbo’s (in particular, Schauder’s) fixed
point principle on balls. In fact, suppose that F: B,(X) — B,(X) is an a-contractive
operator. If F has a fixed point X € S,(X), then we are done. On the other hand, if
F(x) # x forall x € S,(X), then the homotopy H (x,t) := tF(x) is a-contractive
on € x [0, 1] and satisfies x — H(x, t) # 6 for all (x, 1) € S,(X) x [0, 1], and so

deg(I — F, B(X),0) = deg(I — H(-, 1), BY(X), )
— deg(I — H(-,0), B(X), )
= deg(I, B’(X), 6)
= 1’

by Properties 3.2 and 3.5. Consequently, Property 3.1 implies that the equation
x — F(x) = 6 has a solution ¥ € B?(X). In any case, F has a fixed point in
B, (X).

Apart from fixed point theorems, there are also more sophisticated existence results
which may be obtained by degree methods. Among them we mention the famous
Borsuk theorem which may be stated as follows. Let & C X be open, bounded, and
symmetric (i.e., —Q C Q) with # € Q. Suppose that F: Q@ — X is compact (or a-
contractive) and odd on 02 (i.e., F(—x) = —F (x) forx € d2) with6 & (I — F)(0%2).
Then deg(/ — F, €2, 0) is odd (in particular, non-zero).

Although this is not a book on topological methods, let us briefly describe how a
degree with the above 7 properties may be constructed explicitly step by step.

Step 1. Usually one starts with a C! operator F: @ — R”, where @ C R” is open
and bounded. Let y € R\ F(9€2), and suppose in addition that the Fréchet derivative
(Jacobian) F’(x) of F is nonsingular at every point x € F~(y). By the inverse
function theorem, the set F'~ (y) is then discrete, hence finite. So the definition

degg(F, 2,y) = Z signdet F’(x) (3.27)
xeF~(y)

makes sense and gives an integer, called the Brouwer degree of F on Q with respect
to y.
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Step 2. Now one drops the additional assumption on the nonsingularity of F’(x) for
each x € F~(y). This is possible by Sard’s theorem which asserts that the set of all
y € R” for which F'(x) is singular for some x € F~(y) is a nullset in R”, and thus
has no interior points. In other words, if F’(x) is singular for some x € F~(y), for
each § > 0 we may find a z € R” such that |y — z|| < § and F'(x) is nonsingular for
all x € F~(z). Moreover, one can show that all such points z have the same degree
(3.27), provided that § < dist(y, F(9€2)). So the definition

degg(F, 2, y) :=degg(F, 2, 2) (3.28)

makes sense and is again called the Brouwer degree of F on Q with respect to y.

Step 3. To extend the definition (3.28) to continuous operators F, one uses the fact
that, by the Stone—Weierstrass approximation theorem, for each § > 0 and F €
¢(Q2, R") one may find a G € ¢!(Q, R") such that max{||F(x) — G(x)| : x € Q} <
8. Moreover, one can show that all such operators G have the same degree (3.28),
provided that § < dist(y, F(9€2)). So the definition

degp(F, 2, y) := degg (G, 2., y) (3.29)

makes sense and is again called the Brouwer degree of F on Q with respect to y.

Step 4. Now one considers infinite dimensional Banach spaces X, open and bounded
subsets Q C X, compact operators F: @ — X, and points y € X \ (I — F)(3).
Using the usual Schauder prOJectlons one may show that for each 8 > 0 there exist
a finite dimensional subspace X of X and a continuous ' operator F: Q- X such
that sup{||F(x) - F(x)|| :x € Q) < 8. Choosing X so large that y € X and
putting Q= QNX, one may show then that y ¢ (I - F )(382) provided that
S < dlst(y (I — F)(0S2)). Moreover, degg (I — F,Q, y) is the same for all choices
of spaces X and operators F. So the definition

deg (I — F,Q,y) :=degg(I — F,,y) (3.30)

makes sense and is called the Leray—Schauder degree of I — F on Q with respect to y.

Step 5. Finally, one may extend the Leray—Schauder degree to «-contractive pertur-
bations of the identity. To this end, one uses the fact that, for every F: Q@ — X with
[F]a < 1, one may find a compact operator G : & — X which is homotopic to F on
d£2. So the definition

degns(I — F, Q,y) :i=deg (I — G, Q,y) (3.31)

makes sense and is called the Nusshaum—Sadovskij degree of I — F on Q with respect
to y.

All the degrees constructed in this way have the seven properties mentioned above.
Moreover, one may show that these properties determine the degree uniquely, i.e.,
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there is only one degree with these properties. This is a useful result, because there
are several ways to construct the topological degree, say, for continuous operators in
R”, but the result will be always the same.

As an example how degree methods apply to existence and uniqueness results in
nonlinear analysis, we prove a theorem which will be used in Chapter 5.

Theorem 3.6. Suppose that F: X — X satisfies [F]a < 1 and [I — Flijp > 0. Then
I — F is a global homeomorphism.

Proof. As we have shown in Proposition 2.1 (a), the hypothesis [/ — F1j;, > 0 implies
that I — F is injective and closed; in particular, the range R(/ — F') of I — F is closed
in X. We show that R(/ — F) is also open in X, and so I — F is surjective.

So we have to show thatevery yp € R(I — F) is an interior point of R(I — F). Let
Xxo € X be any element in X such that xo — F(xg) = yo. Without loss of generality
we may assume that xg = 6 and F(f) = 6, otherwise we pass from F to the operator
F(x) := F(x + x0) — F(x) which also satisfies [F]a < 1 and [I — Flj, > 0. We
claim that (I — F)(B(X)) contains an open neighbourhood of yjp; this will imply that
Yo is an interior point of R(/ — F), and so we are done.

To this end, we are going to prove that

deg(I — F, B°(X),0) # 0. (3.32)
Consider the homotopy H: B(X) x [0, 1] — X defined by
t t
H(x.1) = F((l - §>x> - F(— §x> (xll <1,0<t<1).
Then H(-,0) = F, H(-, 1) is odd on B(X), and

Ix — H(x, 0)]| = H(l - %)X—F((l - %)x> +%x+F(_ %OH

t t
> [ = Flip| (1= 3)x + 5| = 1 = Fliplixl = 1 = Flip > 0

forx € S(X)and0 < ¢ < 1. Furthermore, itis nothard to see thata (H (M x [0, 1])) <
a(F(M)) < [Flaa(M) for M € B(X). From Property 3.5 of the Nussbaum—
Sadovskij degree and Borsuk’s theorem for «-contractive operators we deduce that

deg(I — F, B°(X),0) =deg({ — H(-,0), B°(X), 0)
=deg(I — H(-, 1), B°(X),0) =1 (mod 2),
and so (3.32) follows. Now, since I — F is injective and (I — F)(0) = 6, we

know that (I — F)(x) # 6 for x € S(X). Moreover, [ — Fl;;p > 0 implies that
I — F: B(X) — X is a closed operator, and so there exists a § > 0 such that

inf1 lx — F()l = 4. (3.33)

llxll=
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Fix any element y in X such that | 3l < 8/2,and consider the homotopy H: B(X) x
[0, 1] —> X definedby H(x,t) := F(x)+ty. Then H(-,0) = F,H(-,1) = F+ 7y,
and

Ix = H@x. 0l = lx = F@)l —tl$] = 8 — 151 > g
forx € S(X) and 0 <t < 1. We conclude that
deg(I — F, B°(X),y) =deg(I — F — y, B°(X), 0)
=deg(I — H(-, 1), B°(X),6)

= deg(I — H(-,0), B°(X),0)
=deg(I — F, B°(X), 0)

# 0,
and so we find ¥ € B(X) such that X — F(x) = ¥, by Property 3.1 of the degree. So
we have shown that (I — F)(B(X)) 2 Bg’/z(X ), and the proof is complete. O

Let us still discuss another application of the Nussbaum—Sadovskij degree which
we will use in Chapter 12. As we have seen in Section 2.4, the spectral sets (2.28)—
(2.31) have a natural meaning in the linear case. Thus, the three sets oyip (L), op(L)
and o4 (L) all coincide with the approximate point spectrum (1.50), while the set o, (L)
coincides with the “left Fredholm spectrum” (1.65). So, for linear L these spectra give
precise information on the solvability of the linear equation

M—Lx=y (yeX). (3.34)

So one could ask to what extent the spectral sets (2.28) - (2.31) also provide information
on the solvability of the nonlinear equation

A—Fx)=y (yeX). (3.35)

We already know that A ¢ oyip(F) implies that the operator A/ — F is injective
(Proposition 2.1 (a) and Proposition 2.5 (a)), and hence that the equation (3.35) has
at most one solution for fixed y. On the other hand, the relation A & o, (F) (x €
{lip, g, b}) does not imply the surjectivity of the operator A/ — F even in the linear
case, as is shown by the right-shift operator (1.38). However, we may give a positive
result for all scalars A which are “far enough” from the spectral set o, (F); this result
is proved by degree-theoretic methods.

Given any nonempty closed set ¥ C K, we denote by coo[X] the unbounded
connected component of K \ ¥. Moreover, for F € 2A(X) we use the shortcut
Dy(F) :={A e K:|A] < [Fla}.

Theorem 3.7. Suppose that F € A(X)NQ(X). Then the operator \I —F is surjective
provided that
A € Coolog(F) U Da(F)], (3.36)

and so equation (3.35) has a solution for all y € X for A belonging to the set (3.36).
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Proof. If 1 € K satisfies (3.36), then || > [F]a, and so F/A is a-contractive. Let
y € X be fixed. We show that there exist R > 0 such that

deg(I — F/A, BR(X),y) =1, (3.37)

and so Ax — F(x) = ALy for some x € Bg(X). Since y was arbitrary, we have proved
that A — F is surjective.
Since A ¢ oq(F), we find some Ry > 0 such that

Ix = FOI _ o, g 0 - R
T_[ —Flg>0 (lxll = Ry).

Choosing Ry > Ally|l/[A] — F]q we getforall ¢ € [0, 1] and x € X with [[x| >
max{Ry, Ry}

tiyll < iyl < (3.38)

A A

For R3 > max{R;, R}, consider the homotopy H;: Bg,(X) x [0, 1] — X defined
by

Xl AL — Flq _ H F(x) _XH

1
Hi(x,t) := XF(X) + ty.

Then Hl(so) = F/)"s Hl(’ 1) = F/)"+y9 and Hl(xst) #x on SR3(X) X [01 1]3
since

F(x)
lx — Hi(x, )| > X—— —tyll >0 (xl=R3 0=<1=<1),

by (3.38). Moreover, itiseasytoseethat[H{]a = [F]a/|X| < 1. Sofrom Property 3.5
of the degree we conclude that

deg(I — F/a, BY,(X), y) = deg(I — F/A — y, By (X), 0)
= deg(I — Hy(-, 1), BY,(X).6)
= deg(I — Hi(-,0), B, (X), )
= deg(I — F/x, B (X), 0).

(3.39)

Now choose any point p in the component (3.36) which satisfies || > [F]g+1. Then
we find a continuous path y : [0, 1] — ceo[oq(F) U D (F)] such that y (0) = A and
y (1) = . Observing that y(¢) # 0 for 0 < ¢ < 1, we may consider the homotopy
Hy: Bg,(X) x [0, 1] — X defined by

Clearly, Hy(-,0) = F/A, Hy(-,1) = F/u, and y(t) &€ oq(F) for any ¢t € [0, 1].
Choosing 0 < § < [y (t)I — F]g, we find for each 7 a radius Ry > 0 such that

ly(®Hx — F(x)|

> [y = Flg =4 (lxll = Ry).
[lxl
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This implies that

y()x — F(x)
y ()

lx — Ha(x, )| = H >0 (lx]l = Ry).

‘ _ Iy = Flg = d)|x]
ly (O]

In order to use the homotopy invariance of the degree, however, we have to find aradius
R4 > 0 which is independent of t and such that x # H(x, t) on Sg,(X) x [0, 1]. We
claim that actually

R4 := sup R < oo. (3.40)

0<r<l1

Indeed, suppose that (3.40) is false. Then there exists a sequence (t,), in [0, 1] and
an unbounded sequence (x,), in X such that ||x, — H2(xp, t;)]| = Oasn — oo. In
other words, we have

Iy (t)xn = F(xn)| = 0 (n — 00). (3.41)

Without loss of generality we may assume that t, — ¢, for some t, € [0, 1]. The
estimate

ly@)x = FOOI o 1y &)X = FO)l

lim inf
llc|—o00 flx|] n—>00 [l

Iy @)X — F )l
llxn I

IA

lim |y () — y (&) + lim
n—oo n—oo
=0

shows that y (7,) € oq(F). Butthis contradicts the closedness of the spectral set o4 (F)
(see Theorem 2.4). So we conclude that

lx — Ha(x, ) > 0 (llx]l = Ra).

Moreover, a straightforward but somewhat tedious computation shows that [ H>]a < 1.
So from Property 3.5 of the degree we conclude again that

deg(I — F/A, By, (X),0) = deg(I — Ha(-,0), By, (X), 0)
=deg(I — Ha(-, 1), Bg,(X), 0) (3.42)
= deg(I — F/p., B3, (X).6).

Now we still define another homotopy H3: Bg, x [0,1] — X by Hz(x,t) :=
tF(x)/u. Choose Rs > 0 such that ||[F(x)|| < [Flgllx|l for ||x|| > Rs. Then
for ||x|| = Rsand 0 <t < 1 we have

F F
lx = H3(x, )| = [lxll = iIIF(X)II =[xl = SLYE = [lxll = _Flo

lx] > O.
[Flo+1 [Flo+1
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Moreover, [H3]a < 1. So we deduce that

deg(I — F/u, Bp (X), 0) = deg(I — H3(-, 1), B (X). 0)
= deg(I — H3(-,0), B3 (X).0)  (3.43)
= deg(I, B} (X).0) = 1.

Now it suffices to take R := max{R, Rz, R3, R4, Rs5} and to combine (3.39), (3.42),
and (3.43). The proof is complete. O

The assertion of Theorem 3.7 may be stated more concisely as inclusion
Coolog(F) U Da(F)] € K\ X4(F),

where X (F') denotes the surjectivity spectrum (3.13).

3.6 Notes, remarksand references

It is evident that invertibility results for nonlinear operators are of interest whenever
one has to prove existence and uniqueness of solutions to nonlinear equations. Apart
from the numerous general results discussed in this chapter, there are more specific
constructions related to special classes of operators; for example, we mention the paper
[254] for connections with so-called monotone operators which we will consider in
more detail in Section 9.4.

Properness is a notion which has been used right from the beginning of nonlinear
analysis. The concept of ray-proper maps has been introduced, apparently, in [145]
(see also [198]), that of ray-invertible maps in [83].

The results contained in Theorem 3.2 (a) is sometimes called Banach—-Mazur
lemma, since it was published by Banach and Mazur in the paper [30] in 1934. How-
ever, this result has been proved earlier in the finite dimensional case by Hadamard
[144] (under the name monodromy lemma), and in the infinite dimensional case by
Caccioppoli [57]. The other three conditions in Theorem 3.2 are more recent: Theo-
rem 3.2 (b) is due to Nashed and Hernandez [198], Theorem 3.2 (c) to Browder [48],
and Theorem 3.2 (d) to Dorfner [83]. Most of the examples presented in Section 3.1
and 3.2 are straightforward, except for Example 3.4 [21], Example 3.7 [145], Exam-
ple 3.7' [83], and Examples 3.11-3.14 [21].

Ray-coercive operators have also been introduced in the thesis [145]. In [198] two
results on the global invertibility of operators of the form F = I — K with K being
compact are given. Our Proposition 3.1 shows that such operators are always globally
invertible if they are locally invertible. In particular, the hypothesis of [198, Cor. 3.5
and Cor. 3.7] that F be ray-coercive may be dropped.

As we have shown in Section 3.4, the mapping spectrum (3.11) is natural but
useless. All examples which illustrate this are taken from the thesis [155], except for
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Example 3.18 which was considered in [130] in a different context. We will return to
this disappointing example several times in the following chapters.

All results on the surjectivity spectrum are due to Dorfner [82], except for Propo-
sition 3.4 and Theorem 3.4 which may be found, in a slightly more general form, in
[268]. Proposition 3.3 is taken from the survey article [122] and will be used several
times in subsequent chapters.

There is a large amount of books on topological methods in nonlinear analysis
which contain a part on the construction, properties, and applications of topological
degree, e.g., [72], [73], [163]. In the Russian literature, e.g., in the monograph [163],
the degree deg(F, 2, 0) is often called rotation of the vector field F on 2 and de-
noted by y (F, 2). Theorem 3.6, which is a typical result based on degree-theoretic
arguments, was proved for compact F' by Granas [137], [138] and for «-contractive
F by Petryshyn [216]. Theorem 3.7 which we have taken from the thesis [155] will
be applied to existence results in Chapter 12.



Chapter 4
The Rhodius and Neuberger Spectra

In this chapter we start our investigation of spectra for nonlinear operators. More
precisely, we study a spectrum for continuous operators introduced by Rhodius in 1984,
and a spectrum for continuously differentiable operators introduced by Neuberger in
1969. In particular, we will be interested in the question what properties of the usual
spectrum for bounded linear operators carry over to these spectra.

4.1 TheRhodius spectrum

In view of the importance of spectral theory for linear operators, it is not surprising
that several attempts have been made to build a spectral theory also for nonlinear oper-
ators. This has often been done by means of the following simple-minded philosophy:
keeping in mind that the resolvent set (1.4) of L € £(X) consists of all A € K such
that A/ — L is a bijection and R(A; L) = (A — L)y~ ! e £X), just replace £(X) by
some other class 9J1(X) of continuous nonlinear operators which contains the identity
I on X. In this way, any such operator class 21(X) gives rise to a resolvent set

p(F) :={x € K: Al — F is bijective and R(A; F) € M(X)}, 4.1

where
RO F)= I —F)~! (4.2)

is the nonlinear resolvent operator, and a spectrum
o(F) =K\ p(F) 4.3)
for F € 9M(X). In case F(6) = 6 we have then
op(F) € X(F) S o(F),

see (3.11), which shows that the spectrum (4.3) always contains the eigenvalues of
an operator which keeps zero fixed. As we shall see later, however, the properties of
the spectra obtained in this “naive” way heavily depend on the choice of the operator
class M (X), and actually may be very bad. Later we will discuss other spectra which
do not necessarily contain the eigenvalues, but have rather “nice” properties.

In this and the following chapter we will employ the definition (4.3) for (X)
being the class of continuous, continuously differentiable, Lipschitz continuous, and
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linearly bounded operators. We begin with a spectrum whose definition goes back,
as far as we know, to Rhodius. Let 9(X) = €(X), i.e., we consider the class of all
continuous operators F on X. This very natural choice leads to the Rhodius resolvent
set

Ppr(F) ={A € K: LI — F isbijective and R(}; F) € €(X)} 4.4)

and the Rhodius spectrum
or(F) =K\ pr(F). 4.5)

Thus, a point A € K belongs to pr (F) if and only if LI — F is a (global) homeomor-
phism on X.

It is clear that in case of a bounded linear operator this gives the definition (1.5)
of the usual spectrum. So one could expect that at least some of the properties of
the linear spectrum carry over to the Rhodius spectrum. Unfortunately, this is not
true even for the most elementary properties; we illustrate this with a series of simple
examples which we will further use in the sequel.

Example4.1l. Let X = Rand F(x) = x" withn € N, n > 2. Then or(F) = R
if n is even, and oRr (F) = (0, 00) if n is odd. On the other hand, let X = C and
F(z) = 7" withn € N, n > 2. Then or(F) = C no matter what n is. Thus, the
Rhodius spectrum is in general neither closed nor bounded. Q

Example4.2. Let X = Rand F(x) = arctan x. Thenogr (F) = [0, 1). Infact, for any
A € (0, 1) the equation Ax = arctan x has a positive solution, hence (0, 1) € or (F),
and F itself is not onto, hence 0 € or (F). On the other hand, the function F (x) =
Ax — arctan x is strictly decreasing for A < 0 with F)(x) — Foo as x — =+o0,
but strictly increasing for A > 1 with F) (x) — Z£oo as x — Fo0o. Consequently,
(—00,0) U[1,00) C pr(F),and so or (F) = [0, 1). Q@

One might ask if the Rhodius spectrum is always nonempty, as the linear spectrum,
incase K = C. Incase dim X = 1, i.e., X = C, and F(0) = O this is trivially true,

since F
O‘R(F)QUP(F)Z{¥ZZE(C, Z#O}. (4.6)

As we have seen, already in case dim X = 2 the mapping spectrum (3.11) may be
empty. This is also true for the Rhodius spectrum.

Example 4.3. Let X = C? and F be defined as in Example 3.18. Then or (F) = ¥,
since the resolvent operator given in (3.17) is continuous on X for any A € C. Q

In view of the “bad” properties of the Rhodius spectrum, the question arises
whether or not one may recover more properties of the linear spectrum by passing
from €(X) to a smaller operator class. One possible choice is the class cl(X) of
all continuously Fréchet differentiable operators on X which we will study in the
following two sections.
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4.2 Fréchet differentiable operators

Recall that an operator F': X — Y is called (Fréchet) differentiable at xoy € X if there
is an operator L € £(X, Y) such that

lim — || F h)—F —Lh| =0 (heX). 4.7
i ||h|| I F(xo + ) — F(xo) | (h € X) 4.7

In this case the (unique) linear operator L is called the (Fréchet) derivative of F at
xo and denoted by F’(xg). If F is differentiable at each point x € X and the map
x — F’(x) is continuous from X into £(X, Y), we write F € ¢!(X, Y) and call F
continuously differentiable as usual. If F is a bijection and both F € ¢!(X, Y) and
F~! e ¢\(Y, X), then F is called a diffeomorphism. Again we write elx, X) =:
¢!(X) for short.

For the sake of completeness, let us recall some well-known examples of differ-
entiable operators. First, every second year calculus student knows that an operator
F:R" — R™ is continuously differentiable if and only if all partial derivatives

0F;/ox; i =1,...,n; j=1,...,m)exist and are continuous; in this case,

oF dF dF

o @) Fo ko) ... T (x0)

F) 0F) dFZ

2 (x F2(xg) ...... X

F/(.XO) — 8)(1 ( 0) 3)(?2( 0) ( ) (4.8)

aF, R e

3xl" (x ) 8,\121 (x ) I WZ‘(XO)

is areal m x n-matrix. In particular, for m = 1 this matrix reduces to the gradient

VF@o) = ($£0), £ (o), -+, 22 (x0))
For operators F : C* — C™, however, the requirement to be differentiable is much
more restrictive. Consider, for example, the operator F(z, w) = (w,iz) in X = C?
from Example 3.18. As an operator F: R* — R*, F has the form

F(-xayauav) :(M, _Uayax)7

and hence, being linear, is differentiable everywhere with

0O 0 1 O
00 0 -1
F'(x0, Yo, ug, vo) = 010 0
1 0 0 O

On the other hand, F is not (complex) differentiable at any (!) point (z, w) € C2.
In infinite dimensional spaces, the problem of differentiability becomes still more
delicate. We illustrate this by means of a simple operator between Lebesgue spaces.



4.2 Fréchet differentiable operators 97

Example4.4. Let f: [0,1] x R — R be a Carathéodory function, i.e., f(¢, ) is
continuous on R for almost all ¢ € [0, 1], and f (-, u) is measurable on [0, 1] for all
u € R. Given p, g € [1, 0c0), suppose that f satisfies the growth estimate

| f (&, w)| < a(t) + blu|P/?

with some function a € L,4[0, 1] and some constant b > 0. It is well known that this
growth estimate is both necessary and sufficient for the continuity and boundedness
of the Nemytskij operator
F(x) (1) = f(t, x(1)) 4.9)

generated by f between X = L,[0,1]and ¥ = L,[0, 1].

Now suppose, in addition, that the partial derivative g(¢, u) := af (¢, u)/du of
f with respect to the second argument exists and is also a Carathéodory function on
[0, 1] x R. We have to distinguish three cases.

First, let p > g. Then F € ¢! (X, Y) if and only if the Nemytskij operator

Gx) (1) =gz, x(1)) (4.10)

generated by g maps L [0, 1]into L,,/(p—4) [0, 1]; in this case, the derivative of F at
xo € L,[0, 1] is the linear multiplication operator given by

F'(x0)h(1) = G(xo)h(t) = g(t, xo@)h(t) (h € Lp[0, 1]).

We have studied the spectral properties of such multiplication operators in Exam-
ple 1.6. Second, let p = ¢. Then F € ¢!(X,Y) if and only if the operator (4.10)
maps L, [0, 1] into L[0, 1]; in this case, the derivative of F is constant on L [0, 1],
and so f (¢, u) must be linear in u.

Third, let p < g. Then F e ¢!(X,Y) if and only if the operator (4.10) is
identically zero; in this case, the derivative of F is the zero operator F'(x) = © on
L,[0, 1], and so f (¢, u) must be independent of u. Q@

Suppose that X and Y are two Banach spaces and F € €' (X, Y). We are interested
in the problem which properties of F carry over to its derivative F’(x). The most
important of these properties is compactness, as we shall show now. As a matter of
fact, a more general statement is true.

Lemmad4.l. Suppose that F: X — Y is differentiable at x) € X and satisfies
[F]a < oo, with [F]a being the o-norm (2.13). Then the estimate

[F'(x0)]a < [Fla (4.11)
is true. In particular, F'(xo) is compact if F is.

Proof. Let M C X be bounded and choose R > 0 such that M C Bg(X). Given
& > 0 we may find § € (0, 1] such that

ellnll

2R

IF (xo + 1) — F(x0) — F'(xo)hll <
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forevery h € X with ||h|| < 8. So we have F’'(xo)h = F (xo +h) — F(x0) + w(xo; h)
for all 1 € Bs(X), where ||w(xg; h)|| < §¢/2R. Since SR™'M C Bs(X), we obtain
a(F'(x0)(8R™' M) = a(Fl{xo} + 8R™'M] — {F(x0)} + @(xo; SR~' M)

< a(F[{xo} + SR™'M]) + a(w(xo; SR™'M))
e
R

IA

[Flae(SR™'M) +
= 2Pl + %
—RUAY R

= Z(Flaa(M) + )
by Proposition 1.1 (b), (c), and (d). Therefore, since F’(x¢) is linear,
a(F'(xo)M) = ?a(F’(XO)(SR_lM)) = [Flaa(M) +¢.
The assertion now follows from the fact that ¢ > 0 is arbitrary. O

Interestingly, the inequality (4.11) may be strict. For example, in the space X = cg
of all sequences converging to zero, consider the operator

F(xl,xz,x3,...):(xlz,x%,x%,...). 4.12)

This operator is not compact, since it maps each basis element e; = (8 ;) Into
itself. In fact, by considering the spheres S, (X) for large r, it is not hard to see that
[F]a = oo which means that F' is as non-compact as it could be. On the other hand,
the derivative F’(x) at x = (x1, X2, X3, ... ) € c¢o which has the form

F'(x)h = F'(x1,x2, x3, ... )(h1, ha, h3, ...) = 2(x1h1, x2h2, x3h3,...)  (h € o)

is compact. To see this, it suffices to prove the compactness of F’(x) on the canonical
basis elements e;. In fact, for every x € co we have F'(x)ex — 6, as k — 00, and so
F'(x) € RL(X).

For further reference we now state a parallel result to Lemma 4.1 for so-called
asymptotic derivatives. Recall that an operator F': X — Y is called asymptotically
linear if there is an operator L € £(X, Y) such that

L||F()c) — Lx|| =0, (4.13)

lxll—o0 [lx ||
i.e.,if [F'—L]g = 0. Inthis case the (unique) linear operator L is called the asymptotic
derivative of F and denoted by F'(0c0). Clearly, we have || F'(c0)| = [Flg.
Lemmad4.2. Suppose that F: X — Y is asymptotically linear and satisfies
[F]a < oo, with [F]a being the o-norm (2.13). Then the estimate
[F'(00)]a < [Fla (4.14)

is true. In particular, F'(c0) is compact if F is.
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Proof. We write F(x) = F’(00)x +w(x). Let M C X be bounded and choose r > 0
such that M C B, (X). Suppose first that

p =inf{||x|| : x € M} > 0. 4.15)
Given ¢ > 0 we may find R > 0 such that

lo@)l = IF () - F'coyx ] < 251
2r

for every x € X with ||x|| > R. Givent > R/p, we have |[tx|| = t||x|| > tp > R
and thus
o) < 020 1
- 2r — 2
Consequently,

a(w(M)) < diam(tM) < te,

where diam M = sup{||x — y|| : x, y € M} denotes the diameter of M. We conclude
that

ta(F'(00)(M)) = a(F'(c0)(tM))
<a(F(M)) + a(w(M))
< [F]laa(tM) +te
=1([Flax(M)) + &.

So we have
a(F'(00)(M)) < [Flaa(M) + ¢,

provided that M satisfies (4.15).
Now let M be an arbitrary bounded subset of X. For p > 0 we put

M, :=MnNB,(X), M’ :=M\B,X).
On the one hand, we have then
a(F'(00)(Mp)) < | F'(00)llee(M)) < 2||F'(00) | p.
On the other hand, since M” satisfies (4.15), we have
a(F'(00)(M?)) < [Flaa(M”) + & < [Flaa(M) +&.
Combining these two estimates we obtain

a(F'(00)(M)) = max{a(F'(00)(Mp)), a(F'(00)(M”))}
< max{2||F'(c0)llp, [Flac(M) + &}

Since ¢ > 0 and p > 0 may be chosen arbitrarily small, we conclude that
a(F'(00)(M)) < [Flaa(M),
which gives (4.14). |
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A similar example as (4.12) shows that the assertion of Lemma 4.2 cannot be
conversed. For instance, given the scalar function

) signe if |t <1,
£0) = e
t if |¢] > 1,

we may consider the operator

Fxp, x2, x3,...) = (f(x1), f(x2), f(x3),...)

again in X = ¢g, say. Clearly, [F'(00)]a = [I]a = 1. On the other hand, the fact
that F maps the sphere Sl/n2 (X) onto the sphere Sy,,(X) implies that [FF]4 = oo.

4.3 TheNeuberger spectrum

Now we discuss a spectrum for F € €¢!(X) which was introduced by Neuberger in
1969. So, we suppose now that F: X — X admits at each point x € X a (Fréchet)
derivative F’(x) which depends continuously (in the operator norm) on x. We call the
set

oN(F) ={r € K: Al — F is bijective and R(A; F) € QI(X)} (4.16)

the Neuberger resolvent set and its complement
oN(F) =K\ pn(F) 4.17)

the Neuberger spectrum of F. Thus, a point A € K belongs to pn(F) if and only if
Al — F is adiffeomorphism on X. Obviously, in case of a linear operator F, this again
gives the familiar definition of the spectrum.

Since ¢! (X) € €(X), we have the trivial, though useful inclusions

PN(F) C pr(F), oN(F) 2 or(F) (4.18)

for F e ¢! (X). To illustrate this, let us consider again some of the above examples.

In Example 4.1 we have in case X = R now on(F) = R if n is even, and
oN(F) = [0, 00) if n is odd. On the other hand, in case X = C we have again
on(F) = C no matter what n is.

In Example 4.2 we have on(F) 2 [0, 1), by (4.18). However, for A = 1 the map
Fi1(x) = x — arctan x has derivative zero at x = 0, and thus cannot be a diffeomor-
phism. On the other hand, the derivative of the map F) (x) = Ax — arctan x is strictly
negative for A < 0 and strictly positive for A > 1. We conclude that on(F) = [0, 1].

Example 4.3 is not applicable, since the map given there is not differentiable at
any point (z, w) € C2. This is not accidental. In fact, it turns out that the Neuberger
spectrum shares a remarkable property with the linear spectrum: it is always nonempty
if the underlying space is complex!
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Theorem 4.1. The spectrum on(F) is nonempty in case K = C.

We do not give Neuberger’s proof of Theorem 4.1, since we will prove a slightly
more general (and precise) result rather easily below. Since the Neuberger spectrum
is defined for continuously differentiable operators, one should expect that it might be
expressed through the (linear) spectra of the Fréchet derivatives F’(x) of F. This is in
fact true; moreover, this fact makes it possible to “calculate” the Neuberger spectrum
rather explicitly.

To show this, we return to the definition of properness which we studied in Sec-
tion 3.1. Given an operator F' € €(X), let us denote by 7 (F') the set of all A € K
such that Al — F is not proper. For example, as already observed in Section 3.3,
for a compact operator F' with [F]q = 0 in an infinite dimensional space X we have
m(F) = {0}.

Theorem 4.2. For F € €' (X), the formula

oN(F)=n(F)U U o (F'(x)) (4.19)

xeX

holds, where o (L) on the right-hand side of (4.19) denotes the usual spectrum (1.5)
of a bounded linear operator L. In particular, oN(F) # @ in case K = C.

Proof. Suppose firstthat A € p(F’(x)) foreachx € X, and that Al — F is proper, i.e.,
A & w(F). From Theorem 3.2 (a) it follows then that A/ — F' is not only a (global)
homeomorphism, but even a diffeomorphism.

Viceversa, suppose that A € pon(F). Then AI — F is obviously proper, and
(M — F)'(xo) exists and is an isomorphism for each xg € X, by the chain rule. |

We illustrate Theorem 4.2 first by means of a simple operator in finite dimensions,
and then by an application to a nonlinear integral equation of Hammerstein type.

Example 4.5. Consider the operator F: R?> — R3 defined by
F(x,y,2) =0 — 2 z+ 2xy — 2x3, 2x2y —x* = yz).

A simple calculation shows that the matrix A1 — F’(xg, yo, zo) has the form

A+ 2x9 1 0
M —F'(x0,50,20) = | 6x5-2y0 A—2x 1
4x8 —4x0y0 2y§ - 2x3 A

The determinant of this matrix is det (A1 — F'(xg, Yo, 20)) = 23 for every (xo, Y0, 20) €
R3, which means that A = 0 is the only eigenvalue of the derivative of F at any point.
Moreover, Al — F is proper for A # 0, since F is compact. On the other hand, F is
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not proper, because F maps the parabola P = {(x, x2,0) : x € R} into (0, 0, 0). So
from (4.19) we conclude that
oN(F) = (F) U {0} = {0}
in this example. Q

Example 4.6. In the space X = CIO0, 1], consider the Hammerstein integral operator
1

H (x)(s) =s“/ Psinx@®)dr O<s<1), (4.20)
0

where «, B > 0 are fixed. This operator may be written as product H = K F of the
(autonomous) Nemytskij operator

F(x)() = f(x()) (4.21)

generated by the nonlinearity f(x) = sinu and the linear Fredholm integral operator

1
Ky(s) = / k(s, t)y(t) dt (4.22)
0

generated by the (degenerate) kernel k(s, r) = s%t#. It is clear that the operator
(4.20) is compact and satisfies [H]q = 0, because it maps the whole space X into a
bounded subset of the one-dimensional subspace spanned by the function # — *. So
w(H) = {0}, and we only have to calculate the spectrum of the derivative F’(x) at
x e X.

Since the operator (4.22) is linear, the derivative of H = K F' atx € X is given by

1
H' (x)h(s) = s"‘/ tﬂ[cosx(t)]h(t) dt (heX). 4.23)
0

Computing the Neuberger spectrum on(H) of H directly is not easy, but we may use
formula (4.19) here. Having a degenerate kernel &, (s, t) = s%P cos x (1), the linear
integral operator (4.23) has at most one eigenvalue A, # 0. A trivial calculation shows
that this eigenvalue is given by

1
Ay = / 1“8 cos x (1) dt,
0
with corresponding eigenfunction i(s) = s“. Now, every such eigenvalue satisfies

|Ae| < (@+B+1)"L Conversely, foreveryt € [—1, 1Jwehave A; := 7/(a+p+1) €
o (H'(x¢)) with x.(¢) = arccos t. This shows that

1 1
GN(H):[_a+ﬂ+1’a+ﬂ+1] (4.24)

in this example. Q
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The following example shows that the Neuberger spectrum need not be closed
even in the one-dimensional case, compare this with Example 4.2.

Example4.7. In X = R, define F on [0, 1] by F(x) := x, and on all intervals of
the form [2k,2k + 1] (k = 1,2,3,...) by F(x) := ﬁx + 4k* — 1. Extend F on
all intervals of the form [2k — 1, 2k] as a C!-function with strictly positive derivative,
and on (—oo, 0) as an odd function.

Since F: R — R is a diffeomorphism, we have 0 € pon(F). On the other hand,
since F has constant slope 1/2k on [2k, 2k + 1], we conclude that

{1 L1 : }C (F)
L RREEE YRR C on(F),

and so on (F) cannot be closed. Q@

4.4 Special classes of operators

If we impose additional conditions on the operators involved, more can be said about
their spectra. First of all, we have a result on compact operators which is an exact
analogue to a well-known result in linear spectral theory and may be proved as in
Theorem 3.5.

Theorem 4.3. Suppose that X is infinite dimensional, and F € €(X) N A(X). Then
0 € or(F), and hence the Rhodius spectrum of F is nonempty. A similar result holds
for the Neuberger spectrum on(F) of an operator F € €' (X) N R(X).

As in the linear case, we call the number
rN(F) :=sup{|A| : L € on(F)} 4.25)

the Neuberger spectral radius of F € ¢'(X). Theorem 4.2 gives a close connection
between the Neuberger spectrum of a differentiable operator, on the one hand, and the
classical spectra of all its derivatives, on the other. The following result is therefore
not too surprising.

Theorem 4.4. Let X be an infinite dimensional Banach space, and suppose that F €
cl(X)is compact and satisfies [Fq = 0. Then the spectrum on(F) is bounded if and
only if the spectra of all derivatives o (F'(x)) are uniformly bounded. In this case the
equality

rN(F) = sup r(F'(x)) (4.26)

xeX

holds, where r (L) on the right-hand side of (4.26) denotes the usual spectral radius
(1.8) of a bounded linear operator L.
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Proof. For F € ¢l(X)NR(X) with [Flg = 0wehaven(F) = {0} and 0 € o (F'(x))
forall x € X, by Lemma 4.1. So from Theorem 4.2 we conclude that

on(F) = {0} U | J o (F'(x) = | o (F'(x))
xeX xeX
which immediately implies the statement. O
Let us now consider operators F with [F]g < oo, see (2.6). It follows directly
from the definition of the spectral sets (2.29), (2.30) and (3.18) that o}, (F) C oy (F)

and oq(F) C op(F) for any operator F' € B(X). Now, assume that F' is Fréchet
differentiable at zero, i.e.,

F(h) — F'(O)h = w(h) (h € X), (4.27)

where ||w (k)| = o(||k]]) for ||k]|] — 0. (Recall that F(6) = 0 for every F € B(X).)
Then we have also oq(F'(0)) € op(F). In fact, for A € oq(F'(6)) we can find a
sequence (e,), in S(X) such that ||Ae, — F'(0)e,|| — 0 asn — oo. So for the
elements h, := e, /n we get

w(hy) ‘ -0,
llAnl

with w as above, and so [L] — F], = 0. Consequently, we have proved the inclusion

I hn = F )l _

n—00 ll7nll

nll)ngo H (A — F'(0))en +

0p(F) Uogq(F) Uag(F'(6)) C op(F). (4.28)

We show now that we have even equality in (4.28) if F is in addition compact.

Proposition 4.1. Let F € B(X) be compact, and suppose that the derivative F'(0)
of F at zero exists. Then the equality

op(F) U og(F) an(F’(G)) = op(F) 4.29)
holds true.

Proof. Given A € op(F'), we distinguish three cases. First, suppose that there exists
a sequence (x,), in X \ {#} such that ||x,|| — 0 and

[Axn — F(xn)l

S0 (n— 00). (4.30)
(B

Then we have, with e, := x,/||x,|| and w as in (4.27),

I = F'(@))enll < ol AL = F)(xp) + o (xa) |

_ o — Fal |, oG]

[l | [l |

— 0,
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asn — 00, hence A € oq(F’'(9)).

Second, suppose that there exists an unbounded sequence (x,), in X with (4.30).
Then we immediately get [Al — F]q = 0, hence A € oq(F).

Third, suppose that there exists a sequence (x;), in X suchthat0 < c; < ||x,| <
¢cr» < o0 and (4.30) holds. Then

Ax, — F 1
o = FC)l S L a s = Foonl. 4.31)
ol P

Since F is compact, we find a subsequence (x,, )k of (x,), such that F(x,,) — yx, as
k — oo, for some y, € X. Given ¢ > 0, by (4.31) we may choose n’ € N such that

1
gll)»xnk —Fn)l =5 (e =n).

| ™

Moreover, we find n” € N such that
cr€ p
| F(xp) — yall < > (ng =n"),

since F(xp,) — y«. So forn > max{n’, n""} we have

(65X (69X
IA%n, — vl — - = | 1Axn, — yaell = 1F (xn) = Yl | < N1Axn, — FOin)ll < -
hence ||Ax,, — y«|| < c2e. Now we distinguish the cases A = 0 and A # 0. In the first
case we have A € oq(F’(0)) if X is infinite dimensional, because F’(6) is compact
(see Lemma 4.1). Similarly, we have A € o, (F) if X is finite dimensional, because
we may then assume that x,, — x, for some x,, € X \ {6} with F(x,) = 6. On the
other hand, in case A # 0 we know that x,,, — y.«/A ask — 00, and 50 y; := yy/A
satisfies
F(y3) =y« = Ay,

which shows that A € oy, (F). This completes the proof. O

We illustrate the equality with an example which we already considered before in
a more general form.

Example4.8. In X = C|[0, 1], consider the operator (4.20) fora = 8 + 1, i.e.,
1
H(x)(s) = sﬂ“/ Psinx(@)dr ©<s<1). (4.32)
0

Since [H]q = 0 and F(x,) = 0 for x,, (1) = nm, we immediately get oq(H) = {0}.
This shows also that 0 € op(H).

To calculate the whole point spectrum op(H), observe first that the eigenvalue
equation H (x) = Ax with A # 0 implies that x(r) = ct#*! for some ¢ # 0, and thus

1
A= l/ P sin(etP Ty dr =: ¥ (o). (4.33)
0

Cc
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Conversely, every function x () = cz#*! with ¢ # 0 is certainly an eigenfunction
of H corresponding to the eigenvalue A = ¥ (c). We conclude that

op(H) = {y(c) : c € R\ {0}}. (4.34)

This can be made more explicit. After the substitution ctPt! =:  the relation (4.33)
becomes

PR — sindr = L0 0 4.35
—'(/f(C)—(IB_'_—I)CZ‘/(; SInT T_(ﬂ—}——l)cz (C# ) ( )

Applying L’Hospital’s rule to (4.35) one sees that the function ¢ may be extended

continuously to the whole real line by putting ¥ (0) := 1/2(8 4+ 1). Moreover, the
mean value theorem implies that

1
OS'{//(C)SM (—OO<C<OO).

The right endpoint 1/2(8 + 1), however, cannot be assumed for any non-zero c,
because ¥ (c) = 1/2(8 + 1) implies

1 _ l—cosc 25in2(c/2)
26+1)  (B+Dc2 (B+1)c2’

hence sin(c/2) = ¢/2 and so ¢ = 0. Summarizing we have proved that
op(H) =1[0,1/2(8 + 1)). (4.36)

It remains to calculate o4 (H'(0)). In Example 4.6 we have already seen that H'(0)
is the compact linear integral operator

1
H'(0)h(s) =sﬂ+1/ tPhtydr (h € X). (4.37)
0

A simple calculation shows that oq(H) = o(H) = {0,1/2(8 + 1)}. Indeed, A =
1/2(B + 1) is an eigenvalue of (4.37) with eigenfunction h(t) = A1 while A = 0
belongs to the residual spectrum o (H'(0)) of (4.37), since the range of H’(0) is not
dense in X.

So from Proposition 4.1 we conclude that

op,(H) =1[0,1/2(8 + 1)]. (4.38)

We remark that a direct verification of (4.38) would have been more difficult. <O
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45 Notes, remarksand references

The Rhodius spectrum (4.5) has been introduced in [226], but it has not been used in
the literature, as far as we know. This is probably due to its bad analytical properties.
On the other hand, the Neuberger spectrum (4.17) seems to be useful in solvability
of certain operator equations [204]. Theorem 4.1 is given in [204], Theorem 4.2 and
Example 4.5 in [15], see also [8].

Example 4.3 which shows that the Rhodius spectrum may be empty is due to Georg
and Martelli [130], as already observed in the previous chapter. We point out again
that the operator F from Example 4.3 is not (complex) differentiable; this explains the
exceptional role of Theorem 4.1 in nonlinear spectral theory. In fact, we shall see that
all spectra we are going to study in subsequent chapters are empty for the operator
from Example 4.3.

The differentiability results for the Nemytskij operator (4.9) between Lebesgue
spaces are discussed in the book [161], see also [20], [164]. This shows that the
smoothness properties of the operator F' are by no means consequences of corre-
sponding smoothness properties of the generating function f, in contrast to what is
often tacitly assumed.

Much information on Fréchet differentiable operators may be found in the mono-
graph [184]. In particular, our Lemma 4.1 is Proposition 6.5 in Section 3.6 of [184],
while Lemma 4.2 is (a variant of) Lemma 4.2 in Section 4.4 of [184]. The notion of
asymptotically linear operators seems to be due to Krasnosel’skij [161], an application
to fixed point theorems in cones may be found in [3].

We point out that the chain of inequalities

[Fla < [F'(00)]a < [F'(00)]a < [Fla

was proved in [103] for an asymptotically linear operator F. Moreover, it was shown
there that, if F' is in addition coercive (see (2.5)), then

re(F'(00) = lim J/[F"]a,

where r, (L) denotes any of the radii (1.74) of the essential spectra considered in
Section 1.4.

Example 4.6 is taken from [15], the Examples 4.5 and 4.7 are of course elementary.
One might ask if the set 7w (F') defined before Theorem 4.2 is always closed, as the other
spectral sets are. The following example which was communicated to the authors by
Viith shows that the answer is negative.

Example4.9. Let X be an infinite dimensional Banach space, and let F: X — X be
defined by
F(x) = e Il

Since F~(K) C co (KU{#}) forany set K C X, F is certainly proper, i.e.,0 & w (F).
On the other hand, fix A € (0, 1) and take p := —logA. Then |x|| = p implies
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Ax — F(x) = Ax —e™Px = 6 which shows that (A — F)~({6}) © S,(X). SoAl — F
cannot be proper, i.e., (0, 1) C 7 (F). @

Theorem 4.3 is of course very similar to Theorem 3.7 and may be proved in the
same way. Theorem 4.4 is taken from [15], where the more general estimate

rn(F) < max {[F]A, sup r(F’(x))} (4.39)

was proved for F € ¢l(X) NA(X), rather than F € ¢1(X) N R(X). Proposition 4.1
is taken from the thesis [82] which contains more results on the Neuberger spectrum.

Differentiability of a nonlinear operator is, by its very nature, a local property. So
it is not surprising that one could try to “localize” the spectrum of a differentiable
operator in some sense. This has been done indeed by May [189] in the following
way. Denoting B, (x) = {y € X : ||x — y|| < r}, the local resolvent set p(F; x) of
F at x € X contains, by definition, all A € K such that there exist §, ¢ > 0 with the
property that (Al — F)|g;(x) is injective, (A] — F)(Bs(x)) 2 B:(Ax — F(x)), and the
inverse operator

A — F)|E;(x): B:(Ax — F(x)) — Bs(x)

is Lipschitz continuous. The local spectrum o (F; x) of F at x is the complement
K\ p(F; x). Itis then proved in [189] that o (F; x) is always bounded, provided that
F is locally Lipschitz at x. Moreover, if F’(x) exists and is continuous at x, then
o(F; x) C o(F'(x)), with equality in case of a finite dimensional space X. Spectra
for globally Lipschitz continuous operators will be discussed in detail in the next
chapter.

Another notion which is defined through the Fréchet derivative is that of nonlinear
Fredholm operators. An operator F € €(X) is called Fredholm if the derivative
F’(x) is a linear Fredholm operator for every x € X. Since the index of a Fredholm
operator is constant on connected components, the number ind F’(x) does not depend
onx € X. So we may call the number

ind F := ind F'(6)

the index of F. At this point one may introduce analogues to the essential spectra in
Wolf’s and Schechter’s sense as in (1.67) and (1.68) by putting

Oew(F) := UeW(F/(e))a Oes(F) 1= Ues(F/('g))'

As far as we know, however, such a theory of essential spectra has not been studied
yet in the literature.



Chapter 5
The Kachurovskij and Dorfner Spectra

In this chapter we discuss a spectrum for Lipschitz continuous operators which was
defined by Kachurovskij in 1969, as well as a spectrum for linearly bounded operators
introduced by Dorfner in 1997. In contrast to the two spectra considered in the previous
chapter, the Kachurovskij spectrum is always compact; however, it may be empty. In
the last part of this chapter we study some continuity properties of nonlinear spectra,
viewed as multivalued maps, and of the corresponding nonlinear resolvent operators.

5.1 Lipschitz continuous operators

Let X and Y be Banach spaces over K = R or K = C. As in Section 2.1 we denote
by Lip(X, Y) the set of all Lipschitz continuous operators F: X — Y in particular,
Lip(X) := Lip(X, X). Equipped with the norm

| FliLip = I1F @) + [FlLip, (5.1

where . .
[FLip = sup M (5.2)

xF£y ||)C - )’||

as in (2.1), the set L£ip(X, Y) becomes a Banach space. It is easy to see that the
space £(X, Y) of all bounded linear operators from X into Y is a closed subspace of
Lip(X, Y), and (5.1) is the usual operator norm on £(X, Y). This close connection
between the spaces £(X, Y) and £ip(X, Y) may be the reason for the fact that nonlinear
spectral theory is most advanced for Lipschitz continuous operators. In this section
we collect some useful information on the operator class £ip(X, Y).

Proposition 2.1 shows that the minimal Lipschitz constant (5.2) on the class £ip(X)
has similar properties as the usual operator norm on the algebra £(X). The following
important theorem shows that there is also an exact analogue to the fact that “small”
perturbations of the identity are invertible. Here and in the sequel we call a bijection
F: X — Y alipeomorphism if both F € £ip(X,Y) and F~! € Lip(Y, X). Thus, a
bijection F is a lipeomorphism if and only if [F]Li, < oo and [F]jip > 0, with [F]jp
given by (2.2).

Proposition 5.1. Let X be a Banach space and F € £ip(X) with [FlLip < 1. Then
[ — F is a lipeomorphism, and (I — F)~(y) may be obtained, for any y € X, as
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limit of the successive approximations
xo =0, x1 = F(x0) +y,...,Xn+1 = F(xp) + y. (5.3)

Moreover, the estimate
1
[(I—F) Lp < ——— (5.4)
P = [Flup

holds true.

Proof. For fixed z € X, define F;: X — X asin (2.24). Since [F;]Lip = [FlLip < 1,
the Banach contraction mapping principle implies that the equation x — F (x) = z has
a unique solution x € X. This shows that (/ — F )~ ! exists and satisfies

I-F)'=FU-F"'2)+z (zeX). (5.5)

The sequence (5.3) is nothing else but the usual successive approximations by iterates
of the contraction F.
Now, from (5.5) we deduce that, for y, z € X,

I - F)~"'y)—U - )~ @)
<|F(I-F) ') = F - )~ @)l + Iy -zl
< [FluplI = )" — I = O '@l + Iy — zll,

hence

1
_ —1 _ _ —1 - _
IT=F"M=U=-F)"@l =1 (Flup ly —zll (5.6)

which proves (5.4). O

It is well known that, for bounded linear operators L, the condition ||L™| < 1 for
some m € N suffices for the existence of (I — L)~!. Example 3.19 shows that this
is not true for Lipschitz continuous nonlinear operators. Indeed, in that example we
have [F]Lip = 1, but [F"]Ljp = O for all m > 2. Since the function / — F is constant
on [1, 2], it cannot be invertible.

As in the linear case, we get the following important perturbation result as a
corollary from Proposition 5.1.

Proposition 5.2. Let X be a Banach space and F: X — X a lipeomorphism. Sup-
pose that G € £ip(X) satisfies [GlLip < [Flip. Then F + G is also a lipeomorphism

and
(F 0y !
[GlLiplF~"Lip  [Flip — [GlLip

In particular, the set of lipeomorphisms on X is open in the normed space L£ip(X).

[(F+G)Muip < 1— (5.7)
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Proof. Note that F + G = (I + GF~)F, since composition on the right distributes
over addition. From our hypothesis [G F _I]Lip < [GlLplF ]ﬁpl < 1 (see Proposi-

tion 2.1 (b)) we conclude that (I + GF~1)~! exists and

1
I+GF H ", ,
I¢ Ve = T G

by Proposition 5.1. Thus (F + G)™' = F7'(I + GF~ )™ € gip(X), and the
assertions follow. O

In view of the similarity of the classes L£ip(X, Y) and £(X, Y), one might think
that almost all results on bounded linear operators carry over to Lipschitz continuous
nonlinear operators. However, this is not true. For instance, the following example
shows that the uniform boundedness principle is not true.

Example5.1. Let X = R and

0 if —oo < x <0,
Fx)y={4/x if0<x<l1,
1 ifl <x < o0.

Let (Fy,), be a sequence of polynomials that converges uniformly on [0, 1] to /x.
Extending F;, to R by putting F,,(x) = 0 forx < 0and F,(x) = 1 for x > 1 we have
F, € £ip(R) and F, (x) — F(x) for all x € R. However, the sequence ([F;]Lip)s 18
not bounded, and F ¢ Lip(R). V)

5.2 TheKachurovskij spectrum

Now we proceed as before and define a spectrum for Lipschitz continuous operators.
Given F € Lip(X), we call the set

Pk (F) :={A € K: Al — F is a lipeomorphism} (5.8)
the Kachurovskij resolvent set of F and its complement
ok (F) =K\ px (F) (5.9

the Kachurovskij spectrum of F. Thus, A € og(F) means that either A/ — F is not
invertible, or the inverse exists but is not Lipschitz continuous. In case of a bounded
linear operator L, the equality [L]Lijp = ||L|| shows that ox (L) is just the usual
spectrum (1.5).

We point out that the operator Al — F with F: C?> — C? as in Example 3.18 is
a lipeomorphism for each 1 € C. In fact, it is easy to see that the resolvent operator
(3.17) is Lipschitz continuous. This shows that also the Kachurovskij spectrum may
be empty. On the other hand, the Kachurovskij spectrum shares an important property
with the spectrum of a bounded linear operator:
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Theorem 5.1. For F € £ip(X), the spectrum ok (F) is compact. Moreover, the
Kachurovskij spectral radius

rx (F) :=sup{|A| : L € ok (F)} (5.10)

satisfies the estimate
rg(F) < [FlLip- (5.11)

Proof. LetA € pg(F)and |u—A| < [R(\; F )]EiL. Then we obtain from the estimate
[(e — A)R(; F)ILip < 1 and (5.4) that

1
lw — A [RG; F)lLip

Since F —ul =[I —(u—X)R(\; F)](F —AI), it follows that & € px (F). We have
shown that px (F') is open, and hence ok (F') is closed.

For any A € K with [A| > [F]L;p we know from Proposition 5.2 that A/ — F is a
lipeomorphism, i.e., A € px (F). So we have proved the compactness of ok (F) and
the estimate (5.11). O

[ = (e = DR F) ™ uip < 7—

Observe that we have proved even more: for every A € px(F), the resolvent
operator R(A; F) = (Al — F )~! satisfies the estimate

1

RO F)lip < ——————
RO )l = e,

(5.12)
This is of course analogous to the estimate (1.7) for bounded linear operators. For
A = 1 we get again the estimate (5.4).

The following Proposition 5.3 shows, in particular, that the Kachurovskij spectrum
of a compact operator F € L£ip(X) may be described very easily. This is similar to
Proposition 1.4 (a) for linear operators.

Proposition 5.3. For every F € £ip(X), the inclusion
dok (F) C o1ip(F) (5.13)
is true, where oy (F) is the spectral set (2.28). If in addition F is compact, then even
ok (F) = o1ip(F). (5.14)

Proof. Given A € dok (F) we may find a sequence (X,), in pg (F) such that A, — A,
and hence A, — F — Al — F in £ip(X), as n — oo. Since og (F') is compact, we
have dist(A,,, ox (F)) > 0 for each n; moreover,

1

Al — Flujpp > ——.
[ o 2 st ok (F))

(5.15)
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This implies, by Proposition 2.1 (a), that

. . 1 . .
(Al —Flijp = nll)ﬂolo [AnI —Flip = nll)ﬂgo m < nlggo dist(A,, ox (F)) =0,

which proves the inclusion (5.13).

Now suppose that F € Lip(X) is compact. Without loss of generality we may
assume that X is infinite dimensional. Then F' cannot be proper, and so [F]jp = 0,
hence 0 € oy;p(F). This means that for each A € K\ oyp(F) we have A # 0 and
[I — F/ALiip > 0. Theorem 3.6 implies that / — F is a homeomorphism. We conclude
that Al — F = A(] — F/A) is a lipeomorphism for A € K\ 0};p(F), and so (5.14) is
proved. O

We illustrate Proposition 5.3 in the following Example 5.2. Afterwards we show
by another example that the equality (5.14) may fail if F is not compact.

Example 5.2. Let X be a complex Banach space, ¢ € S(X) fixed, and
Fx) = |x|le.

Obviously, F' is compact with [F]rij = 1 and [F];p = 0, so that og (F) C D, by
Theorem 5.1. We show that oy;, (F) 2 ﬁ, and hence

ok (F) = oip(F) = D. (5.16)

Clearly 0 € oy;p(F), since [Fjjp = 0. For 0 < |[A] < 1 we put

AM+1-— A —1—
£:=||+ Ae, )7:=|| Ae
210 217

and obtain F(x) = %(1 + [ADeand F(y) = %(1 — |A])e. Consequently,

[AX =4y = F(&) + FO)I
1% — 3l

[A — Flijp < =|Al=|A =0

which implies the inclusion D \ {0} € 0;p(F), and hence (5.16). Q@

Example5.3. Let X be the complex sequence space [, (I < p < 00), and define
F € Lip(X) by

F(x1, x2, x3, x4, ...) :== (|Ix]l, x1, x2, x3, . ..). (5.17)

We claim that .
ok (F) =Dy = (A € C: |2 <2V/P) (5.18)

and
otip(F) =Dyip \D = {3 € C: 1 < |3 <2'/7}, (5.19)
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and so (5.13) is true, but (5.14) is not. We may write the operator (5.17) in the form
F(x) = |lx|le + Lx, where e = (1, 0,0, ...) is the first basis element in X, and L is
the linear right-shift operator (1.38). It is not hard to see that

[Flip=1, [Flup=2"" (5.20)

(see Example 3.15 for the special case p = 2), and so oyjp(F) C ﬁzu/p \ D, by (2.29).
So we have to prove only the reverse inclusion.

Suppose first that A € S, i.e., |A| = 1. From (1.37) and Proposition 1.4 (a) we
know that S = 9o (L) C oq(L), so we may find a sequence (e,), in S(X) such that

re, — Le, — 6 asn — oo. Setting x,, 1= %en and y, := —%en yields
(AL — Flip < (M — F)(xp) — M — F)(yn)|l = |Aen — Ley|| — 0,

and so A € oyip(F).
Now suppose that A satisfies 1 < |A| < 2!/, Then the sequence

=0T
belongs to X with [|x; || = (|A|” — 1)~/?. Define G;: X — X by
Gi(x) == |lx|lx;. (5.21)

We claim that
1 € 01;p(Gy). (5.22)

Indeed, choosing

A

1 1
%= 5(1 + lxalDx, ¥ = 5(1 — [l DX

we obtain X — y = G, (X) — G () = ||xx|lx,, and (5.22) follows. Now, from the
simple algebraic identity

M =LY =G)(x) = M = L)x = (M = L)G3.(x) = Ax —Lx —||x|le = Ax — F (x)
we deduce, together with (5.22), that
[\ — Flip < |A — LI [ = G3lip = 0,

and so the equality (5.19) is proved.

For the proof of (5.18) we show that the operator A/ — F isnotonto for0 < |A| < 1.
Indeed, suppose that the equation Ax — F(x) = e has a solution * € X for such a A.
Then Ax — Lx = (1 + || x||)e and hence, writing this in components,

NN
Xn = o

which yields the contradiction 1 + || x|| = 0. So we see that D\ {0} € ox (F), and the
assertion follows from the closedness of the Kachurovskij spectrum. Q

n=1,2,3,...)
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We return now to other properties of the Kachurovskij spectrum (5.9). Forinstance,
one could ask if there is also an analogue to the Gel’fand formula (1.9) for (5.10) with
| - || replaced by [ - ]Lip. Example 3.19 shows again that this is false. In fact, from
ok (F) = [0, 1] it follows that rx (F)) = 1. On the other hand, we have already seen
that | F"||Ljp = O forall n > 2.

Now we show that the estimate (5.12) may be slightly improved. Given F €
Lip(X) and z € X, consider the translation F, of F defined by (2.24). Clearly,
F, € Lip(X) and

[FIuip = [FlLips I FllLip — llzll < 1 FzlILip < I1FllLip + llz]l- (5.23)
Lemma5.1. Let X be a Banach space and F € Lip(X) with
B := sup{[(F)"lLip : z € X} < 1 (5.24)
for some m € N. Then I — F is invertible in £ip(X) and
L+ [Flup + - + [FI7 !
1= Bm

[(I — F) Mup < (5.25)

Proof. Note first that for each z € X we have [I — (F,)"]™! € Lip(X) with

1

_ my—=1y .~
(L = (F)™) luip = -
by Proposition 5.1. Furthermore, if z € X then (I — F)(x) = z is equivalent to
(F,)™(x) = x. Thusitfollows that (/ — F)(x) = zifand onlyifx = [I—(F;)"]1~1(9).
From this it follows in turn that / — F is a bijection and G(z) = [/ — (F.)™1~1(0) for
all z € X, where we have put (I — F)~! =: G. Noting that

I — (F)"17'(0) — (F)™ I — (F)"17'0) = [I — (F)"11 — (F)"17'(0) =0
we conclude that
IG@) — Gw)|l = I — (F)"17'(©) — I — (F)"17 ' @)
= [(F)™[I = (F)"17'0) — (Fu)"UI — (Fu)"17' @)
< N(F)" = (F)"17'(©) — (Fu)™ I — (F)"17 @)l
+ I(F)"U — (F)™1710) — (Fu)"[I — (Fu)"17' @)
< (L +[Flup + -+ + [FI Dz = wl)
+ [(Fu)"Lip |G (2) — G(w) .

Since [(Fy)"ILip < Bm < 1, by assumption, we have that

L+ [Fluip + -+ + [FI5 !

- IBm
which implies (5.25). O

1G(2) = Gw)| =

llz — wll



116 5 The Kachurovskij and Dorfner Spectra

As a consequence of Lemma 5.1, we obtain the following extension of (5.12).

Proposition 5.4. Let X be a Banach space, F € Lip(X), and » € K with
B (M) = sup{[A " F) lLip 1z € X} < 1 (5.26)
for some m € N. Then A € p(F) and
L+ A F I + -+ A TFI!
A1 = Bm (1))
Proof. Applying Lemma 5.1to I — F /A we see that (I — F/1)~! e Lip(X) with

[R(A; F)]Lip < (5.27)

L4+ D7 Flup + -+ RIS

_ _ Li
[ = 27" ) Mup < 5.0 .
L+ A P + -+ P!
B [y '
Since LI — F = A(I — F/A), the assertion is seen to be true. |

Example 3.19 shows that Lemma 5.1 and Proposition 5.4 are false if one assumes,
instead of (5.26), only that [(ALF )"]Lip < 1forsomem € N. In fact, in that example
we have 8,, = 1 forallm € N.

Let us now calculate the Kachurovskij spectrum for some operators in the simplest
case X = C. To this end, we first state a trivial, though useful, lemma.

Lemmab5.2. For F € Lip(C) we have

GK(F)={W5Z,U)EC, z;éw}. (5.28)

In particular, ox (F) # @ in case X = C.

Proof. 1t is clear that the closed set ok (F') (see Theorem 5.1) contains the set on the
right-hand side of (5.28). Conversely, suppose that A € C does not belong to this set.
Then we find k > 0 such that

_F@) - F(w)
I—w

‘A >k (z,weC, z#w).
But this implies that |A(z — w) — F(z) + F(w)| > k|z — w|, hence [A] — Fljp > k;
in particular, LI — F is injective.

It remains to show that A/ — F is onto. Now, the invariance of domain theorem for
continuous injective maps in finite dimensional spaces implies that the range R(AI —F)
isopen in C. On the other hand, A/ — F is a lipeomorphism between C and R(Al — F),
and so R(LI — F) is complete and hence closed in C. From the connectedness of C
we conclude that A/ — F is onto. O
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The formula (5.28) may be used to calculate the Kachurovskij spectrum in case
X = C. We illustrate this by a series of examples.

Example5.4. Let F(z) = |z|; then || FllLip = [FlLip = 1, hence ox (F) C D, by
(5.11). Now, for || < 1 we have
Re(rz — F(z)) = Re(Az) — llz|l =0,
and thus A/ — F cannot be onto. It follows that
ok(F) =D

is the whole closed disc. V)

Example5.5. Let F(z) = Rez; then || F||Lip = [F]Lip = 1, hence again ok (F) € D.
Since F is R-linear and F (0) = 0, we have

F(z)— F F
{M:z,we(@,Z#w}z{ﬁ:zeC,z#O}. (5.29)
—w Z
Now, for z = x 4+ iy # 0 we get
F@ 1P | x 1P | x—iy P 1
z 2| |x4iy 2] [2x+iy)| 4

which shows that the set (5.29) is included in the circumference {A € C : |A — % | = %}.
Conversely, if A = p + iv # 0 satisfies |A — %l = % then % + v = p so that

wo w? +ipv

w—iv  p242?

=u+iv € og(F).

As ok (F) is closed we conclude that

ok(F)={reC:|r— 3] =3k
in particular, [0, 1] C ok (F). Q
Example5.6. Let F(z) = |Rez[; then || Fl|Lip = [FlLip = 1, so again ox (F) < D.
Using the obvious geometric fact that

[Re z| — |[Re w|
<—<1

Rez —Rew
we see that every point A in the set
F(z) — F(w
I—w

has the form & = tp with p belonging to the right-hand side of (5.29) and |7] < 1.
A convexity and closedness argument shows then that

ok(F)={reC:a—}<ufreC:n+ 3=k
in particular, [—1, 1] C o (F). @
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5.3 TheDorfner spectrum

A similar definition of a spectrum was introduced by Dorfner in 1997. Recall that
F € B(X) means that F': X — X is linearly bounded, i.e.,
| F(x)l
[F]lp = sup ——— < 00, (5.30)
xz0 llxll

see (2.6). Obviously, the linear space 28 (X) with norm (5.30) is a Banach space, and
[Flg < [F]Lip for F € Lip(X) with F(6) = 6. Putting M(X) = B(X) in (4.1) and
(4.3) we arrive at the Dérfner resolvent set

pp(F) = {L € K: Al — F isbijective and R(A; F) € *B(X)} (5.3

and the Dérfner spectrum
op(F) =K\ pp(F). (5.32)

Thus, a point A € K belongs to pp(F) if and only if A/ — F is a homeomorphism on
X satisfying the two-sided estimate

clxll = llax = F)l < Clixll  (x € X) (5.33)

for some C, ¢ > 0. Since Lipy(X) € B(X) € €(X), we have the trivial, though
useful inclusions

PK(F) S pp(F) S pr(F), ok (F) 2 op(F) 2 or(F) (5.34)

for F € Lipy(X).

In spite of the apparent similarity of the classes Lip(X, Y) and B(X,Y), the
properties of the corresponding spectra are quite different. Thus, in contrast to the
Kachurovskij spectrum, the Dorfner spectrum may be unbounded or not closed, as the
following two examples show.

Example5.7. Let X = R, F(x) = 0forx < 1,and F(x) = +/x — 1 for x > 1.
Then F ¢ Lip(X), but F € B(X) with [F]g = % Obviously, 0 € op(F), since F
is not onto. For A > 0, the operator F) (x) = Ax — F(x) is strictly decreasing on
[1,1 4 1/4A?) and strictly increasing on (1 + 1/4A2, c0). Consequently, (0, 00) C
op(F). On the other hand, for A < 0, the operator Fy(x) = Ax — F(x) is strictly
decreasing on the whole axis with F (x) — Foo as x — £00, and thus a homeomor-
phism. Moreover, the estimate (5.33) holds for A < O withc = |A| and C = |A| + 1.
We conclude that op (F) = [0, 00) in this example. Q@

Example5.8. Let X = R, and let (&), be a strictly increasing sequence in [0, 1]
with g = 0 and o, — 1 as n — o0. Put

n o
O — Of— 1 Olk_ak 1
w=) — =l
k=1

k=1
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Define F on [0, c0) by

X — oy

+
Foy=1"""ut1

cx ifx >1,

ifo, <x < oaut1,

and extend F as an odd function to the whole real axis. Itis clear that 0 € pp(F’) since
F is bijective with c|x| < |F(x)| < |x| for all x € R. On the other hand, the function
%I — F is not injective for any n € N, being constant on the interval [«;,, o, +1]. We

conclude that {1, %, %, ...} Cop(F), and so op(F) is not closed. ©

Interestingly, the successive approximations (5.3) need not converge any more for
F € B(X) and |A| > [F]g. In fact, the resolvent operator R(A; F') in Example 5.7
does not exist for A > % although [F]p = % Of course, an estimate of the form
(5.11) for the Dorfner spectral radius

rp(F) = sup{|A| : A € op(F)} (5.35)
with [F]ip replaced by [F]g is not true either.

One of our main goals in this and the preceding chapter was to compare the existing
nonlinear spectra from the viewpoint of the properties they have in common with the
linear spectrum. Some of these properties are collected in the following Table 5.1 for
the Rhodius, Neuberger, Kachurovskij and Dorfner spectra; the numbers in brackets
refer to the corresponding theorem or example.

Table 5.1
’ spectrum H *0 ‘ closed ‘ bounded ‘ compact ‘
or(F) no (Ex. 3.18) | no (Ex.4.1) | no (Ex.4.1) | no (Ex.4.1)
on(F) yes (Th. 4.1) | no (Ex.4.7) | no (Ex.4.1) | no (Ex. 4.1)
ok (F) no (Ex. 3.18) | yes (Th.5.1) | yes (Th. 5.1) | yes (Th. 5.1)
op(F) no (Ex. 3.18) | no (Ex.5.8) | no (Ex.5.7) | no (Ex.5.7)

Imposing additional conditions on the operator F' we get again more properties of
the spectrum. We confine ourselves to stating the following analogue to Theorem 4.3.

Theorem 5.2. Suppose that X is infinite dimensional and F € L£ip(X) is compact.
Then 0 € ok (F), and hence the Kachurovskij spectrum of F is nonempty. An
analogous statement holds for the Dérfner spectrum op(F) of a compact operator
F e B(X).
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5.4 Restricting the Kachurovskij spectrum

The fact that each row in Table 5.1 contains at least some “no” is disappointing: it
means that, as we stated in the Introduction, the requirement on the nonlinear spectra
to share as many properties as possible with the linear spectrum is not fulfilled for any
of the spectra discussed so far. The point is that, in each of these spectra, we tried
to cover the largest possible class of operators having a certain regularity property.
It turns out, however, that one may overcome this difficulty by simply restricting the
Kachurovskij spectrum from the class £ip(X) to the class Lip(X) N ¢l(X). To this
end, we first need a technical lemma.

Lemmab5.3. Suppose that F: X — X is a lipeomorphism which admits a Fréchet-
derivative F'(xo) at some point xo € X. Then F'(xo) is a linear isomorphism on X.

Proof. Define G € £ip(X) by G(h) = F(xo + h) — F(xp); then [G]Lip = [FlLip,
[Glip = [Flip, and G(0) = 6. Moreover, G is differentiable at 6 with G' ) =
F’(x0). We claim that

| F'(xo)hll = cllhll  (h € X), (5.36)

where ¢ = [G]jip. In fact, for & € X with [|h]| = 1 we have

IF o) Ml _ lim 16 @Ml

Fxo)h| = 1i
I o)kl = T == "0, e AT

> [Gliip,
since || F'(xp)h — G(h)|| = o(||h]]) as h — 6. From (5.36) it follows that F'(xq) is
invertible on its range R(F’(xp)) with bounded inverse.

The estimate (5.36) also shows that the range R(F’(xo)) is closed. Indeed, let
(hi)x be a sequence in X such that y; := F'(x0)hx — y« as k — oo. Then (5.36)
implies that (k) is Cauchy, hence hy — h, for some hy € X with F'(xp)hs = ys,
by continuity.

Finally, we claim that R(F’(xg)) is dense in X. To see this, fix e > 0and w € X
with ||w| = 1. Choose § > 0 such that || F'(xo)h — G(h)| < ¢||k| for ||k] < 6, and
putv := G~ '(8cw) with ¢ = [Gliip as before. Then |[v]| < [G_I]Lip8c||w|| =4, and
thus || F'(xo)v — G(v)| < ¢|v|| < &8. Consequently,

I3

1
lw — F'(x0)(v/8c) || = e 16w — F'(xo)v|l < =

Thus we have proved that, given any y € X \ {6}, we can find an x,, € X such that

H 4 — F'(x0)xy S[G_l]up&

Iyl

and so
Iy = F' o)y lx) |l < Iy G Lip e

We conclude that R(F'(x9)) = X, and hence F’(xg) is a bijection with bounded
inverse. o
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Lemma 5.3 implies that the inclusions

Pk (F) € pN(F),  oN(F) S ok (F) (5.37)

are true for £ip(X) N ¢1(X). To see this, fix x € X. From A € o (F'(x)) it follows
that A/ — F’(x) is not bijective, and hence A/ — F cannot be a lipeomorphism, by
Lemma 5.3. This shows that

J o (F'(x)) S ox(F).

xeX

Moreover, A € pk (F) certainly implies that A/ — F is proper, and hence A & 7 (F).
We conclude that 7 (F) C ok (F), and the assertion follows from Theorem 4.2.

The harmless inclusions (5.37) make it possible to consider a class of nonlinear
operators for which all the requirements are finally met. In fact, the Kachurovskij
spectrum ox (F), restricted to F' € Lip(X)N ¢!(X), is both nonempty in case K = C,
by Theorem 4.1, and compact, by Theorem 5.1. Moreover, it certainly reduces to
the familiar spectrum in the linear case. So we have finally achieved our goal to
find a spectrum which has the usual properties in common with the linear spectrum,
but is also defined for a reasonably large class of nonlinear operators. A simple, but
nontrivial example of an operator in the class £ip(X) N ¢!(X) is given by the integral
operator (4.17).

5.5 Semicontinuity properties of spectra

We have seen in Example 3.20 that the mapping spectrum (3.11) is not upper semi-
continuous on €(X) with respect to any of the seminorms introduced in Section 2.1.
Now we study the same problem for the Kachurovskij spectrum on Lip(X) and the
Dorfner spectrum on B (X). We start with a general discussion of multivalued maps.

Let 9 be a linear space over K with seminorm p, and let o : 91 — 2K be a
multivalued map on 9, where 2X denotes the family of all nonempty subsets of K.
For F € Mt and § > 0 we denote by Us(F') the p-neighbourhood

Us(F)={G eM: p(G—-F) <} (5.38)

of F. Recall that o is called closed if the graph of o is closed in 9 x K, i.e.,
An € 0(Fy), Ay — A and p(F, — F) — 0 imply that A € o(F). Obviously, o is
closed if and only if, for every F € M and A € K\ o(F), there exist § > 0 and
V), € Kopen such that A € V, and o (Us(F)) NV, = @.

It is easy to see that every upper semicontinuous map with closed values is closed,
but not vice versa. For example, the map o : R — 2R defined by o (1) = [—1/1, 1/1]
for ¢t # 0 and o (0) = 0 is closed, but not upper semicontinuous at 0. The following
lemma provides a simple condition which implies the upper semicontinuity of a closed
map.
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Lemmab5.4. Let (M, p) be a seminormed linear space and o : I — 2K a closed
map with bounded values. If

sup [A| < p(F) (F €M), (5.39)
reo (F)

then o is upper semicontinuous.

Proof. Let F € 9, and let V C K be open with o (F) € V. Choose n > 0 with
o(U,(F)\V #8. For G € U, (F) we have

sup A < p(G) < p(F) + 1.
reo (G)

Consequently, o (U, (F)) is bounded, and so the set C := o (U,(F)) \ V is compact.

Fix A € C. Since A ¢ o (F) and the map o is closed, we find §(A) > Oand V, C K
open with A € Vy and o (Us)(F)) NV, = @. Obviously, {Vj : A € C} is an open
covering of C. From the compactness of C we get C C V,, U---UV, for suitable
Als ...y Am € C. Putting § := min{n, §(11), ..., 6(Ay)} we see that o (Us(F)) C V
as claimed. O

We point out that Lemma 5.4 even holds for arbitrary metric spaces X in the
following form: A multivalued map o : X — 2K is upper semicontinuous if it has a
closed graph and is locally bounded. We will use Lemma 5.4 in this form in Chapter 8.
Now we are going to apply Lemma 5.4 to the space 9T = £ip(X) equipped with the
seminorm p(F) = [FlLip.

Theorem 5.3. The multivalued map ok : £ip(X) > F +— ok (F) € 2K s closed and
upper semicontinuous.

Proof. Let (Fy), and (A,), be sequences with A, € ox (Fy), [F,, — FlLip — 0, and
A — A. Then

[(An] — Fp) — (A — F)lLip < |Ap — Al + [Fy — FlLip > 0 (n — 00),

and so the sequence (A, — F;), tends to Al — F' in the seminorm (2.1). We have to
show that A € og (F).
Suppose that A € pg (F), hence [A] — Fj;p > 0. Choose n so large that

1
max{[F, — FlLip, [An — A[} < 5[“ — Fliip.
Applying Proposition 2.1 (c) we get
[y =+ F — Fn]Lip <[Fn— F]Lip +An — Al < [AM] — F]Lip-

Consequently, A, I — F, = (A, — M) + F — F,,) + (A — F) is a lipeomorphism, by
Proposition 5.2, contradicting the hypothesis 1, € ok (F};). So we have shown that
the map ok is closed.
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The upper semicontinuity of ok is a simple consequence of Lemma 5.4. Indeed,
the required estimate (5.39) is nothing else but a reformulation of (5.11). O

As a particular case we get from Theorem 5.3 the upper semicontinuity of the
spectrum of a bounded linear operator, see Theorem 1.1 (i).

Now we try to study the same question for the Dorfner spectrum (5.32) on the
operator class ®B(X). It turns out that a parallel result for the Dorfner spectrum is not
true. This may be seen by means of the following example.

Example5.9. Let X and F be defined as in Example 5.8, and put Fj, (x) = F(x)— ’lzx.
We already know that F' € ®8(X) with [F]g = 1. Since F is a homeomorphism with
[Flpb = ¢ > 0 we have O & op(F). On the other hand, every A € R withc < |A| <1
is certainly an eigenvalue of F. Moreover, every scalar )\,jf = :I:,ll belongs to op(F),
since F},(x) is constant on the interval [o,, ot;11]-

Obviously, we have [F — F,]g — 0 asn — oo. So, if we take A, = 0, we
have X, € op(F,), A, — 0, but 0 € op(F). This shows that the multivalued
map op is neither closed nor upper semicontinuous on B(R). So, in contrast to the
Kachurovskij spectrum (5.8), the Dérfner spectrum (5.32) may “blow up” when F
changes continuously. V%

5.6 Continuity properties of resolvent operators
In this section we consider the nonlinear resolvent operator
ROwF)= O —F)"! (5.40)

for A € px(F) or A € pp(F). In particular, we will be interested in continuity
properties of the maps (A, x) — R(A; F)(x) and L — R(A; F).

We start with two identities for the resolvent operator (5.40) which are similar to
those given in Theorem 1.1 (a) for the linear resolvent operator.

Proposition 5.5. The resolvent operator (5.40) has the following properties.

(a) The resolvent identities
R F) — R(u; F) = R F)(w — MR F) (A, € pr(F))  (5.41)
and
R(; F)—R(; G) = RO FY(F=G)R(; G) (& € pr (F)Npk (G)) (5.42)
are true for F, G € Lip(X).

(b)) X e pg(F)and|u— A <[R(A; F)]Eii, imply that also u € px (F) with

R(w; F) = R F)[I — (u — MR F)]™! (5.43)
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and
IR(A; F)O)I [R(; F)Lip

R(u; F — R\ F =
IRGe: B0 = RO YOI = 77 75 TR s Pl

= Al (5.44)

(¢) Themap (A, x) — R(A; F)(x) is continuous from px (F) x X into X.

Proof. The two identities (5.41) and (5.42) are proved exactly like their linear ana-
logues (1.10) and (1.11). The equality (5.43) follows from the identity F — pul =
[I — (w—A)R; F)](F — AI) which we already used in the proof of Theorem 5.1.

To prove (5.44), fix x € X and u € K with | — A] < [R(}; F)]Ei;. A straight-
forward calculation yields

IR(w; F)(x) — R(; F)(x)||
= IR(; F)II — (w — MR F)I7'(x) = RO F)()|
< [RG; F)Iuip IT1 = (w — MRG; F)IH(x) — x]|.

But

I = (= HRGs P @) = x| = — R DO )
I — | — A [R(; F)lLip
and substituting this estimate in the preceding inequality establishes (5.44).
It remains to prove (c). So fix (A, x), (K, y) € pg(F) x X with |u — A| <
[R(:; F)];,- Then

IR(A; F)(x) — R(u; F)(y)|

< [R(; F)(x) — R(w; F)(O + [[R(w; F)(x) — R(ws FY()|
[R(A; F)Lip

— |l = A[[R(A; F)ILip

which shows that R(u; F)(y) = R(A; F)(x)in X as (i1, y) — (A, x) in pg (F) X X,
and so we are done. m]

= | = ARG F)EO + [R(A; F)lip Ix — vl

The following example shows that the map A — R(A; F) is in general not contin-
uous from pk (F) into Lip(X). This is of course in sharp contrast to Theorem 1.1 (d).

Example5.10. Let X = R and define F € Lip(X) by

x ifx <2,

F) = {2 ifx > 2.

Obviously, [FlLip = 1 and ok (F) = [0, 1]. The resolvent operator (5.40) has the
form
o ifx <2(1 —A),

. = A—1
R F)(x) = {x—Z ifx >2(1—2»)
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for A < 0, and
x=2
== jf 2(1 — A
RGP =] 1 Hr=2=,
for A > 1. We show that the map A +— R(X; F) is discontinuous at A = 2. Indeed,
forA, :=2—1/n,x, := -2 —1/n,and y, := —2 — 1/2n we obtain the estimate

[R(Ans F) = R(2; F)lLip
o NRG; F) — R(25 F)I(n) — [RO3 F) = R(23 E)1O) |

lxn — yaull
3n+1 Tn+1
= |- + |2n|
2n(n+1) 4n(n+1)
2n(n — 1)
e N),
mmrn PEN

which shows that 1
lim sup[R (An; F) — R(2; F)ILip > ok

n—o0

So [R(An; F) — R(2; F)ILip # Oasn — oo. Q

5.7 Notes, remarksand references

Lipschitz continuous operators are of course widely used in nonlinear analysis; we
just recall the Banach—Caccioppoli contraction mapping theorem and its various gen-
eralizations. Most of the material on Lipschitz continuous operators presented here
may be found in the monograph [184]. The operators which we call lipeomorphisms
are sometimes called bi-Lipschitz maps in the literature.

The Banach space Lip,(X) of all Lipschitz continuous operators F': X — X
satisfying F'(6) = 0 is quite similar to the algebra £(X) of all bounded linear operators
on X, and this might be the reason why nonlinear spectral theory has been considered
by some authors for such operators. However, £ip(X) is not a Banach algebra, since
the distributive law F (G 4+ H) = FG + F H for addition and composition on the left
fails. On the other hand, the distributive law (F + G)H = FH + G H is true, and we
used this in the proof of Proposition 5.2.

We point out that in [79] one may find several invertibility results for Lipschitz
continuous operators in the spirit of Chapter 3. Loosely speaking, these results apply
to operators which are not “too far from being linear”. More precisely, suppose
that F € Lip(X, Y) maps 6 into 8, and assume in addition that there exists a linear
isomorphism L € £(X,Y) such that [F — L].j, < | L |, where | L | denotes the
inner norm (1.79) of L. Then the equation F(x) = y is equivalent to the equation
x4+ L™ (F — L)x = L'y, and the latter one may be solved uniquely by means of
the Banach—Caccioppoli contraction mapping principle.
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Brouwer’s theorem on the invariance of domain in finite-dimensional spaces may
be found in any book on topological methods of nonlinear analysis, e.g. [73]. Observe
that this theorem actually implies the more general result whose proof goes exactly
like our surjectivity proof for Al — F in Lemma 5.2: if X is finite-dimensional and
F € Lip(X), then ox(F) = oyip(F), where o1jp(F) is given by (2.28). We have
proved this for infinite dimensional spaces in Proposition 5.3. A detailed study of
such theorems for operators F' satisfying [F]a < 1 and [F]g < 0o, by means of
degree theoretical methods, may be found in [217].

The characteristics (2.1) and (2.2) which are fundamental in this chapter have been
studied in [240] and [181]. Apart from these characteristics, the author of [240] also
defines, for F € £ip(C), the characteristics

I+eFlLp—1
MIF) = tim 2 e =L F ey — o (5.45)
el0 & w—00
and
I +eFlip—1
m[F] := lim Utelhp =1 _ [F 4+ ollip — o (5.46)
el0 & w—> 00

which have similar properties as those given in Proposition 2.1. If L € £(C) is a
matrix, then M[L] is nothing else but the so-called logarithmic norm of L introduced
by Dahlquist [69].

The following invertibility result which is similar to Proposition 5.1 may be found
in [240] (see also [214], [215]).

Proposition 5.6. Let X be a Banach space and F € £ip(X) with M[F] < 1. Then
I — F is a lipeomorphism, and the estimate

1
(1= )iy < T

holds true.

Several statements and effective bounds for the characteristics M[F] and m[F]
may be found in the survey [69].

The Kachurovskij spectrum (5.9) was introduced, apparently, by Kachurovskij
[156], and later studied in [82], [181], [270]. It seems that the authors of [181] and
[270] were unaware of Kachurovskij’s paper [156]. Theorem 5.1 may be found in
[181] or [15], Proposition 5.3 in [M]. The “scalar” Examples 5.4-5.6 are all taken
from [MW]; they show that, even for very simple scalar functions F: C — C, it is
impossible to guess the explicit form of the spectrum ox (F).

In [181] the authors show that ok (F) # @ for X = C and pose the question
whether or not this is also true in case dim X > 2. Example 3.18 gives a negative
answer to this question.
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As mentioned before, there is no analogue to the Gel’fand formula (1.9) for the
spectral radius (5.10), see Example 3.19. However, Dorfner [82] discusses a class of
operators F' € £ip(X) for which one has at least an upper estimate of the form

rk (F) < lim sup[F”]{{l’; (5.47)
n—oo

which is of course better than (5.11). Following [82] we call an operator F iteration-
invariant if there exists some ng € N such that

sup[(uF + 2)"ILip < [u"[F"ILip (n € K, n > no). (5.48)

zeX

For example, if f: R — R is a globally Lipschitz continuous C!-function with some
additional properties, then the Nemytskij operator (4.21) generated by f is iteration-
invariant on the space C[0, 1] of continuous functions, as was shown in [82]. Moreover,
every iteration-invariant operator F belonging to £ip(X) satisfies the estimate (5.47).

A detailed discussion of the properties of the Kachurovski resolvent set px (F),
the spectrum ok (F), and the resolvent operator R(A; F) = (A — F y~1 may be
found in Chapter 1 of the survey [70]. In particular, the closedness and the estimate
(5.12) are proved there. Moreover, in [70] it is shown that, as a consequence of the
resolvent identity (5.43), the differentiability of the map x — R(A; F)(x) implies the
differentiability of the map A — R(A; F)(x) with

0 ad
8_)\‘R()\., F)yx) = _ER(A’ F)(x)R(; F)(x).

As application, the author of [70] considers a Cauchy problem for an abstract (i.e., Ba-
nach space valued) function and calculates the corresponding Kachurovskij spectrum
and resolvent operator. Perturbation theorems for Lipschitz continuous operators in
the spirit of Kato’s book [158] may be found in [228], as well as results on resolvent
operators which are similar to [70].

The Dérfner spectrum (5.32) was introduced and studied in the thesis [82]. In
view of its “bad” analytic properties, however, this spectrum will be hardly used in
the study of nonlinear problems. Table 5.1 may be found, together with some more
examples, in [13]; Subsection 5.4 is also taken from [13].

All results of Section 5.5 may be found in the recent paper [11], the results and
examples of Section 5.6 in Chapter 3 of the book [184]. We will come back to
semicontinuity properties of other spectra in the next two chapters. More precisely,
we will show that all spectra which have been studied in the literature are upper
semicontinuous.

Estimates for the nonlinear resolvent operator (5.40) with respect to special metrics
may be found in the paper [255]. As we have seen in Example 5.10, the map which
associates to each A € pk (F) the resolvent operator R(X; F) for fixed F' € Lipy(X) is
not continuous in the norm [ - J.ip. Interestingly, Singhof [239] has shown in another
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context that this map is in fact continuous from pp (F) into 8(X) with norm (2.6). To
explain this strange phenomenon requires some technical preparation.
Let F: X — Y be a continuous operator with F () = 6, and denote by

T(F)={(x,y) € X x Y :y = F(x)) (5.49)

its graph. This is a closed subset of X x Y; here we equip X x Y with the norm
e, W = (|x 12+ ||y||2)1/2, which has the advantage that X x Y becomes a Hilbert
space whenever X and Y are Hilbert spaces.

In [238], [239] the author introduces two topologies on (X, Y) which may be
defined as follows. Given F € €(X,Y) and y € X, we denote by I:"y the operator
shift defined by 3

Fy(x):=F(x+y) - F(y): (5.50)

SO ﬁy = F forall y € X if and only if F is additive. Moreover, for R > 0 we put
Fr(F) :=A{(x, F(x)) € I'(F) : |(x, F(x))Il = R}. (5.51)
For F,G € €(X,7Y) let
dg(F, G) := sup sup {% dist((x, F(x)), ['(G)) : (x, F(x)) € FR(F)}, (5.52)

R>0
ds(F, G) := max{d(F, G), ds(G, F)}, (5.53)
D(F,G) := sup sup sup { £ dist((x, F(x)), T'(Gy)) : (x, F(x)) € Tr(F))},
>0ye
(5.54)
and
Dg(F, G) := max{D(F, G), Ds(G, F)}. (5.55)

The two topologies induced by the characteristics (5.53) and (5.55) may be defined
in the following way. Let us call a set U € €(X, Y) open in the Singhof d-topology
if for every F € U one may find § > 0 such that G € U for all G € €(X,Y) with
ds(F, G) < §. The Singhof D-topology is defined similarly by using Dy instead of
ds. It is not hard to see that €(X, Y) becomes in fact a topological Hausdorff space
with these topologies. The following proposition gives an interesting relation with the
characteristics (2.1) and (2.6) which were crucial in the definition of the Kachurovskij
and Dorfner spectra in this chapter.

Proposition 5.7. The following holds true:
(@) The set Lipy(X,Y) is open in €(X, Y) with the Singhof D-topology.
(b) The setB(X,Y) is open in €(X, Y) with the Singhof d-topology.

(c) The Singhof D-topology induces on L£ipy(X, Y) the same topology as the char-
acteristic [ - ]Lip defined in (2.1). Moreover, for every F,G € &€(X,Y) with
F — G € Lipg(X, Y) one has Ds(F, G) < [F — G]Ljp.
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(d) The Singhof d-topology induces on *B(X,Y) the same topology as the char-
acteristic [ - g defined in (2.6). Moreover, for every F,G € €(X,Y) with
F—-—Ge®BX,Y)onehasds(F,G) <[F — G]g.

This proposition shows that, roughly speaking, the quasimetric (5.53) corresponds
to the characteristic [ - |, while the quasimetric (5.55) corresponds to the characteristic
[ - ILip- Moreover, it is shown in [239] that, for invertible continuous operators F' and
G, the equality

ds(F7', G = ds(F, G) (5.56)

is true. As a consequence, one may prove that
ds(R(A; F), R(u; F)) < 2(1 + A4 — pl (5.57)

for u sufficiently close to A. However, neither (5.56) nor (5.57) is true for Dy instead
of dg, and this is precisely the reason for the fact that the resolvent operator R(A; F)
depends continuously on A in B(X), but not in Lip(X).

A particular continuity property of spectra was studied in [241], [242]. Suppose
that F: X — X is a continuous operator in a Banach space X satisfying F(0) = 6
and having a compact Fréchet derivative L := F’(0) at zero. Assume that the spectral
radius (L) of L is a simple pole of the resolvent map A — R(A; L), and so the
nullspace N (r (L)1 — L) of the operator » (L) I — L is finite dimensional. Then the point
spectrum oy, (F) of F is called continuous at r (L) if (r(L) — 8, r(L) + 8) C op(F)
for some 6 > 0. Sufficient conditions for this, together with some applications to
Hammerstein integral equations, are given in [241], [242].



Chapter 6
The Furi-Marteli-Vignoli Spectrum

In this chapter we discuss a spectrum for nonlinear operators in Banach spaces which
was introduced in 1978 by Furi, Martelli, and Vignoli. This spectrum is based on the
notion of stable solvability of operators, a nonlinear analogue to surjectivity, and has
several surprising applications of topological character. In fact, it can be thought of
as a truly nonlinear tool for solving new problems, as well as for re-interpreting in a
new terminology some well-known results of nonlinear analysis. Some applications
of the Furi—-Martelli—Vignoli spectrum to boundary value problems will be given in
Chapter 12. In the last section we discuss a certain modification of the Furi—-Martelli—
Vignoli spectrum which builds on the notion of so-called strictly stable solvability of
operators, a reinforcement of stable solvability.

6.1 Stably solvable operators

Before introducing the Furi—-Martelli—Vignoli spectrum, we have to recall some classes
of special operators in this and the following section. We call a continuous operator
F: X — Y stably solvable if, given any compact operator G: X — Y with

[Glg = lim sup w =0

lx]|— 00 flx|]

)

the equation F(x) = G(x) has a solution x € X. Every stably solvable operator is
certainly surjective (choose G(x) = y), but not vice versa. For example, the operator
F(x) = x/+/1+|x| is a homeomorphism on the real line, but not stably solvable,
as may be seen by taking G(x) = F(x) + 1. For linear operators, however, stable
solvability just reduces to surjectivity:

Lemma®6.l. Let X and Y be Banach spaces and L € £(X,Y). Then L is stably
solvable if and only if L is onto.

Proof. We only have to prove that a surjective operator is stably solvable. So let
L € £(X, Y) be onto. From Michael’s selection theorem it follows that we may find
a continuous function s: ¥ — X such that s(y) € L~ !y for all y € Y. Moreover, s
may be chosen such that |s(y)|| < M| y|| for some M = M (L) > 0. In particular, if
L is a linear isomorphism we may choose s(y) = L~ 'yand M = ||IL7!].
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Now let G: X — Y be compact with [G]g = 0. Then the map Gs: Y — Y is
also compact and satisfies [Gs]g = 0. From Theorem 2.2 it follows that G's has a fixed
point y € Y. Consequently, x = s(y) satisfies Lx = Ls(y) =y = G(s(y)) = G(x),
and so L is stably solvable. O

A somewhat stronger version of Lemma 6.1 will be proved in Proposition 6.6
below.

If F: X — Y is stably solvable, it is sometimes necessary to get solutions of the
equation F'(x) = G(x) if G: X — Y is compact, but not necessarily quasibounded.
Here the following continuation principle is very useful.

Proposition 6.1. Let F: X — Y be stably solvable, and further suppose that
H: X x [0,1] — Y is continuous and compact and such that H(x,0) = 0 for
any x € X. Let

S={xeX:F(x)=H(x,t)for somet € [0, 1]}, (6.1)

and assume that the set F(S) is bounded in Y. Then the equation F(x) = H(x, 1)
has a solution x € X.

Proof. Choose r > 0 such that F(S) is contained in the open ball B?(Y), and define
m: X — [0,1] by
dist(F(x), Y \ B-(Y))

(0= dist(F (x), F(S)) 4+ dist(F(x), Y \ B, (Y))’

where
dist(z, M) = inf{||z — x|| : x € M}

denotes the distance of the point z from the set M. Define G: X — Y by

H(x, m(x)) if|[Hx,m(x)| <7,
GOy =1, H&20) oy el > r.
I1H (x, 7 (x))]]

Since G is compact, [Glg = 0, and F is stably solvable, there exists ¥ € X
such that F(X) = G(x). Now, ||F(x)|| > r would imply 7(x) = 0, and hence

F(x) = H(,0) = 6, a contradiction. So, we know that | F(x)| < r, hence
F(x) = HZx,7(x)). Since 0 < mw(x) < 1, we conclude that x € S. It follows
that 7 (x) = 1, i.e., F(x) = H(x, 1) as claimed. O

The following three examples show how one may generate stably solvable opera-
tors from others.

Example6.1. Let X, Y and Z be Banach spaces, and let F: X — Y be stably solv-
able. Suppose that G: Z — X is continuous and surjective with a quasibounded
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right inverse G:X — Z. Then FG: Z — Y is stably solvable. In fact, let
H: Z — Y be compact with [H]q = 0. Since F is stably solvableand HG: X — Y
is compact with [HG1q < [H]g[Glq = 0, the equation F(x) = H(G(x)) has a solu-
tion X € X. Butthen y = G (%) € Z is a solution of the equation FG(y) = H(y). ©

Example6.2. Let X, Y and Z be Banach spaces, and let F: X — Y be stably
solvable. Suppose that G: Y — Z is continuous and surjective with a quasi-
bounded right inverse G:Z—Y.ThenGF: X — Zis stably solvable. In fact, let
H: X — Z be compact with [H]q = 0. Clearly, the equation F(x) = G(H (x)) has
asolution ¥ € X. Applying now G to both sides of this equation, we see that X is also
a solution of the equation G(F(x)) = H (x). Q@

Example6.3. Let X, Y and Z be Banach spaces,andlet F: X — Yand G: Z — X
be continuous. If G is quasibounded and FG: Z — Y is stably solvable then F
is stably solvable. In fact, let H: X — Y be compact with [H]go = 0. Since
FG: Z — Y is stably solvable, the equation F(G(z)) = H(G(z)) has a solution
zZ € Z. Butthen X = G(2) € X is a solution of the equation F(x) = H (x). v

To see how the abstract reasoning in these examples works, consider again the
operator F(x) = ||x|lx from Example 2.33. Since [F_I]Q = 0, from Example 6.1
(or 6.2) we conclude that F is stably solvable; this is not easy to prove directly.

One may also deduce Lemma 6.1 from Example 6.1 (or 6.2). In fact, suppose
that L = G: Y — X is linear, bounded, and onto, and so L has a quasibounded
right inverse. Since I = F: X — X is stably solvable, the same is true for
IL=L:Y — X.

The following result on stably solvable operators will be needed later and seems
to be of independent interest.

Lemma6.2. Let F € &(X) be stably solvable, B C X a closed subset, and
H: B — X a continuous operator. Assume that H (B) is bounded and

F~(coH(B)) C B. 6.2)
Moreover, suppose that the equality
a(F(M)) =a(H(M)) (M < B) (6.3)

implies the precompactness of M. Then the equation F(x) = H(x) has a solution
xeX.

Proof. We construct a sequence (x,), as follows. Take xo € X arbitrary and choose
X, € F7(H(x,—1)) for n € N; we have then F(x,) = H(x,—1) for all n. The set
A = {xg, x1, x2, ...} satisfies F(A) = {F(xg)} U H(A), by construction, and hence
is precompact, by (6.3). Moreover, H(A) is bounded, since H (B) is bounded and
A C B.
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Denote by A’ the set of all cluster points of A. We claim that A’ € F~(H(A")). In
fact, for x € A" we find a subsequence (x,, )x of (x), such that x,, — x, hence also
H (xp,—1) = F(xy,) > F(x)ask — oo. Let y € A’ be a cluster point of (x,,—1)k;
clearly, H(y) = F(x).

Consider the family

M=(M: MDA, M=M, F (coH(M)) C M).

This family is nonempty, since B € 1. Denote by M the intersection of all M € .
On the one hand, since

F~(coH(Mp) € F (coHM)) =M

for all M € 9, we have F~(co H(My)) C My. On the other hand, the set M| :=
F~(co H(My)) is closed and satisfies both

My = F~ (€0 H(Mp)) 2 F~ (@0 H(A")) 2 A’

and
F~(CcoH(My)) C F~(co H(Myp)) = M.

Therefore My € I, My 2O My, and F~(co H(Myp)) = My. This equality implies that
a(co H(My)) = a(H(Mo)) = a(F(Mo)),

and thus M is compact, by (6.3). By Dugundji’s extension theorem we find a continu-
ous operator G: X — X with G|y, = H|u, and G(X) € co H(Mp). Since G(X) is
precompact and [G]g = 0, by construction, the equation F(x) = G(x) has a solution
X € X. But from F(x) € co H(My) it follows that x € F~(co H(Mp)) = My. We
conclude that F(x) = G(x) = H(x), and the proof is complete. O

We point out that Lemma 6.2 contains both Darbo’s fixed point theorem (see
Theorem 2.1) and Sadovskij’s fixed point theorem (see Theorem 2.3) as special cases;
this may be seen by choosing F = [ and B C X closed, bounded, and convex. We
will use Lemma 6.2 later to establish an important Rouché type perturbation result
(Lemma 6.4) for a class of operators which we study in the next section.

We consider now a generalization of stably solvable operators. For k& > 0, let
us call an operator F' € €(X, Y) k-stably solvable if, given any continuous operator
G: X — Y with [G]a < k and [G]g < k, the equation F'(x) = G(x) has a solution
x € X. Obviously, O-stably solvable operators are just stably solvable in the sense
introduced above. Moreover, every k-stably solvable operator is certainly also k’-
stably solvable for k' < k. This motivates the following definition. For F € €(X, Y),
we call the number

w(F) =inf{k : kK > 0, F is not k-stably solvable} (6.4)
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the measure of stable solvability of F. (Here and in what follows we put inf ¥ := 00.)
We call an operator F € &(X,Y) strictly stably solvable if w(F) > 0, i.e., F is
k-stably solvable for some positive k.

Observe that Theorem 2.2 states precisely that the identity / in any Banach space
is k-stably solvable at least for k < 1. On the other hand, I is not 1-stably solvable,
as may be seen by choosing G(x) = x + xo with xg # 6. Consequently, we have
wu(I) = 1 in every Banach space.

In the special case X = R, the characteristic (6.4) strongly degenerates because

oo 1if F is onto,
w(F) = R
0 if F is not onto.

In fact, if F is not onto, we may simply choose G(x) = y withy € Y \ R(F).
The following Proposition 6.2 is an analogue to Proposition 6.1 for k-stably solv-
able operators.

Proposition 6.2. Let F: X — Y be k-stably solvable, and suppose further that
H: X x[0,1] — Y is continuous with [H( -, 0)]q < 1 and

a(H(M x [0, 1])) < ka(M) (M C X bounded).

Let S be defined as in (6.1), and assume that F(S) is bounded in Y. Then the equation
F(x) = H(x, 1) has a solution x € X.

Proof. Let w(x) and G(x) be defined as in the proof of Proposition 6.1. Since now
[G]a < k,[Glg = 0, and F is k-stably solvable, there exists * € X such that F(X) =
G(x). Now, | F(x)|| > r would imply 7 (x) = 0, hence |[F(X)|| = [|[H(X,0)| < r,
a contradiction. So we have || F(x)|| < r. But this implies that F(X) = H (X, 7 (%)),
hence x € S. It follows that 7 (x) = 1, i.e., F(x) = H(x, 1) as claimed. O

The following highly nontrivial example, which was discovered quite recently
by Furi, shows that there exist stably solvable operators which are not strictly stably
solvable.

Example 6.4. Consider the operator F' of Example 2.33, i.e.,
F(x) = |lx]lx

in the Banach space X = CJ[0, 1]. We already know that F is ahomeomorphism which
is stably solvable (see the Remark after Example 6.3). Now let p4: B(X) — S(X)
be the retraction for # = 4 which we constructed in Example 2.35. From (2.23) it
follows then that [p4]s < 2. For each n € N, denote by F}, the operator

F(3pa(nx)) if [xI| < 5,

BO=1py if ] >

S|=3
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It is easy to see that F}, is continuous and maps the space X onto the exterior of the
open ball Bi’ In (X). Moreover, we certainly have [F — F,]q = 0 for each n.

We claim that [F' — F,]o < 3/n. Indeed, denoting M, := M N By;,(X) for any
bounded M C X we obtain

a((F — F)(M)) = a((F — F,)(My))
< a(F(My)) + a(F,(My))

IA

1 1 1
—a(M) + —« <—,04("Mn)>
n n \n

IA

1 1 3
—a(M) + —[ps]aa(M) < —a(M).
n n n

Now we show that F is not strictly stably solvable. Suppose that u(F) > 0, and
fix k € (0, u(F)). By definition, for each continuous operator G with [G]s < k and
[Glq < k, the equation F(x) = G(x) has a solution X € X. In particular, we may
choose G = F — F,,, where kn > 3, since then [G]a < % < kand [G]g = 0, by what
we have proved before. But any solution * € X of F(x) = G(x) for this G would

satisfy F,,(¥) = 6 which is impossible by F,,(X) C X \ Blo/n2 (X). <

6.2 FMV-regular operators

There is a subclass of stably solvable operators which is so important in nonlinear
spectral theory that it merits a special name. Let us call a stably solvable operator
F € €(X,Y) FMV-regular (where FMV stands for Furi-Martelli—Vignoli, of course)
if both [F]g > O and [F]a > O (see (2.4) and (2.17)). A trivial example of an FMV-
regular operator is the identity /. More generally, the following important result is
true for linear operators:

Theorem 6.1. Let X and Y be Banach spaces and L € £(X,Y). Then L is FMV-
regular if and only if L is an isomorphism.

Proof. Let L be FMV-regular. Then L is injective, since [L]q > 0, and surjective,
by Lemma 6.1. Conversely, let L be a linear isomorphism. Then [L]q > 0 and also
[L]a > 0, by Proposition 2.5 (j) and (i). Again from Lemma 6.1 it follows that L is
stably solvable, and so we are done. m]

The following Lemma 6.3 provides a connection between FM V-regular and strictly
stably solvable operators which we will need in Section 6.6.

Lemma 6.3. Every FMV-regular operator is strictly stably solvable. More precisely,
the estimate
p(F) = min{[Flg, [Fla} (6.5)

holds.
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Proof. Fix k with k < [F]q and k < [F],; we have to show that the equation
F(x) = G(x) has a solution X € X for any G € €(X,Y) with [Glo < k and
[Gla < k.

Choose real numbers b and ¢ such that [G]g < b < ¢ < [F]g, hence |G(x)]| <
bllx|| and || F(x)|| > cllx|| for ||x|| > r with suitable » > 0. Since @(G(B,(X))) <
[Glaa(B, (X)) < oo, the set G(B,(X)) is bounded by some constant R > 0, and so
IG(x)|| < R+ b||x|| forall x € X. Put

R
c—b’

pi=

where we may assume without loss of generality that p > r. We apply Lemma 6.2 with
B = B,(X). Itis clear that G(B,(X)) is bounded because G(B,(X)) € Brypo(Y).
Fix x € X with F(x) € Brypp(Y). Now, [|x|| > p would imply

R+bp = [FOO)I = cllx|l > cp,
contradicting our choice of p. Thus, we have proved that
F(coG(By(X))) S F(coBrypp(Y)) = F~ (Br4pp(Y)) S Byp(X).
Moreover, for all M € B,(X) with «(M) > 0 we have, by assumption,
a(F(M)) =z [Flaa(M) > [Glaa(M) = a(G(M)).

Thus, all hypotheses of Lemma 6.2 are satisfied, and so the equation F(x) = G(x)
has a solution x € X. O

The assumption on F to be FMV-regular in Lemma 6.3 means, in particular, that
[Fla > 0. Example 6.4 shows that Lemma 6.3 is false without this assumption. In
fact, we have already seen in Example 2.33 that the operator F'(x) = ||x||x satisfies
[F]a = 0 in any infinite dimensional space.

The following perturbation results of Rouché type for FMV-regular and k-stably
solvable operators are important for deriving certain topological properties of the
spectra we will discuss in the sequel.

Lemma6.4. Let F, G € €(X,Y). Then the following is true:

(a) If F is k-stably solvable with k > [Ga and k > [Glq, then F + G is k'-stably
solvable for 0 < k' < k —max{[F]a, [Flg}-.

(b) If F is FMV-regular with [Fl, > [G]a and [Flq > [Glq, then F + G is also
FMV-regular.

Proof. To prove (a) fix H € &(X,Y) with [H]a <k — [G]a and [H]g < k — [G]lg;
we have to show that the equation F(x) + G(x) = H(x) has a solution x € X. But
[H — Gla < [H]a +[Gla < kand [H — Glg < [H]g + [Glg < k. Since F is
k-stably solvable, the equation F(x) = (H — G)(x) has a solution x € X.
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The assertion (b) is a consequence of (a). Indeed, since F is k-stably solvable for
k = min{[F],, [F]q} by Lemma 6.3, part (a) implies that ' + G is stably solvable as
well. Also, [F + Gly > [Fla — [G]a > O and [F + G]q > [Flq — [G]g > 0, by

Proposition 2.2 (c) and Proposition 2.4 (d), and so we are done. O

Using the characteristic (6.4) we may express the statement of Lemma 6.4 (a) in a
more suggestive way as Rouché type inequality

pn(F + G) = n(F) —max{[G]a, [Glo}- (6.6)

Now we discuss two important applications where FM V-regular operators occur
quite naturally. Let X be an infinite dimensional Banach space, and let X be a closed
subspace of X of finite codimension. Recall that we write B(X) for the closed unit
ball and S(X) for the unit sphere in X.

An operator F: X — Xg is called a compact vector field if the operator
I — F: X — X is continuous and compact. A non-vanishing compact vector field
F: S(X) — Xo\ {0} is called essential if any extension of F to a compact vector
field F B(X) — Xy vanishes at some interior point of B(X).

To characterize essential compact vector fields in terms of FM V-regular operators
we have to introduce some notation. Given a compact vector field F: S(X) — Xp,
define F;: X — Xy as in (3.10) by

Ixl| F () ifx #6,

Fieo = " o

6.7)

Clearly, the vector field F7 is 1-homogeneous and coincides with F on S(X). We call
the operator F the homogeneous extension of F.

Proposition 6.3. Let F: S(X) — Xq \ {0} be a non-vanishing compact vector field.
Then F is essential if and only if its homogeneous extension (6.7) is FMV-regular.

Proof. Assume that F is FMV-regular, and let F:B(X)— Xobea compact vector
field such that F|s(x) = F. Define G € €(X, Xy) by

Fi(x) — F(x) if x|l <1,

G(x) =
=1, if x] > 1.

Since [G]a = [Glg = 0 and F] is stably solvable , we find ¥ € B(X) such that
Fi(®) = G®), i.e., F(%) = 0, which shows that F is essential.

Conversely, assume that F: S(X) — X is essential, and let G: X — Xg be
compact with [G]g = 0. We have to prove the solvability of the equation Fj(x) =
G(x) in X. To this end, we distinguish two cases. First, assume that G has bounded
support, i.e., G(x) = 0 for ||x|| > R with suitable R > 0. Define F: B(X) > Xo by

A 1
Fx)=Fi(x)— EG(Rx).
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Clearly, F is a compact vector field with F Is(xy = F. Since F is essential, we have
F (%) = 0 for some £ € B(X). But this implies that F1(RX) = RF|(X) = G(RX).
So we have proved that Fj is stably solvable; the fact that [F]q > O and [Fi], > Ois
obvious, since F' is non-vanishing.

Now, if the support of G is not bounded, we replace G by the operator

Gn(x) = dp(IxIDG (x),

where
1 ifo<t<n,
dy(t)={2-1t ifn <t <om, (6.8)
0 ift > 2n.

By what we just proved, we find a sequence (X), such that F(X,) = G,(x,). If
|X: ]l < n for some n, we have F(X,) = G, (X,) = G(X,), and the proof is finished.
On the other hand, if || X, || > n for all n, the sequence (X,), is unbounded and

Fi(x . G(x G(x
I lf wl =d,,(||x,,||)” En)” - I En)ll L0 (11— 00,
[l x| [1%n I [lxn
But this contradicts the fact that [F1]q > 0, and so the proof is complete. O

The next Proposition 6.4 may be regarded as some continuation principle for stably
solvable and k-stably solvable operators.

Proposition 6.4. Suppose that Fo: X — Y is ko-stably solvable for some kg > 0,
and H: X x [0, 1] — Y is continuous with H(x,0) =0,

a(HM x [0,1])) <ka(M) (M C X bounded),

and
LEX

sup lim sup
0<t<1 |x|—oo Xl

for some k < ko. Then the operator F| := Fy + H(-, 1) is ky-stably solvable for
ki <ko—k.

Proof. The assertion is a direct consequence of Lemma 6.4 (a), applied to the operator
G=H(,1. O

We remark that a similar continuation principle as that given in Proposition 6.4
may be proved under the hypothesis that the set (6.1) be bounded. A certain “local
version” of Proposition 6.4 will be proved in Section 7.1 in the next chapter.
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6.3 The FMV-spectrum

Now we are ready to define the Furi-Martelli—Vignoli spectrum. Given F € €(X),
we call the set

pemv(F) = {L € K: Al — F is FMV-regular} (6.9
the Furi-Martelli-Vignoli resolvent set and its complement

opmv (F) = K\ ppmv (F) (6.10)

the Furi-Martelli-Vignoli spectrum (or FMV-spectrum, for short) of F. Intuitively
speaking, if a point A € K belongs to opmy (F), then the operator Al — F is character-
ized by some lack of surjectivity, properness, or boundedness. By Theorem 6.1, for a
linear operator this gives precisely the familiar spectrum.

Let us first study some topological properties of the spectrum oppy (F) as we have
done before for the other spectra. First of all, we remark that opypy (F) = @ for the
operator F given in Example 3.18, and thus also the FMV-spectrum may be trivial.
On the other hand, the spectrum opyy (F) has a nice property which the Rhodius,
Neuberger, and Dorfner spectra do not have in general:

Theorem 6.2. The spectrum opmy (F) is closed.

Proof. Fix & € ppmv(F), and let 0 < 6 < min{[Al — F],, [A] — Flq}. We apply
Lemma 6.4 (b) to show that u € ppyv (F) for | — A] < . In fact, from

[ =MIa == A < [M = Fla,  [(w=MI]lq=[n =2 <[M = Flq4

it follows that ul — F = (Al — F) + (u — X)I is FMV-regular. This shows that A is
an interior point of prmy (F), and thus ppyvy (F) is open in K. O

In the following theorem we consider a class of operators for which the FMV-
spectrum is even compact.

Theorem 6.3. Suppose that F € €(X) satisfies [F]a < 0o and [Flg < oo. Then the
spectrum opmy (F) is bounded, hence compact.

Proof. First of all, for A € K with [A| > [F]q and |A| > [F]a we have [A] — F]q >
Al = [Flg > Oand [A] — Fla > |A| — [F]a > 0. We claim that A/ — F is stably
solvable for such A. So,let G: X — X be compact with [G]g = 0. Then the operator
H = (F+G)/Asatisfies [H]a < 1 and [H]g < 1, and so the assertion follows from
Theorem 2.2. a

Observe that we have actually proved that the Furi-Martelli-Vignoli spectral ra-
dius
remy (F) = supf|A| : A € opmv (F)} (6.11)
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satisfies the upper estimate

remy (F) < max{[Fla, [Flo}. (6.12)

Later (see Example 6.10) we will show that the spectrum opypy (F') may be unbounded
if the right-hand side of (6.12) is infinite.

The following example shows that there is no analogue to the Gel’fand formula
(1.9) for the FM V-spectrum.

Example6.5. Let f: R — R be defined by

0 ifx <1,
foy={x—1 ifl<x<2,
1 if x > 2.

Consider the operator F given by

F(xy,x2,x3,...) = (f(x1), f(x2), f(x3),...)

in the space X = I, with the supremum norm. Since f?(x) = 0 we certainly have
F"(x) =6 forn > 2. Now, the set M = {(x1, x2,x3,...) € X : I <x; <2}isnot
precompact, so (M) > 0. On the other hand, the operator / — F maps M into the
point (1,1, 1,...), and so

all — F)M)) _

n 0.
a(M)>0 a(M)

[l —Fla=
We conclude that 1 € opmv (F), and thus neither the Gel’fand formula (1.9) nor the
spectral mapping theorem (Theorem 1.1 (h)) may be true for the FMV-spectrum. ©

Nevertheless, the FMV-spectrum has another pleasant feature: it is upper semi-
continuous on a certain class of continuous operators. Here the most suitable class is
the intersection 20(X) N Q(X); in fact, Theorem 6.3 shows that the multivalued map
F + opmv (F) is compact-valued on this class. Let us denote by p4 ¢ the seminorm

pag(F) = max{[F]a, [Flo} (6.13)

on2L(X)NLQ(X). This seminorm defines a (locally convex) topology on 2((X) N (X)
which we call the FMV-topology in the sequel.

Theorem 6.4. The multivalued map opmy : A(X) NQ(X) — 2K which associates to
each F its FMV-spectrum is upper semicontinuous in the FMV-topology.

Proof. We apply Lemma 5.4 and show that the map oy is closed. So choose a
sequence (F,), in A(X) N Q(X) and a sequence (i), in K such that

mn € opmv (Fn),  pn —> @, pag(F — F,) — 0.
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Since

pao((pund — Fy) —(ul —F)) < |y —pl+pag(F—F,) - 0 (n— o0), (6.14)

the sequence (u,I — F,), converges in the FMV-topology to u/ — F. But from
Theorem 6.2 it follows then that & € opmv (F), and so opmy has a closed graph. To
apply Lemma 5.4, it remains to observe that (5.39) is satisfied with p = pag, by
(6.12), and so the proof is complete. O

The results of this section show that the FMV-spectrum has rather nice properties.
However, there is a deplorable drawback: in contrast to all the nonlinear spectra
considered so far, the FMV-spectrum in general does not contain the point spectrum
(3.18). This may be illustrated by the following very simple example.

Example6.6. Let X = R and F(x) = +/]x] as in Example 3.16. We already know
that o, (F) = R\ {0}. However, 0 € opmv (F), since F is not onto, and from (6.12)
we conclude that opyvy (F) = {0}. Thus, the FMV-spectrum may even be disjoint
from the point spectrum. ©

Example 6.6 is of course in sharp contrast to the familiar spectrum of a bounded
linear operator, where the point spectrum is an important part of the whole spectrum.
In the next chapter we will discuss another spectrum which is quite similar to the
FMV-spectrum but contains the eigenvalues.

6.4 Subdivision of the FMV-spectrum

The definition of the FMV-spectrum suggests the following natural decomposition.
Given F € €(X), let us put

os5(F) = {}» € K: Al — F is not stably solvable} (6.15)

and
on (F) = 0,(F) U og(F), (6.16)

where o (F) is as in (2.29) and 0,(F) as in (2.31). So, by definition, we have the
decomposition

ormv (F) = 05(F) U 07 (F) = 05(F) U 0a(F) U aq(F). (6.17)

Of course, we have to be careful with the notation (6.15), because we have already
used the symbol o5(L) in (1.51). Fortunately, a comparison with the corresponding
decomposition of the linear spectrum in Section 1.3 gives what we expect.

Lemma 6.5. Let X be a Banach space and L € £(X). Then os(L) coincides with
the defect spectrum (1.51), and o, (L) coincides with the approximate point spectrum
(1.50).
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Proof. The first assertion is an immediate consequence of Lemma 6.1, while the
second assertion has already been observed in Section 2.4. O

In view of Lemma 6.5 we shall retain the name of defect spectrum for o5(F)
and approximate point spectrum for o, (F) also in the case when F is nonlinear. The
following theorem gives useful information on the “position” of the approximate point
spectrum in the whole spectrum.

Proposition 6.5. The subspectrum (6.16) is closed and contains the boundary of the
FMV-spectrum, i.e., we have

dopmv (F) C o7 (F). (6.18)

Proof. We show that opmv (F) \ o5 (F) is an open subset of K. Indeed, fix A €
ormv (F) with A & o, (F). From Theorem 2.4 we know that the subspectrum o (F)
is closed. Therefore it suffices to show that there exists § > 0 such that u/ — F is not
stably solvable for |A — | < §é.

If this is not true, we find a sequence (A,), with A, — A such that A,/ — F is
stably solvable for all n. Since Al — F is not stably solvable, by assumption, there
exists a compact operator with [G]g = 0 such that Ax — F(x) # G(x) forallx € X.
On the other hand, the stable solvability of the operators A,, I — F implies the existence
of a sequence (x;), with A, x, — F(x,) = G(xp).

We claim that the sequence (x,), is bounded. In the opposite case we would have
|lx, ]| = o0, hence

lAxn, — F(xp)ll < lAxn — Apxull |Anxn — F (x|

(B - [l I (B
G
— =+ G L o),
(A

But this means that [A/ — F]q = 0, contradicting our choice A & o (F).
Now, the boundedness of (x,), implies that

Axn — F(xp) = Gl = [I1Axn — AnXnll < |A = Xl X0l = O (n — 00).

From this and the fact that [A\] — F — G], = [AM — F], > 0 it follows that there
exists a subsequence (xp, )x of (x,), with x,, — X. By continuity, x is a solution of
the equation Ax — F(x) — G(x) = 6. This contradiction shows that our assumption
was false, and so the above assertion is true.

Now let A € dopmvy (F), and assume that A & o (F). Then A € opmv (F) \ o (F)
which is open in ogppmy (F), contradicting A € dopvy (F). a

Proposition 6.5 generalizes a well-known fact from linear spectral theory which
states that, for L € £(X), the spectra os(L) and oq(L) are both closed, and the
boundary of the whole spectrumis included in o (L), see Proposition 1.4 (a). However,
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we do not know whether or not the defect spectrum o5 (F') is also closed for nonlinear F'.

From Proposition 2.5 (i) it follows that for L € £(X) we actually have o, (L) =
0q(L). Thus, in this case we may replace (6.18) by the sharper inclusion

dorpmv (L) < aq(L), (6.19)

which is exactly Proposition 1.4 (a). However, the following example shows that the
inclusion (6.19) need not be true for nonlinear operators.

Example6.7. In X = C[0, 1], let p4: B(X) — S(X) be the same retraction as in
Example 6.4 (or Example 2.35). Define F € €(X) by

oy = [0 i< 1,
if ||x] > 1.

Clearly, [Flg = 1 and [F]a < 2, and thus from (6.12) it follows that the spectrum

opmv (F) is compact. It is not hard to see that oq(F) = {1}. Consequently, the

inclusion dopmy (F) € oq(F) would imply that opmy (F) = {1}. On the other hand,

we have 0 € o5(F) C opmv (F), since F is not onto. Q@

The following theorem provides some further information on the “topological
interaction” between the subspectrum o5 (F) and the whole spectrum opyy (F). A
natural boundedness condition for the FM V-spectrum has been given in Theorem 6.3.
For a closed set ¥ C K, we denote as before by co[2] the unbounded connected
component of K \ X.

Theorem 6.5. For F € €(X), the following is true:

(a) If ) and p belong to the same component of K\ o (F), then A\l — F and ul — F
are either both FMV-regular or both not FMV-regular.

(b) IfK = C and opmy (F) is bounded, then coolon (F)] C prmv (F).

(©) IfK =R, opmv (F) is bounded from above, and A belongs to the right component
Coolor (F)], then & € ppmv (F); the same holds if opvy (F) is bounded from
below and A belongs to the left component coolor (F)].

Proof. 1t is not hard to see that both (b) and (c) follow from (a); so we only have to
prove (a). Let C denote the connected component of K \ o, (') which contains A and
i, and put

Co:={v e C:vl — F is FMV-regular}.

Suppose that A € Cop; then Cy # . Since the boundary of Cy relative to C is empty,
by Proposition 6.5, the set Cy is both open and closed in C. From the connectedness
of C it follows that Co = C, hence u € Cy. a



144 6 The Furi-Martelli—Vignoli Spectrum

The following lemma illustrates again the usefulness of the seminorm (6.13) and
will be important in Section 6.6.

Lemma6.6. Let F, F: X — X two operators such that pso(F — F) = 0. Then
0q(F) = 0q(F), 0a(F) = 0,(F), and o5(F) = 05(F), and hence opmv (F) =
opmy (F).

Proof. Clearly, [F — F lo = 0 implies o (F) = crq(ﬁ ), by Proposition 2.2 (d), while
[F — I:"]A = 0 implies 0,(F) = aa(l:"), by Proposition 2.4 (e). But the condition
pag(F — F) = 0 implies as well that F — F is a compact operator of quasinorm 0.
Thus F is stably solvable if and only if Fis stably solvable. O

6.5 Special classes of operators

In this section we show that, as one may expect, the theory of the FMV-spectrum
becomes richer if we restrict the class of operators under consideration. First of all, it
is easy to prove the following analogue to Theorems 4.3 and 5.2.

Theorem 6.6. Suppose that X is infinite dimensional and F € €(X) is compact; then
0 € opmv (F), and hence opyy (F) is nonempty.

In the next three theorems we give a more precise description of the subspectra
0q(F), 0,(F) and o (F). In particular, Theorem 6.8 provides an interesting sufficient
condition under which o4(F) is nonempty. For a closed set ¥ € K we denote now
by co[ 2] the connected component of K \ X containing 0.

Theorem 6.7. Suppose that X is infinite dimensional and F € €(X) is compact. Then

the following is true:

(@) 0a(F) = {0}, hence o (F) = {0} U ogq(F).

(b) F is not onto, in particular, 0 € o5(F).

(c) Either 0 € oq(F), or colog(F)] € os(F).

(d) Iformv(F) # K, then oq(F) # 0.

(€) If0 & oq(F) and opmy (F) is bounded, then coloq(F)] is bounded; consequently,
0q(F) contains a positive and a negative value.

(f) If K = C and opmy (F) is bounded, then coolor (F)] N opmy (F) = 0.

Proof. The assertion (a) follows immediately from the equality [ — F], = |A]| (see
Proposition 2.4 (i)), while (b) follows from Theorem 3.5.

To see that () is true, observe that (a) and the condition 0 ¢ oq(F) imply that 0 is
an isolated point of o, (F). Therefore it suffices to show that A/ — F is not onto for
A small enough. In fact, assume that the set co[oq(F)] \ o5(F) is nonempty. Since
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this set has no boundary in co[oq(F)], by Proposition 6.5, it is both open and closed
in co[og(F)]. But co[oq(F)] is connected, by definition, and so os(F) = @.

Now, to show that A/ — F is not onto for A small enough, assume that this is not the
case. Then there exists a sequence (A,), in K converging to zero such that A, — F
is onto for all n. Fix a € (0, %[F]q), and choose R > 0 such that || F(x)|| > 2al/x]|
for || x|| > R. Taking b := 2aR we have then || F(x)| > 2allx|| — b for all x € X.
Consequently, for || < a we have ||Ax — F(x)|| > a|x| — b.

Fix y € B(X). By assumption, we find a sequence (x,), in X such that A, x, —
F(x,) = y for all n. Without loss of generality we may assume that |A,| < a for all
n, and thus

L > [yl = Anxn — F(xp)ll = allxa |l — b,

hence x, € B,(X) with r := (1 + b)/a. Since F is compact and A,x, — 6, we
conclude that F(x,) — —y asn — oo. But y € B(X) was arbitrary, and so we
see that B(X) € F(B,(X)) which is impossible since F (B, (X)) is precompact. This
completes the proof of (c).

If 0 € o4(F) then (d) is proved. On the other hand, if 0 ¢ oq(F), it follows from
(c) that O is an interior point of opypy (F). But (6.18) and (a) show that

dopmv (F) C o7 (F) = {0} U oq(F).

The assertion follows now from the fact that doppy (F) # @ since 0 € opyy (F) and
ormy (F) # K.

Observe that (e) is an immediate consequence of (c). To prove (f), put Coo :=
Ccolor (F)] and C := Cq \ opmv(F); we have to show that C = C. Since the
relative boundary of C with respect to C is empty, by Proposition 6.5, the set C is
both open and closed in Co,. From the connectedness of Cy, it follows that either
C = Cx or C = (). But the latter is impossible if oppy (F) = Cx \ C is bounded. O

Observe that Theorem 6.7 (f) implies the following alternative on the “size” of the
subspectrum o (F): If K = Ctheneither oq(F) = @ or0 € oq(F) oroq(F) isinfinite.
This is false in case K = R. For example, for the operator F(x1, x2,x3,...) =
(x|, x1, x2, ...) (see Example 3.15) in the real sequence space X = [, we have
0q(F) = (£v/2}.

We illustrate Theorem 6.7 by a simple example. This example shows, in particular,
how both cases in Theorem 6.7 (c) may occur, and how this gives information on the
subspectrum o (F') which is most difficult to calculate in practice.

Example 6.8. Let X be an infinite dimensional complex Banach space, e € X with
lell =1, and
Fy(x) :=|Ix||% (x> 0). (6.20)

It is clear that 0, (Fy) = {0} and O € o5(Fy) for any @ > 0. Concerning o4(Fy) and
os(Fy), we distinguish three cases.
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Ist case: a < 1. Then [Fylqg = 0, and so opmv (Fw) can only contain 0, by (6.12).
Indeed, oq(Fy) = {0} since [Fy]g = 0, and o5 (Fy) = {0} since Fy is not onto.
2nd case: o = 1. This is the most interesting case. Here o5(F) C ormv (F1) must be
contained in the closure I of the complex unit disc D := {z € C : |z| < 1}, again by
(6.12). It is easy to see that oq(F1) =S = {z € C: |z| = 1}, hence co[oq(F1)] =D
and so

D C o5(F1) €D,

by Theorem 6.7 (c). We claim that the operator A/ — F] is not onto for |A| = 1, and
so o5(F;) = D. In fact, the element ¢ does not belong to the range of LI — F for
|| = 1. To see this, observe that the equality Ax = ||x|le 4 e for some x € X would
imply [|x[| = [[Ax]|| = [lx]| + 1. B

Observe that here we have coo[or (F1)] = co[{0} US] = C \ D, in accordance
with Theorem 6.7 (f).
3rd case: @ > 1. Here the estimate (6.12) does not provide any information on the size
of the spectrum, since [Fy]g = oo for a > 1. Nevertheless, it is easy to see directly
that oq(Fy) = #. Indeed, suppose that A € oq(Fy). Then there exists a sequence
(x;)n with ||x, || = oo and

o
] = et < P = alel g, o)
llxn |l
which is absurd. So, oq(F) = @, hence cy[oq(Fy)] = C. From Theorem 6.7 (c) we
conclude that o5(F,) = C.

We may summarize our results as follows. The spectrum ogpmy (Fy,) consists only
of zero if F,, has sublinear growth (@ < 1), coincides with the closed unit disc if Fy
has linear growth (¢ = 1), and fills the whole complex plane if F, has superlinear
growth (@ > 1). This is of course what one could expect for a reasonable “nonlinear”
spectrum. ©

Theorem 6.8. Suppose that X is infinite dimensional and F € €(X) satisfies
0 <[F]a <[Flq <[Flq < o%. (6.21)
Then the subspectrum oq(F) is nonempty.

Proof. Suppose first that [F]po < 1 < [F]g, i.e., F is a-contractive. Choose ng € N
such that || F(x)|| > ||x|| for || x|| > ng, and define F},: S,(X) — S,(X) by

F(x)
£l

F,(x):=n (n > ng).

Then [Fy|s,x)]a = [Fla < 1. By Theorem 2.5, we find x,, € S,(X) with F,(x,) =

X, hence

G

() = IECel

F(x,) = n = AnXn
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with A, := ||F(x)||/n. Obviously, |x,|| — oo. Moreover, since
F
ol = LN ) < oo,
(B

the sequence (X,), is bounded. Passing to a subsequence, if necessary, we may
therefore assume that 4, — A as n — o0o. Obviously, the limit A belongs to oq (F).
Now suppose the (6.21) holds. Fix ¢ € ([F]a, [F]q) and put F.(x) := %F(x).
Then [F.]a = %[F]A < land [F ] = %[F]q > 1, and so we find A € oq(F¢), by
what we have proved before. But then cA € og(F'), and so we are done. |

Example 3.18 shows that Theorem 6.8 is false in finite dimensions; in fact, in
that example we have [F]a = 0, [F]q = [Flg = 1, and oq(F) = §. Similarly,
Example 6.8 shows (incase @ > 1) that Theorem 6.8 also fails if F is not quasibounded.

One special class of operators which has interesting properties from the viewpoint
of the FMV-spectrum is that of asymptotically linear operators (see Section 4.2). The
following theorem gives a rather complete picture for such operators. Recall that
r¢ (L) denotes the spectral radius (1.74) of any of the essential spectra of L € £(X)
considered in Chapter 1 (which is actually independent of the choice of the essential
spectrum). In particular, we will use Schechter’s essential resolvent set pes(L) and
essential spectrum oes(L) in the following theorem.

Theorem 6.9. Let F € €(X) be an asymptotically linear operator with asymptotic
derivative F'(00). Then the following holds:

(@) The equality oq(F) = oq(F’(oo)) is true.

(b) o0q(F) contains the boundary do (F'(00)) of o (F'(00)), and hence is nonempty.
(©) Ifx € K\ 0q(F) satisfies |\| > res(F'(00)), then A € p(F'(00)).

(d) If & € 0q(F) satisfies |\| > res(F'(00)), then A € o (F'(00)).

(e) The estimates |A| > ||F'(00)|| and |A| > [F]a imply that ) € ppmv(F)); in
particular, remy (F) < max{[F]a, | F'(c0)][}.

(f) If F — F'(0) is compact, then opyy (F) = o (F/(0)).

Proof. The assertion (a) follows immediately from the definition of the asymptotic
derivative. From (a) and Proposition 1.4 (a) (or (6.19)) we get

o (F'(00)) € 0q(F'(00)) = 0q(F),

which proves (b). To prove (c), observe first that from the condition |A| > res(F'(00))
it follows that either A € op,(F'(00)) or A € p(F'(00)). Now, A € op(F'(00)) would
imply that A € og(F (00)), and so A € oq(F), by (a), contradicting our hypothesis.
Let us now prove (d). Since A € oq(F) = aq(F/(oo)), we may choose a sequence
(ex)n in S(X) such that ||Ae, — F'(0c0)e,|| — 0 as n — oo. The condition |A| >
Fes(F'(00)) implies & € pes(F'(00)) (see (1.68)), ie., Al — F’(00) is a Fredholm



148 6 The Furi-Martelli—Vignoli Spectrum

operator of index zero. Consequently, [A] — F'(c0)], > 0, by Proposition 1.2 (k),
and so AI — F’(00) is proper on S(X), by Proposition 2.4 (b). This means that we
have e;,, — e € S(X), as k — oo, for some suitable subsequence (e, )i of (e,)n-
But then F'(0c0)e = Ae, and so A € 0, (F'(00)) as claimed.

To see that (e) is true, observe first that A ¢ o (F), by (a),and A & 0,(F), by (2.35),
since |A| > [F]a. Soitremains to show that A & o5(F). Tothisend,letG: X — X be
compact with [G]g = 0. Then the operator H defined by H (x) := (F(x) + G(x))/A
satisfies [H]a = [F]a/|M| < 1 and

_ [Flo _ [F/()lg _ IF' ()]l _
2 A A

by assumption. From Theorem 2.2 we conclude that the operator H has a fixed point
in X this fixed point solves then the equation Ax — F (x) = G(x). So we have shown
that Al — F is stably solvable, i.e., A & os(F). The estimate for the FMV-spectral
radius of F' is an immediate consequence.

Assertion (f) is a trivial consequence of Lemma 6.6, since both [F — F/(c0)]a = 0
and [F — F'(00)]g = 0. O

19

[Hlo

6.6 TheAGV-spectrum

We show now how strictly stably solvable operators may be used to define a certain
variant of the FMV-spectrum. Recall that F: X — Y is called strictly stably solvable
if w(F) > 0 (see (6.4)), i.e., F is k-stably solvable for some k > 0. The following
Proposition 6.6 characterizes strictly stable solvability for linear operators.

Proposition 6.6. LetL: X — Y be bounded and linear. If L is strictly stably solvable,
then L is onto. Conversely, suppose that L is onto, and assume that the canonical
quotientmap v: X — X /N (L) has a continuous right inverse (not necessarily linear)
T: X/N(L) - X satisfying

pag(T) < 00, (6.22)
where pag is defined as in (6.13). Then L is strictly stably solvable.

Proof. The first statement has already been proved in Lemma 6.1. Let L be onto, and
define Lo: X/N(L) — Y by the equality Lov(x) := Lx. By construction, L is then
a linear bijection. We claim that
| Lo |

pag()’

where | Lo | denotes the inner norm (1.79) of Lo. In fact, fix k < | Lo | /pao(7),
and consider any G: X — Y with [G]a < k and [G]g < k. Then the continuous
map H = rLglG: X — X satisfies [H]a < 1 and [H]g < 1 and thus has a fixed
point x € X, by Theorem 2.2. But x = r(LglG(x)) implies v(x) = L(;IG(x), and
so Lx = Lov(x) = G(x). O

u(L) =
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We point out that a map t as required in Proposition 6.6 exists (even linear) if
the nullspace N (L) is topologically complemented. This holds, in particular, if L is
one-to-one, or if X is a Hilbert space. We do not know, however, whether or not one
may always find 7 satisfying (6.22).

In view of the spectrum defined below, it seems desirable to find a definition of
“regularity” such that at least linear “regular” maps are one-to-one. Let us call an
operator F' € &€(X, Y) AGV-regular if both [F]q > 0 and u(F) > 0. The following
Proposition 6.7 together with Example 6.9 show that this is strictly weaker than FM V-
regularity.

Proposition 6.7. Every FMV-regular operator is AGV-regular.

Proof. Let F: X — Y be FMV-regular. Then Lemma 6.3 implies that F is k-stably
solvable for k < min{[F],, [Flq}, and so F is strictly stably solvable, hence AGV-
regular. O

Example 6.9. Let X = C[O0, 1] be the space of all continuous real functions on [0, 1]
with the maximum norm. Fix some ¢ € (0, 1), and define F: X — X by

x(er) iffx] <c,
F)(®) = {x@lxl) ife < x| <1, (6.23)
x(1) if x| = 1.

We claim that [F], = 0, but F is strictly stably solvable and [F]q > 0. This implies,
of course, that F is AGV-regular, but not FMV-regular.

Indeed, [F]a = O follows from the fact that F' maps the (non-precompact) set

M.={xeX:|x|]|<c, x(¢)=0for0 <t <c}

into 8. We claim that F is k-stably solvable for k < %. To see this, let G € €(X) be

given with [G]ps < k < % and [Glg <k < %; we have to prove that the equation
F(x) = G(x) has a solution. Defineamap H: X — X by

G(x)(t/c) if [[x|| <cand? <c,
G)(/lxl) ife < x|l < landz < |lx]|,

H@)@®) = | G ife < x| <lands > ||x|, (6.24)
G(x)(1) if [x|| <candf > c,
G(x)(1) if x| > 1.

A comparison of (6.23) and (6.24) shows that any fixed point x of H solves the equation
F(x) = G(x). To show the existence of such a fixed point, we use Theorem 2.2. First
of all, we have [H]q = [G]g < 1. Furthermore, to see that [H]s < 1, recall that, for
any bounded M C X, we have

%w(M) <a(M) <2w(M), (6.25)
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where
w(M) = inf sup sup |x(t) — x(s)|
8>0 xyeM |r—s|<s
denotes the modulus of continuity of M. In particular, given M C X and ¢ > 0, we
find some § > O such that |t — 5| < § implies

IG(x)(#) — G(Xx)(s)| <2a(G(M)) +¢ (x € M).
Hence, the relation |t — s| < ¢6 implies, by [t —s| < and |t — s|/c < §, that
|H(x)(1) — H(x)(s)| < 2a(G(M)) +¢ (x € M).

Since ¢ > 0 was arbitrary, we conclude that w(H(M)) < 2a(G(M)), and so
a(H(M)) < 4a(G(M)) which implies that [H]a < 4[G]a < 4k < 1, as desired. ©

Now we define a modification of the FMV-spectrum. For F' € €(X) we call the
set
pacgv(F) = {A € K: Al — F is AGV-regular} (6.26)

the Appell-Giorgieri-Viith resolvent set and its complement

oacv(F) =K\ pagv(F) (6.27)

the Appell-Giorgieri-Viith spectrum (or AGV-spectrum, for short) of F'. This spectrum
seems to be simpler than the FMV-spectrum (6.10), since in the definition of AGV-
regularity we got rid of the somewhat artificial compactness assumption which appears
in the definition of FMV-regular operators.

Similarly as before, we have the decomposition

oacv(F) = o, (F)Uog(F), (6.28)
where we have put
oun(F)={reK:ull - F) =0}, (6.29)

and og(F) is as in (2.29). As an immediate consequence of Proposition 6.7 we get the
following trivial, though useful, inclusions

paGv(F) 2 ppmv(F), oagv(F) C opmv (F). (6.30)

Moreover, for the operator F in Example 6.9 we have 0 € oppmy (F) but0 & oagv(F),
and so strict inequality may occur in (6.30).

The following Theorems 6.10 and 6.11 show that also the spectrum (6.28) reduces
to the familiar one in case of linear operators, and that for nonlinear operators the
AGV-spectrum has the same “nice” properties as the FMV-spectrum.

Theorem 6.10. Let L: X — Y be bounded and linear. Then A € pagy(L) if and
only if \I — L is an isomorphism.
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Proof. If LI — L is an isomorphism, then A/ — L is FMV-regular, by Theorem 6.1,
and so also AGV-regular, by Proposition 6.7. Conversely, if Al — L € pagv(L),
then A/ — L is strictly stably solvable and thus onto, by Proposition 6.6. Moreover,
(Al — L]q > O implies that N(AI — L) = {0}, and thus A/ — L is injective. O

Theorem 6.11. The spectrum oagv(F) is closed.  Moreover, if F satisfies
pag(F) < oo, with psg asin (6.13), then oagy (F) is also bounded, hence compact.
Finally, the multivalued map oagy: A(X) N Q(X) — 2% which associates to each
F its AGV-spectrum is upper semicontinuous in the FMV-topology.

Proof. Fix A € pagv(F), and let0 < § < min{u(Al — F), [A] — F]q}. We claim
that u € pagv(F) for |u —A| < 6. Infact, from [(u —A)I]g = [u —A| < [A] — F]q
it follows that . ¢ oq(F). Moreover, (6.6) implies that

upul —F) = pdl = F) = [A —pu| > p@l = F) =35>0,

hence u € pagv(F). This shows that A is an interior point of pagy(F'), and thus
pacy (F) is open in K.

The second and third assertion of Theorem 6.11 are direct consequences of the
inclusions (6.30). O

If we define the AGV-spectral radius of F by

ragv(F) = sup{[A| : A € oagv(F)}, (6.31)

we get from (6.12) and (6.30) the trivial estimate
ragv(F) < max{[F]a, [Flq} (6.32)

We make some comments on Theorem 6.11. As we have seen, both spectra
opmv (F) and opagv (F) are always closed. However, it is not known if this is true
for the subspectrum os(F) which constitutes the “characteristic ingredient” of the
FMV-spectrum. On the other hand, it follows immediately from Lemma 6.4 (a) that
the subspectrum o, (F') which constitutes the “characteristic ingredient” of the AGV-
spectrum, is in fact closed. Moreover, it is not hard to see that the multivalued map
o, AX) N QX)) — 2K which associates to each F the subspectrum (6.29) is
upper semicontinuous in the FMV-topology. From this point of view, the AGV-
spectrum has “nicer topological properties” than the FMV-spectrum. On the other
hand, the FMV-spectrum has the boundary property (6.18) which is quite useful for
localizing opymy (F) in the complex plane. An analogous boundary property for the
AGV-spectrum is not known (and is probably not true). From this point of view, the
FMV-spectrum has “nicer geometrical properties” than the AGV-spectrum.

We close with an example which shows that the AGV-spectrum (and hence also
the FMV-spectrum, by (6.30)) may be unbounded. From the upper estimate (6.12)
it follows that such an example must involve an operator F satisfying [F]o = oo or
[Flg = oo.
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Example 6.10. Let X and F be defined as in (4.12) over K = R, i.e.,
F(x1,x2,x3,...) = (xlz,x%,x%,...).
For any A € R\ {0}, the operator equation
Ax — F(x) = (Ax1, Ax2, Ax3, ...) — (¢3, x5, x3,...) = (A2,0,0,...)

is not solvable, since the scalar equation xl2 —Ax] + A2 = 0 has no real solution. This
shows that A/ — F is not surjective, and so R\ {0} € o, (F). Since the AGV-spectrum
is closed, we conclude that oagy (F) = opmv(F) = R. <

Let us return once more to the problem of eigenvalues. As we have seen in
Example 6.6, the FMV-spectrum (and so also the AGV-spectrum, by (6.30)) may
be disjoint to the classical point spectrum oy, (F), provided that we define the point
spectrum in the naive sense of (3.18). Instead of considering this as a drawback of
the FM V-spectrum, however, one could adapt the definition of the term “eigenvalue”
to make it compatible with the definition of the FMV-spectrum. So, let us call A € K
an asymptotic eigenvalue of F: X — X if there exists an unbounded sequence (x;),
in X such that

WAxn = F o)l
x|l
Of course, the set of all asymptotic eigenvalues of F' is then nothing else but the sub-
spectrum o (F) defined in (2.29). Consequently, the set of all asymptotic eigenvalues
is contained in the AGV-spectrum (6.27) and the FMV-spectrum (6.10), by definition.
For linear operators L we have the trivial inclusion

S0 (n— 00). (6.33)

op(L) € o4(L), (6.34)

but for nonlinear operators F there is of course no relation between o}, (F) and o (F).
For instance, for the operator F' in Example 6.6 we have

0p(F) Nog(F) = (R\ {0}) N {0} = 0.

This shows that the subspectrum (2.29) is more natural as a counterpart of the FM V-
spectrum than the classical point spectrum (3.18).

We illustrate (6.34) by means of the three linear operators contained in Example 1.5
in the space X =1, (1 < p < 00).

First, for the operator (1.41), i.e.,

11, 1
L(x1, x2, X3, X4, ...) = (x1, 3X2, 3X3, 7X4, ...)

we get
op(L) = {1, 3,3, 0q(L) ={0,1,3,5,...}.
In fact, 0 does not belong to the point spectrum of L, since L is injective. On the other

hand, for the canonical basis element e; in X we have ||ex|| = 1and ||L(er)|| = % — 0,
which shows that 0 € o4(L), and so we have strict inequality in (6.34).
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Second, for the operator (1.42), i.e.,
_ 1 1 1
L(x17x27x3’ X4, .. ) —_ (x27 §x3a §x4’ sz’ . )

we get
op(L) = {0} = o (L).

Third, for the operator (1.44), i.e.,
L(x1,x2,%3, X4, ...) = (0, x1, 3%2, 3x3,...)

we get
Up(L) =0, O’q(L) = {0},

and so we have again strict inequality in (6.34).

Another notion of eigenvalue which is “compatible” with the FM V-spectrum is as
follows. Let us call A € K an unbounded eigenvalue of F: X — X if there exists an
unbounded sequence (x;), in X such that

Fxp) =M, (m=12,3,...), (6.35)
ie., x, € N(AI — F) for all n. Moreover, we call the set
GS(F) := {A € K: X unbounded eigenvalue of F'} (6.36)

the unbounded point spectrum of F (by “abuse de langage™). We have then the obvious
inclusions

o (F) S op(F), o)(F) C oq(F) (6.37)

for general F', and
o (L) = op(L) S oq(L) (6.38)

for L € £(X). Although the second inclusion in (6.37) may be strict, the following
theorem shows that or(,)(F ) is not “too far” from o (F).

Proposition 6.8. The graph of the multivalued map F > o4(F) is the closure of
the graph of the multivalued map F +> OI()) (F) in the FMV-topology. Moreover, the
representation
oq(F) = {A € K : there exist sequences (Fy,), and (), such that
pag(Fy — F) — 0, Ay = A, and A, € GI?(F,,)for alln € N} (6.39)
= {A € K : there exists G such that pso(G — F) =0and A € O'I())(G)}.

is true, where p 5o denotes the seminorm (6.13) which generates the FMV-topology.
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Proof. Fix A € oq(F), and let (x,), be an unbounded sequence satisfying (6.33).
Passing to a subsequence, if necessary, we may assume that ||x,, — x,|| > 2 for
m # n. Put n,(x) := max{l — ||x — x,]||, 0}, so that n,(x;;) = &un, and define
G: X - Xby

G(x) = F(xX)+ Y _ na(x)(xy — F(xa)).

n=1

Then G(x;,) = Ax, foralln € N,and so A € O'I?(G).
We claim that pso (G — F) = 0. In fact,

[G — Flg < 2limsup —ll)»xn Few)l =
n—00 ll2n
Moreover, [G — F]a = 0, because G — F maps every bounded subset of X into a
bounded subset of a finite dimensional space. This proves one inclusion in (6.39).
It is not hard to see that the graph of the multivalued map oy is closed. Indeed, let
(An)n and (Fy), be sequences such that A, — A in K, F;, — F in the FMV-topology,
and A, € oq(Fy) for all n. Then

[AM = Flg < [(A =)+ [F — Fulg £ A = Apl + pag(F — F,) = 0

asn — o0, and so A € oq(F). By the second inclusion in (6.37), the graph of o thus
contains the closure of the graph of 0¥, and the converse inclusion follows. O

There is another deep fact which shows that o (F') is the appropriate “discrete
part” of the FMV-spectrum. Recall that, as mentioned in Theorem 1.2 (c), every
nonzero spectral point of a compact linear operator is an eigenvalue. In the following
Theorem 6.12 we will prove a nontrivial analogue to this fact for the FMV-spectrum
of a class of operators which are in a certain sense “close” to linear operators. Let
us call a continuous operator F': X — Y asymptotically odd if there exists an odd
operator F: X — Y such that [F — F lo = 0. For example, every asymptotically
linear operator is certainly asymptotically odd. If F is compact and asymptotically
odd, it is not hard to see that also its “asymptotic odd approximation” F may be chosen
compact.

Theorem 6.12. Let F: X — X be compact and asymptotically odd. Then every
A € opmv (F) \ {0} is an asymptotic eigenvalue of F.

Proof. Fix A € opmv(F), A # 0. From [A] — F]y > |A| — [F]a = |X| > O it follows
that A € o5(F) or A € oq(F). We only have to exclude the first possibility, i.e., we
must show that A/ — F is stably solvable.

Solet G: X — X be compact with [G]g = 0. We suppose first that F' is odd
and G has bounded support, i.e., G(x) = 6 for ||x|| > R with suitable R > 0.
Without loss of generality, we may assume that Ax — F'(x) # 6 for ||x|| > R, because
otherwise we already get [A] — F]q = 0. Now, the operator H : Bg(X) — X defined
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by H(x) := (F(x) + G(x))/A coincides with F/X on Sr(X) and is odd there. By
Borsuk’s theorem (see Section 3.5), the topological degree deg(/ — H, B{(X), 0) is
odd, and so nonzero. Consequently, we find some X € B%(X) such that X = H(X),
i.e., AX— F(X) = G(X). We conclude that L./ — F is stably solvable, and so A & o5(F).

If the support of G is not bounded, we replace G(x) by G, (x) = d,,(||x])G(x),
with d, (t) as in (6.8), and proceed as in the proof of Proposition 6.3. So we have
proved the assertion in case F is compact and odd.

Assume now that F' is compact and asymptotically odd, and choose a compact odd
operatorF suchthat [ F — F]Q = 0. Since F—F is compact wehave pao (F— F) =0,
and so opmv (F) = O’FMv(F) and oq(F) = aq(F), by Lemma 6.6. From what we
have just proved we conclude that

oMy (F) \ {0} = opmv (F) \ {0} C 0q(F) = 0q(F),
and so we are done. O

In the following example we show that “asymptotic eigenvalue” cannot be replaced
by “unbounded eigenvalue” in Theorem 6.12.

Example 6.11. Let X be an infinite dimensional real Banach space, ¢ € S(X) fixed,
and £ € X* a bounded linear functional on X such that £(¢) = 1. Define F': X — X
by
flx ]
L+ lx]]
Obviously, Fis compactand odd, and [ Flg < [£||, and thus ormv (F) < [— €], [I£]]],
by (6.12). Choosing x, = ne we get

F(x) = £(x)e. (6.40)

lxn — Fxo)l _ In — lnﬂ’” _ 1

— = 0 ,
BN n ayl 0 7o

and so 1 € oq(F) € opmv(F). On the other hand, we claim that OS(F) ={.

To see this, consider the eigenvalue equation F'(x) = Ax. Any solution of this
equation must be of the form x = pe with A = |u|/(1 + |u|); viceversa, x = ue
with u = A /(1 — 1) solves this equation. So we see that op(F) = (0, 1), i.e., every
A € (0, 1) is aclassical eigenvalue. However, the fact that the equation F'(x) = Ax has
at most two nontrivial solutions x shows that A cannot be an unbounded eigenvalue,
and so crI())(F) =0. <

6.7 Notes, remarksand references

As pointed out several times above, the FM V-spectrum is one of most useful nonlinear
spectra from the viewpoint of applications. The class of stably solvable operators
which is basic in the definition of this spectrum was introduced in [121], where also
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some results and applications (without proofs) are given. Michael’s selection theorem
which we used in the proof of Lemma 6.1 may be found in [191], Dugundji’s extension
theorem which we used in the proof of Lemma 6.2 in [97].

The more general definition of k-stably solvable and strictly stably solvable oper-
ators was given in the recent note [16], where also the measure of stable solvability
(6.4) was defined. Proposition 6.2 is proved in [16] in the same way as Proposition 6.1
in [122]. In fact, [16] contains Proposition 6.2 in a slightly more general form which
reads as follows. Let us call an operator F': X — Y (k, [)-stably solvable (k,l > 0)
if the coincidence equation F(x) = G(x) has a solution in X for every operator
G: X — Y satisfying [G]a <k and [Glg <.

Proposition 6.9. Let F: X — Y be (k, [)-stably solvable, and suppose that H : X x
[0, 1] — Y is continuous with [H (-, 0)]qg < 1 and

a(HM x [0,1]) <ka(M) (M C X bounded).

Let S be defined as in (6.1), and assume that F(S) is bounded in Y. Then the equation
F(x) = H(x, 1) has a solution x € X.

Obviously, in case k = [ we get exactly Proposition 6.2, since (k, k)-stable solv-
ability means simply k-stable solvability in the sense of Section 6.1.

The highly nontrivial Example 6.4 which solves a long-standing open problem was
found quite recently by Furi [118]. Unfortunately, this does not allow us to deduce that
the subspectrum o (F') defined in (6.15) is closed; this is another interesting problem
which so far is open.

FMV-regular operators have been introduced in the survey paper [122]. All results
in Section 6.2 are taken from that paper. The role of essential compact vector fields
in both the theory and applications of topological nonlinear analysis was illustrated
by Granas in [138]. We remark that Nirenberg [206] has given a characterization of
essential compact vector fields via stable homotopy theory, as well as several striking
applications to partial differential equations. A certain generalization of Lemma 6.3
and Lemma 6.4 to larger classes of operators may be found in [16].

Proposition 6.3 shows that, in spite of the apparently very technical definition, the
notion of FMV-regularity is quite natural. This is also illustrated by the following
interesting connection between FMV-regularity and topology of Euclidean space.

Recall that two continuous functions F, G: S(R") — S(R™) are called homo-
topic if there exists a continuous homotopy H: S(R") x [0, 1] — S(R™) such that
H(x,0) = F(x) and H(x,1) = G(x) for all x € S(R"). We denote the corre-
sponding homotopy class of F' by (F). Now, suppose that F' € €(R", R™) is such
that the set F~({0}) of all zeros of F is bounded; a sufficient condition for this is
obviously [F]q > 0. Choose R > 0 with F~({#}) € Bg(R"). Then the function
Fr: S(R") — S(R™) with Fr(x) := F(Rx)/||F(Rx)| is well defined, and we call
(FR) the homotopy class of F. Since (Fg) is independent of R for sufficiently large
R, we simply write (F) instead of (Fg). The following Proposition 6.10 was proved
in [122].
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Proposition 6.10. Let F € C(R",R™) be given with [Flq > 0. Then F is FMV-
regular if and only if the homotopy class (F) of F is nontrivial, i.e., contains only
nonconstant functions.

The applications of FMV-regular operators go far beyond the material we have
presented in Section 6.2. For example, the following result which is Theorem 10.1.7
in [122] is usually referred to as Borsuk—Ulam theorem (on antipodal points).

Theorem 6.13. Let X¢ be a proper closed subspace of a Banach space X, and let
F: S(X) — Xo be a compact vector field. Then there exists a point X € S(X) such
that F(—x) = F(x).

In the next chapter we will prove an extension of Theorem 6.13 from compact to
a-contractive vector fields which uses another spectrum.

The results and examples in Sections 6.3, 6.4 and 6.5 are all taken from [122].
Only the proof of our Theorem 6.2, which is taken from [13], seems to be simpler than
the proof of the corresponding Theorem 8.1.2 of [122].

Example 6.6 shows that the FM V-spectrum is not compatible with the usual notion
of point spectrum o}, (F') in the sense of (3.18), but very well with the different notion
of asymptotic point spectrum oq(F) in the sense of (2.29). This has motivated the
Chinese mathematician Wenying Feng to introduce another spectrum which has similar
properties as the FMV-spectrum, but in addition contains the point spectrum o, (F).
We will discuss this spectrum in detail in the next chapter.

The fact that the FMV-spectrum does not contain the eigenvalues in the sense
of definition (3.18) was apparently observed first in [103]. Example 6.6 may be
extended in some sense as follows [103]: if X is a Banach space and F: X — X
satisfies F(0) # 0 and pao(F) = 0, then opmv (F) = {0} but op(F) = K\ {0}.
This shows that the disjointness of the FM V-spectrum and the point spectrum is not a
rare exception, but a “typical” phenomenon for compact nonlinear operators of strictly
sublinear growth.

One might think that the reason for the disjointness of the FMV-spectrum and the
point spectrum in the result above is the assumption F () # 6. However, even if
this assumption is dropped, this disjointness result is in a certain sense “typical”. The
following example from [103] clarifies this point.

Example 6.12. Let X be any real Banach space, ¢ € S(X) and R > 0 be fixed, and
Fr: X — X be defined by

Fr(x) = min{||x||?, R*} e. (6.41)

Clearly, F is compact and satisfies [Frlg = 0. Since Fp is not onto, from (6.12) it
follows that opmy (Fr) = {0}.

On the other hand, a simple geometric reasoning shows that o (Fg) = [-R,0) U
(0, R]. In particular, O is not an eigenvalue of Fpg, since Fg(x) = 6 implies x = 6.
So opmv (Fr) Nop(FR) = @ for each R > 0.
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Observe that we can make the point spectrum o, (Fg) arbitrarily large by letting
R — o0, while the FMV-spectrum oMy (FR) is always the singleton {0} for any R.
Loosely speaking, this means that, in contrast to the point spectrum, the FM V-spectrum
does not “feel” the influence of the truncation parameter R in (6.41). Q@

One special class of operators which has been studied in detail from the viewpoint
of the FMV-spectrum in [103] is that of asymptotically linear operators. This is not
surprising, because the FMV-spectrum has “asymptotic” nature, and the existence of
F’(00) means that F is “close to linear” on large spheres. Thus, Theorem 6.9 is one
of the main results in [103].

All definitions and results in Section 6.6 are taken from the paper [16]. In particular,
Example 6.9 shows that the FMV-spectrum may be strictly larger than the AGV-
spectrum, since the latter need not contain all scalars A with [A] — F], = 0. The
estimate (6.25) which was used in Example 6.9 is a simple generalization of the
Arzela—Ascoli compactness criterion.

‘We point out that the following more general result than Theorem 6.12 holds which
is a precise analogue to the “linear” result in Theorem 1.3 (c).

Theorem 6.14. Let F € A(X) be asymptotically odd. Then every A € opmv(F)
satisfying |A| > [F]a is an asymptotic eigenvalue of F .

Proposition 6.8, which is taken from [232], shows that (6.33) is a “good” definition
of eigenvalue in the framework of the FMV-spectrum. However, as pointed out above,
it is also possible (and perhaps more natural) to adapt the definition of eigenvalue in
another way. So, the conditions (6.33) and (6.35) are by no means the only reasonable
definitions of eigenvalues for nonlinear operators; other definitions will be given in
Chapter 10 below.



Chapter 7
The Feng Spectrum

In this chapter we discuss another spectrum which is similar to the Furi-Martelli—
Vignoli spectrum, but has the advantage to contain the eigenvalues. To this end, we
first recall the definition and some properties of epi and k-epi operators. Afterwards we
consider a class of regular operators which play the same role in the definition of the
Feng spectrum as the FM V-regular operators in the definition of the FMV-spectrum.
In the last section we give a comparison of all the spectra introduced so far from the
viewpoint of their analytical and topological properties.

7.1 Epi and k-epi operators

Let X and Y be Banach spaces over K = R or K = C. Throughout the following, we
denote by OB (X) the family of all open, bounded, connected subsets Q2 of X with
6 € Q. Given Q € OBE(X), a continuous operator F: Q — Y is called epi on Q if
F(x) # 6 on 3 and, for any compact operator G: 2 — Y satisfying G(x) = 6 on
d%2, the equation

F(x)=G(x) (7.1)

has a solution x € Q. More generally, we call F a k-epi operator (k > 0) on  if
the above property holds for all operators with [G]a < k, not just compact operators.
Clearly, a k-epi operator is also k’-epi for any k' < k; in particular, every k-epi operator
is epi. Roughly speaking, one could say that, the larger one may choose k, the higher
is the “degree of solvability” of equation (7.1).

This motivates the following definition. Given an operator F': X — Y and Q2 €
OBE(X), we put

vo(F) :=inf{k : k > 0, F is not k-epi on Q) (7.2)

and
F) = inf F). 7.3
v(F) QEQH%@(X) vo(F) (7.3)

We call the number (7.3) the measure of solvability of F. (Here we put again inf ¢ :=
00.) Observe that v(F) > 0if and only if there exists some k > O such that F': Q->Y
is k-epi for every Q € OBE(X). In particular, we have then F(x) # 6 for all x # 6.

In this chapter we will sometimes consider operators F which are defined only on
the closure of some set 2 € OBE(X). In this case the characteristics [F|g]a and
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[F|gla refer to subsets of Q, ie., (2.12) and (2.14) are meant merely for M C Q.
These characteristics have the following obvious monotonicity property: if ' C
then

[Flgl < [Flgla < [Flgla < [Flgla.

Observe that every continuous operator G: Q — Y with G|yq = ® admits a contin-
uous extension o
G(x) ifx e,

é(x): ) _
0 ifxe X\Q

(7.4)

which satisfies [é] A = [Glg]a and [G]Q = (. This fact, which will be used several
times, follows from the estimates

a(G(M)) = a(GIM NQ) = a(GM NRQ)) < [Glaa(M NQ) < [Glaa(M)

for M C X bounded. In what follows, we refer to (7.4) as the trivial extension of G.
Although the above definitions are rather technical, the numbers (7.2) and (7.3) may be
in fact calculated in some cases. We start with the most elementary case X = Y = R;
here we have of course OBER) = {(a,b) : —c0 <a <0 < b < 00}.

Example7.1. Let F: [a,b] — R be continuous with F(a)F(b) # 0. From the
intermediate value theorem it follows that F is k-epi (for every k > 0) if and only if
F(a)F(b) < 0. In this case we have v, p)(F) = 00, in case F(a) F'(b) > 0 we have
Va,b)(F) = 0. V)

Example 7.2. Let X and Y be Banach spaces and L € £(X, Y) alinear isomorphism.
We claim that
v(L)= | L],

where | L| is the inner norm (1.79) of L. Indeed, suppose that G: @ — X is
continuous with [G|gla < | L | and Glyq = © for some 2 € OBE(X). Then the
operator L~'G: X — X, with G asin (7.4), satisfies [L "' G]a < |IL™'|| [Glgla < 1
and [L’l(A}]Q = 0. From Theorem 2.2 it follows that L~!G has a fixed point in X
(actually, in €2). This shows that vo(L) > | L |, hencealsov(L) > | L]|. Q

The measure of solvability v([/) is of particular interest. Of course, v(I) = oo
in finite dimensions. Indeed, if Q@ € OBE(R") and G: Q — R” is continuous
with G(x) = 6 on 92, the extension (7.4) is compact with [G]Q = 0. Again from
Theorem 2.2 it follows that G has a fixed point, and thus the set on the right-hand side
of (7.2) is empty.

In Section 6.1 we have seen that w(/) = 1 in every infinite dimensional Banach
space, with (F') being the measure of stable solvability (6.4). Later (Proposition 7.3)
we will show that v(/) = 1 as well in every infinite dimensional Banach space. The
next lemma provides a comparison between the measure of stable solvability (6.4)
and the measure of solvability (7.3) for general operators F. Afterwards we give two
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examples where we estimate v(/) from above in special spaces, just to illustrate its
calculation.

Lemma7.l. Forany F € €(X,Y) we have the estimate
w(F) < v(F). (7.5)

Proof. Iiv(F) = oo there is nothing to prove. Givenk > v(F),choose 2 € D%@(X)
and G: Q — Y suchthat [G|gla <k, Glsq = O, and F(x) # G(x) for x € Q. The

trivial extension (7.4) satisfies then [G]A <k, [G]Q =0, and F(x) # G(x) for all
x € X, since F(x) # 6 for x # 6. So we see that u(F) < k as claimed. O

Example7.3. Let X = [»,(Z) be the Hilbert space of all real sequences x = (xx)

(k € Z) for which the norm

o0

= (Y )"

k=—00

is finite. Denote by {ej : k € Z} the canonical basis in X, i.e., x = (8k.n)n, and define
L: X — Xby

o]

L( Z Xkek) = i (xk — Xk—1)ek.

k=—o00 k=—o00

Moreover, define G: B(X) — X by
G(x) =1 — [lx[D(Lx + eo).

We claim that G has no fixed points in B(X). Suppose that G(x) = x for some x € X;
it is clear thatthen O < ||X|| < 1, since G(0) = eg # 6, and G(S(X)) = {#}. Writing
the equality G (X) = X in coordinates we obtain

(I = IXIDGk — Xx—1) = Xk (k #0),

hence
TllXll = = = X[DXk—1 (kK #0).

But for 0 < || x| < % this implies that |X;| / 0 as k — oo, while for% <|xll < 1it
implies that |x;| 4 0 as k — —oo. In both cases X cannot belong to I (Z).
We further claim that [G|gx)]a < 2. In fact, for M C B(X) we have

G(M) S co({o} U[L(M) + eol)
and so v(G(M)) < a(L(M)) <2a(M), since ||L|| = 2. This shows that
1 <v() <vpoxy(I) <2

in the space X = [>(Z). Q@
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Example 7.4. Let cg be the Banach space of all real sequences x = (x,), (n € N)
converging to zero, equipped with the maximum norm. It is easy to see that the map
G: B(X) — S(X) defined by

G(x1,x2,x3,...) =, x1,x2,...)

is an isqmetry (i.e., ||G~(x) — G| = |lx — yl|), but has no fixed points in B(X).
Define G: X — X by G(x) = d(||x||)G(x), where

1 forO<r <1,
d(it):=32—1t forl <t <2,
0 fort > 2.

Again, G has no fixed points in X. In fact, suppose that G (X) = % for some % € X; it
is clear that then 1 < || X|| < 2. This means that X = (2 — ||X])G(X) and

12 =sup {2 — %" :n=1,2,3,...} =2~ |IZ],

hence || x|| = 1, a contradiction.
We claim that [G]a = 1. In fact, for M C B, (X) we have

G(M) S T({6} U G(M)
and so a(G(M)) < a(G(M)) < a(M). This shows that
I =v(l) =vpgxy(I) =1,
i.e., v(/) = 1, in the space X = cy. v

__ Finally, in the next example we present an operator which is epi, but not k-epi on
Q = B(X) forany k > 0.

Example7.5. Let X and F be defined as in Example 6.4. We claim that F is epi
on B(X). To see this, let G: B(X) — X be compact with G(x) = 6 on S(X), and
denote by G: X — X its trivial extension (7.4). Since F is stably solvable, we find
% € X such that F(%) = G(%).

Now, the assumption ||£]| > 1leadsto 1 < [|X]|> = |[F®)| = IGE)| =0, a
contradiction. Consequently, we have ||£]| < 1, hence G(£) = G(%). This shows that
F is in fact epi on B(X).

Suppose now that F is k-epi for some k > 0. Choosing G = F — F,, forkn > 3
as in Example 6.4, and considering again the trivial extension G of this G, we see that
the equation F(x) = G(x), i.e., F,,(x) = 6, has no solution in B(X), and so we are
done. ©
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Given k > 0, we define an operator F': X — Y to be k-proper if
a(F~(N)) <ka(N) (N C Y bounded). (7.6)
Evidently, every operator which is k-proper for some k > 0 is proper in the sense of
the usual definition (see Section 3.1), and every k-proper operator is also k’-proper for
k' > k. So the characteristic

[Flp = inf{k : k > 0, F is k-proper} 7.7

is of interest; the following lemma shows that we actually know already this charac-
teristic, at least for coercive operators F'.

Lemma 7.2. Suppose that F: X — Y is coercive. Then the equality

is true, where [ F, is defined as in (2.15).

Proof. Without loss of generality we may assume that [F], < oo and [F]; > 0. Then
for fixed k > [F],; we have

a(M) < a(F~(F(M))) < ka(F(M)) (M C X)

hence
a(F(M)) - 1
aM) ~ Kk
which shows that [F'], > 1/k. Since k > [F] is arbitrary we get [F], > 1/[F];.
On the other hand, for fixed k < [F], and F~ (N) bounded we have

a(N) = a(F(F~(N))) = ka(F~(N)) (N CY)

hence
a(F~(N) _ 1
a(N) —k°

which shows that [F], < 1/k. Since k < [F], is arbitrary we get [F]; < 1/[F],. O

The next lemma connects k-proper and k-epi operators. More precisely, it provides
an upper estimate for v(F) in terms of [ F];, and vice versa.

Lemma 7.3. Suppose that 2 € D%;C(X), F: Q — Y is injective and k-proper, and
F(Q) is open. Then F is k'-epi on Q for every k' € [0, 1/k) if and only if 0 € F ().
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Proof. Since F is injective and proper, the inverse operator F~': F(Q) — Q is
continuous. Moreover, d F(2) = F(32), since F(Q) = F(Q) and F() is open.
Now, if F is epi, the trivial choice G(x) = 6 shows that 8 € F(£2).
Conversely, suppose that # € F(2), and let G: @ — Y be continuous with
[Glgla <k’ < 1/kand G(x) =0 on Q. Define H: Y — Y by

G(F~'(y) ifye F(Q),

H» =1, ify ey \FQ.

Fory € 9F(Q) = F(3Q),i.e., y = F(x) with x € 9Q, we have H(y) = G(x) = 6;
this shows that H is continuous. Furthermore, for bounded M C Y we have

«(H(M)) = a(G(F[MNF(Q)) <kKa(F [MNF(Q)]) < Kkka(M)
which shows that [H]a < K’k < 1. Finally, H(Y) is bounded, since
H(Y) = H(F(Q) U {8} = G(Q) U {6},
and so [H]g = 0. From Theorem 2.2 it follows that there exists § € Y such that
$ = H®) = G(F~1($)); here § € F(Q) since # € F(RQ). Consequently, X :=

F~! (y) € Q solves the equation F(x) = G(x), and so we are done. O

Using the characteristic (7.7) we may write the assertion of Lemma 7.3 in the more
compact form

>
v = gl
An essentially stronger version of this will be given in Theorem 7.1 below.

Observe that Lemma 7.3 gives again the statement of Example 7.2. In fact, if
L € £(X,7Y) is an isomorphism, all the hypotheses of Lemma 7.3 are satisfied for
Q=B’X)and k = |[L7"].

Now we state five important properties of k-epi operators. In particular, Prop-
erty 7.4 gives a certain continuation principle for epi and k-epi operators which is
parallel to Proposition 6.4 and will be used many times in the sequel. It is instructive
to compare these properties with those of the topological degree which we enumerated
in Section 3.5.

Property 7.1 (Existence). Suppose that F: Q — Y is epi on Q. Then the equation
F(x) = 60 has a solution in 2.

Proof. The assertion follows by the trivial choice G(x) = 6. O

Property 7.2 (Normalization). Suppose that F': Q — X is compact with F(x) = 6
on 02. Then I — F is k-epi on Q2 for every k < 1.
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Proof. LetH: Q — X be continuous with H |3 = © and [H|gla <k, wherek < 1
is fixed. Then the operator G = F+ H satisfies [G|g]a < [Flgla+[H|gla <k < 1,
i.e., is a-contractive, and so is its trivial extension (7.4). Moreover, G(x) = 6 on 9€2.
Theorem 2.2 implies that there exists * € Q with G(X) = x,i.e., (I — F)(X) = H(%).

O

Property 7.3 (Localization). Let F: Q — Y be k-epi on Q and F~({6}) € </,
where Q' € OBE(X) and Q' C Q. Then F is also k-epi on Q.

Proof. LetG: Q' — Y be continuous with [Glg]a < k and Glyey = ©. Denote by

(:; the trivial extension (7.4) of G outside 2'. ThAe inclusion 32 C X \ & implies that
G(x) = 6 on 9. Thus the equation F(x) = G(x) has a solution X € . But from
the assumption F~({0}) € ' it follows that x € €/, and so we are done. m]

Property 7.4 (Homotopy). Suppose that Fy: Q — Y isko-epi on Q for some ko > 0,
and H: Q x [0, 1] — Y is continuous with H(x,0) = 0 and

a(H(M x [0, 1])) < ka(M) (M C Q)
for some k < kg. Let
S={xeQ:Fy(x)+H(x,t) = 0 for some t € [0, 1]}. (7.8)
If S N2 = O then the operator Fy := Fo+ H(-, 1) is ki-epi on Q for ki < ko — k.

Proof. LetG: Q — Y be continuous with [Glgla < k1 and G|3n = ©. We have to
show that the equation F}(x) = Fy(x) + H(x, 1) = G(x) has a solution X € Q.

Since Fy is kg-epi and k; < ko, we find X €  such that Fy(x) + H(x,0) =
Fo(x) = G(x). This shows that the set

Sg :={x e Q: Fy(x)+ H(x,t) = G(x) for some r € [0, 1]}

is nonempty. Moreover, Sg N 92 = . We claim that S¢ is also closed. Indeed,
fix xo € X \ Sg. By the compactness of the interval [0, 1] we may find finitely
many sets I, I, ..., I, € [0, 1] covering [0, 1], and corresponding neighbourhoods
Uy, Uy, ..., Uy, C X of xg such that

Fox) + Hx,t) #G(x) (xeUUUU---UU,, 0<1t<1).

Then U := UintaN---NUp is a neighbourhood of xg which is disjoint from Sg,
and so xg ¢ Sg. .
Now define 7 : Q2 — [0, 1] by

dist(x, 0€2)

T(x) = — - ,
dist(x, 0€2) + dist(x, Sg)
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and G: Q — Y by .
Gx)=Gx)— H(x, m(x)).

Then [G|§]A < ko and G(x) = G(x) — H(x,0) = 0 for x € 9Q2. Consequently,
there exists X € 2 such that

Fo() = G@R) = G(&) — HR, 1(})).

Since 0 < 7 (X) < 1, this implies that X € Sg, hence actually 7 (x) = 1. Conse-
quently, Fo(x) = G(x) — H(x, 1), and so F1(x) = G(%) as claimed. O

Property 7.5 (Degree). Suppose that F: Q — X is a-contractive with F(x) # x
on 02, and assume that deg(I — F,2,0) # 0. Then I — F is k-epi on Q for every
k €0, 1—[Flgla).

Proof. Let H: Q — Y be continuous with H|3q = ® and [Hlgla < k, where k <
1—[F|Q]a. Then the operator G = F + H satisfies [Glgla < [Flgla+[HIgla < 1,
i.e., is @-contractive. Moreover, G(x) = F(x) on d2. From the boundary dependence
of the topological degree (Property 3.7) we deduce that

deg(I — G, Q,0) =deg(I — F,Q,6) #0,

and so there exists X € Q with x = G(x) = F(X) + H(X), hence X — F(x) = H(x)
as claimed. O

7.2 Feng-regular operators

In this section we need again the lower characteristics [ F]p in (2.7) and [ F'], in (2.15).
Let us call a continuous operator F': X — X Feng-regular (or F-regular, for short) if
the numbers [ F], and [F']y, are strictly positive, and F is epi on Q for all @ € O(X).
The following remarkable theorem shows that this already implies that F is k-epi for
some positive k; we will use this result several times in this and the following chapter.

Iheorem 71 Let F: Q — Y be epi on Q and [Flgla > 0. Then F is even k-epi on
Q for sufficiently small k > 0. More precisely, the lower estimate

vo(F) > [Flgla (7.9
for the characteristic (7.2) holds true.

Proof. Assume that we are given an operator G : Q — Y with [Glgla < [Flgla and
G(x) = 6 on 0L2. We have to prove that the equation F(x) = G(x) has a solution in
Q.

To this end, let U denote the set of all subsets U C X with

F~(co[GU)U {0} C U. (7.10)
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(Reﬁall that F~(M) ={x e Q: F(x) € M_} is defined even if M is not a subset of
F(€2).) In particular, ${ is nonempty, since 2 € 4. The idea of the proof is to show
that {f contains some set U for which the set

W :=co(G(U) U {8}) (7.11)

is compact. If such a set exists, the statement can be proved as follows. Since
W is convex, compact, and nonempty (because 6§ € W), there exists a retraction
p:Y — W onto W, ie., p is continuous with p(y) = y on W. Define now an
operator Go: Q> Y by Go(x) = p(G(x)). Then Gy attains its values in the
compact set W, and, for x € 9€2, we have Go(x) = p(0) = 0, because § € W. Since
F is epi on 2, we thus find a solution X €  of the equation F(x) = Go(x). Since
Go(x) € W,wehave x € F~ (W) C U, and so G(x) € W which implies

G(x) = p(GR) = Go(x) = F ().

To prove that 4 contains a set U such that (7.11) is compact, we show first that i{
contains a set Uy which satisfies the relation

F~(co[G (Up) U {6}]) = Upo. (7.12)
Indeed, we already observed that 4l # (. Consequently, the set
Up:= (U
Ueld
is well-defined. This set belongs to LI, because for any U € il the set
Ui := F (co[G(Uo) U{6}])

is contained in F~ (co[G(U) U {6}]) C U, and so U; C Uy. Moreover, this inclusion
also implies that

F~(co[G(Up) U{8}]) € F (colG(Uo) U {0}]) = U1,

and so we have U; € 4 as well. The definition of Uy thus implies Uy € U}, and so
we actually have Uy = Uy, i.e., equality (7.12) holds.

We prove now that for any set U = Ug which satisfies (7.12), the set (7.11) is com-
pact which in view of the above observations implies the statement. The compactness
of U already follows from the inclusion

F~(co[GU)Uu{o}h) 2 U. (7.13)

Observe that (7.13) is dual to the relation (7.10) which defines the elements of il so
that we actually need both inclusion of the set equality (7.12) for our proof. In fact,
the inclusion (7.13) is equivalent to the inclusion

F(U) cco(GU) V{6
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which implies
[Flglaa(U) < a(F(U)) < a(co[G(U) U{0}]) = a(G(U)) = [Glglaa(U).

Since [Glgla < [Fgla, this is only possible if a(U) = 0; so Uis compact. Since G
is continuous, the set G(U) is compact, too. In particular, G(U) is precompact which
implies, in view of Mazur’s lemma, that the set (7.11) is compact as claimed. O

The following result establishes a connection between the F-regularity of an op-
erator and its FMV-regularity in the sense of Section 6.2.

Theorem 7.2. Every F-regular operator F is F MYV -regular.

Proof. Let F be F-regular, i.e., [F]y > 0, [F]y > 0, and v(F) > 0. The inequality
[Flp > 0 implies, in particular, that F'(6) = 6. From (2.8) we get then [F]q > 0;
so it remains to show that F is stably solvable. Thus, let G: X — Y be compact
with [G]lg = 0. If G has bounded support, i.e., ||G(x)| = O for ||x|| > R with some
R > 0, we may use the fact that F' is epi on Bg(X) and conclude that the equation
F(x) = G(x) has a solution in Br(X). If the support of G is not compact, we replace
G(x) by G, (x) = d,(||x|)G (x) with d;, as in (6.8) and follow the same reasoning as
in the proof of Proposition 6.3. O

In spite of its technical character, the following theorem shows that the definition
of Feng-regularity is quite natural; compare this with Lemma 6.1 and Theorem 6.1.

Theorem 7.3. Every F-regular operator F: X — Y is surjective. Furthermore,
L € £(X,7Y) is F-regular if and only if L is an isomorphism.

Proof. The first statement is a trivial consequence of Theorem 7.2 and the fact that
FMV-regular operators are stably solvable, hence surjective.

Consider now an operator L € £(X, Y). If L is F-regular, then L is surjective, by
what we just proved, and also injective with |[L~!y| < [L]b_1 [Iyll, since [L]y > O.

Conversely, suppose that L is a linear isomorphism. Then L~!' € £(Y, X) and
ILx] = |L]| llx|l, with | L] asin (1.79), hence [L], > |L| and [L], > | L].
It remains to show that v(L) > 0. But being an isomorphism, L satisfies v(L) >
| L] > 0, as we have seen in Example 7.2. O

The following example shows that the converse of Theorem 7.2 or Theorem 7.3 is
not true.

Example7.6. Let X =R and F(x) = x — x3. Here we have F(0) = 0 and
[Flg=[Fla =00, [Flp=0,

and so F is not F-regular. However, F is clearly stably solvable, hence FM V-regular
and also surjective. ©
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We introduci another notion for fugher reference. Given Q € OBE(X), we call
an operator F': Q2 — Y strictly epi on Q2 if

dist(@, F(3Q)) = inf ||[F(x)| > 0, (7.14)
xe€a2

i.e., F(0€2) is bounded away from zero, and vo(F) > 0, i.e., F is k-epi on Q for
some k > 0. This definition modifies that of epi operators in rather the same way
as the definition of strictly stably solvable operators modifies that of stably solvable
operators, see Section 6.1.

The following perturbation result of Rouché type is parallel to Lemma 6.4 and
shows that, if F is strictly epi, then also F' + G is strictly epi if [G]a and ||G(x)]| are
sufficiently small on d€2. More precisely, the following is true.

Lemma 7.4. Suppose that F: Q — Y is strictly epi on Q, and G : Q — Y satisfies

sup |G(x)| < dist(8, F(9S2)) (7.15)
x€I

and
[Glgla < va(F). (7.16)

Then F + G is strictly epi on Q.
Proof. The triangle inequality

IFG)+ Gl = [F)Il =16 (x € 9€2)
implies that

dist(@, (F + G)(92)) > dist(9, F(92)) — sup ||G(x)| > O,
x€I

i.e., (7.14) holds for F + G. To prove that F + G is k-epi for some k > 0 we use
Property 7.i of k-epi operators for Fyy := F. Fix k with [G|g]a < k < vq(F), and
define H: Q2 x [0,1] - Y by H(x,t) = tG(x). Then

a(H(M x [0, 1])) < a(G(M)) < [Glglaa(M) (M C Q),
and the set (7.8) is here
S={xeQ:Fx)+1tG(x) =80 forsomer € [0, 1]}.

We claim that S N 92 = @. In fact, suppose that F(X) 4+ rG(x) = 6 for some x € 92
and ¢t € [0, 1]. Then

inf [|FO)ll < [F@®I =11G®)I = sup |G,
x€dQ x€dQ

contradicting (7.15). From Property 7.4 we conclude that the operator F + H (-, 1) =
F + Giski-epion Qfor0 < k; <k — [Glgla. a
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The proof of Lemma 7.4 shows that the Rouché type inequality
V(F +G) = v(F)—[G]a (7.17)

holds true for the characteristic (7.3) which is parallel to (6.6).

7.3 TheFeng spectrum

The notion of F-regularity may be used to define a new spectrum in rather the same way
as we defined the FMV-spectrum by means of FM V-regularity, or the AGV-spectrum
by means of AGV-regularity. Given F € €(X), we call the set

pr(F) :={, € K: Al — F is F-regular} (7.18)
the Feng resolvent set and its complement
or(F) := K\ pp(F) (7.19)

the Feng spectrum of F. Theorem 7.3 shows that this gives the usual definition for
linear operators. Moreover, from Theorem 7.2 it follows immediately that opny (F) C
(TF(F )

As before, we have the decomposition

or(F) = 0,(F) U o,(F) Uop(F), (7.20)
where we have put
op(F) ={,leK: v(ll — F) =0}, (7.21)

0, (F) is defined by (2.31), and oy, (F) by (2.30). As all the other spectra considered
so far, the Feng spectrum is empty for the operator F in Example 3.18. On the other
hand, we have the following three results which are parallel to Theorems 6.2, 6.3, and
6.4.

Theorem 7.4. The spectrum og(F) is closed.

Proof. Slﬂ)pOSC that A € pp(F),i.e.,[Al — Fla > 0,[Al — F]p > 0,and Al — F is
k-epi on €2 for some k > 0 and every Q2 € O(X). Take

1
8 < 5 minfk, [\ = Fl, [\ = Fl),

and fix u € K with |A — u| < §. First of all, from Propositions 2.3 (c) and 2.4 (d) it
follows that

1 1
(nl — Fla > E[U—F]a >0, [ul—Fl= E[M_F]b > 0.
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We show that vo(ul — F) > 0 for every Q € OBE(X); to this end, we use Property
7.4 with Fy := Al — F and H(x,t) := t(u — A)x. Itis clear that H (x,0) = 6 and

a(HM x [0,1])) < |» — pla(M) (M C Q).
For the set (7.8) we get

S={xeQ:ix—F(x)+1t(u—A)x =0 for some ¢ € [0, 1]}.

We claim that § = {6}, and so S N 02 = . In fact, for every x € § we have

fp = Alllxll = lIAx — FOll = [A — Flolix]l,

and so ||x|| = O, since |u — A| < § < [Al — F]y. Thus, from Proposition 7& we
conclude that F; = Fo+ H(-,1) = Al — F+(u—A)] = ul — F is k-epi on 2 for
0 <k <8 —|u—Al. So we have proved that i € pg(F). |

Theorem 7.5. Suppose that F € €(X) satisfies [Fla < oo and [Flg < 0o. Then the
spectrum o (F) is bounded, hence compact.

Proof. We show that A € pp(F) if |A| > max{[F]a, [F]g}. First of all, from (2.34)
and (2.35) we deduce that A ¢ 0,(F) U o (F) for such A.

We claim that AJ — F is k-epi on Q for @ € OB&(X)and 0 < k < |A| — [F]a.
Since v(Al) > | Al | = |A|, by Example 7.2, from (7.17) we conclude that

VAl — F) Zv(AD) — [Fla = |A| = [Fla > k
as claimed. O
If we define the Feng spectral radius of F € €(X) by
re(F) = supf{|A| : L € or(F)}, (7.22)
the proof of Theorem 7.5 shows that
re(F) = max{[F]a, [F]s}. (7.23)

This is of course analogous to the estimate (6.12) for the FM V-spectral radius.

The next theorem shows that also the Feng spectrum is upper semicontinuous
in a suitable topology. Theorem 7.5 suggests that the most appropriate class is the
intersection 2A(X) N B(X), since the map F +— op(F) is compact-valued on this
class. In contrast to the rather complicated FMV-topology which we considered in
Section 6.3, the class 2(X) N B(X) is even a Banach space with norm

IFllap = max{[F]a, [F]g}. (7.24)

The following continuity result for the Feng spectrum is parallel to Theorem 6.4.
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Theorem 7.6. The multivalued map og: A(X) N B(X) — 2K which associates to
each F its Feng spectrum is upper semicontinuous in the norm (7.24).

Proof. We use again Lemma 5.4 for p(F) = ||F|sap. Fix A € pp(F), hence [A] —
Fla > 0,[Al — Flp > 0,and v(AI — F) > 0. Thus, we find some k > 0 such that
AI — F is k-epi on Q for every Q € OBE(X). Since pr(F) is open, by Theorem 7.4,
there exists § = §(1) > 0 such that

1 1
[/U—F]a>§[?»I—F]a, [/LI—F]b>§[)»I—F]b»
and ul — F'is %-epi on 2, provided that | — A| < 8()). Here we take

S0 < %min{[u — Fla, [M — Flo, k).

Choose G € A(X) NB(X) with |G — F|lap < 6(1). From Proposition 2.4 (d) and
our choice of §(1) we have then

(wl —Gla = [l — Fla—[F —Gl]a >0
and
lux — G| = llux — F)|| = | F(x) = G| > (5IA = Flp — 8G)Ix]l,
hence [ul — Gl > 0. Moreover, from (7.17) we obtain

viul = G) = vl = F) = [(A — )] + (F = G)la
>k —[r—ul—IIF —Gllas
>k —26(1) > 0.

We have proved that the complement of the graph of the map oF is open in [2((X) N
B(X)] x K. Moreover, the estimate (7.23) shows that (5.39) holds true, and so the
assertion is proved. O

Our discussion shows that the Feng spectrum is very similar to the FM V-spectrum.
However, since the characteristics [F]g and [F], play the same role for op(F) as
the characteristics [F]q and [F]q for opmv (F), one sees that the Feng spectrum is
“global”, while the FMV-spectrum is “asymptotic”. This has a pleasant consequence:
in contrast to the Furi-Martelli-Vignoli spectrum, the Feng spectrum contains the
eigenvalues. Indeed, from F(x) = Ax it follows that [A]/ — F], = 0, and so op(F) C
op(F) € or(F), by definition.

Example 7.7. To illustrate this, consider again the scalar function F(x) = /[x] from
Example 3.16. As we have seen in Example 6.6, every A € R \ {0} is an eigenvalue
of F, and opmv (F) = {0}. On the other hand, since the Feng spectrum contains the
eigenvalues and is closed, we see that op(F) = R in this example. Of course, this
may also be checked directly. Q
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In Proposition 6.5 we have shown that the subspectrum o (F) = 0, (F) U 04 (F)
contains the boundary of the FMV-spectrum. We prove now a parallel result for the
Feng spectrum. In analogy to the subspectrum (6.16) we put

0p(F) = 0u(F) Uop(F). (7.25)
Proposition 2.5 (b) implies that o, (F)) € o, (F).
Proposition 7.1. The subspectrum (7.25) is closed, and the inclusion
00r(F) C 0y(F) (7.26)

holds.

Proof. The closedness of o, (F) follows from Theorem 2.4. Put
U :=0or(F)\ 0,(F); (7.27)

we claim that U is an open subset of K. Indeed, suppose that there exists A € U
which is not an interior point of U. Then we can find a sequence (1,,), in K\ U with
An —> A. Since A ¢ 0, (F) and 0, (F) is closed, we may assume that A,, ¢ o, (F) for
all n, and thus A,, & or(F). In particular, the operator A,/ — F is epi on 2 for every
Q € OBE(X). So, for any compact operator G: Q@ — X with G|yo = O, there
exists some x, € 2 with

Mnxn — F(xp) = G(xyp). (7.28)

Since €2 is bounded, we have
A= F)(xp) = G(xp) = (A = Ap)xp > 6 (n — 00),

and so the set {(Al — F)(x,) : n € N} is precompact. The fact that [A] — F]; > 0
implies that the set {x, : n € N} is precompact as well, and so we find a convergent
subsequence (x,, )k of (x)y, say x,, — X. Passing to the limit in (7.28), we find that
A% — F(X) = G(X) which shows that A/ — F is epi on Q. Since A ¢ 0, (F), this
implies A € pp(F'), contradicting our definition (7.27) of U.

Suppose now that A € dop(F). Then A is not an interior point of U = or(F) \
0yp(F), and thus A ¢ U. Since A € or(F), by the closedness of the Feng spectrum,
we must have A € 0, (F), and so we are done. O

7.4 Special classes of operators

In this section we consider the special class of homogeneous operators. Recall that
F: X — Y is called t-homogeneous (t > 0) if

F(tx) =t"F(x) (x€X,t>0). (7.29)
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In case T = 1 we have considered this condition in (3.7). We will use the following
obvious property of the zeros of a T-homogeneous operator F: if F'(xg) = 6 for some
xo € X, then also F(x) = 6 for every x on the “ray” {txo : 0 < t < oo}. The
following proposition shows how “local” and “global” properties of homogeneous
operators are actually equivalent.

Proposition 7.2. Let F: X — Y be t-homogeneous for some t > 0. Then the

following is true.

(@) F is strictly epi on some Q € OBC(X) if and only if F is strictly epi on every
Q € OBE(X).

(b) F is epionsome Q € OBE(X) if and only if F is epi on every Q € OBE(X).

(¢) Ift =1,then[F|gla = [F]a for every Q@ € OBE(X).

(d) Ift =1, then [Flgla = [Fla for every Q € OBE(X).

(e) Ift =1,then[F|glg = [F]g for every Q € OBE(X).

(f) Ift =1, then [Flgly = [Flp for every Q € OBE(X).

Proof. To prove (a), assume that F is k-epi (k > 0) on Q for some Q € OBE(X).
This means that F(x) # 6 on 92 and, whenever G : Q — Y satisfies G|yq = ©
and [G|gla < k, the equation F(x) = G(x) is solvable in Q. Let Q' € OBE(X) be
fixed. The t-homogeneity of F' guarantees that F'(x) # 6 for x # 6. Moreover, if
dist(9, F(3R2)) > 0, then dist(9, F(92')) > 0 as well, again by homogeneity.

Choose r > 0 such that B,(X) € Q. Then F is also k-epi on B,(X), by
Property 7.3 of k-epi operators. Now take R > 0 so large that Q" € B%(X), and
let H: BR(X) — Y be an operator satisfying H|s,(x) = © and [H|p,x)la =
kR™'r1=7_ Then the operator G : B,(X) — Y defined by

rt R
G(X) = FH (7)()

satisfies G|s,(x) = ©. Moreover, the inequalities

a(G(M)) = ia H BM < i[Hl EM = ikRT_1 5 M
~RT r ~ RT Br(0)Iac r Rt ot ra( )
show that [G|p, (x)]a < k. By assumption, we find X € B?(X) such that F(x) =
G(X), and so X := Rx/r € BR(X) solves the equation F(x) = H(x). We conclude
that F is k-epi on Bg(X), and so also on ', again by Property 7.3.

This proves the statement (a); the statement (b) is proved similarly.

Suppose now that F' is 1-homogeneous and [ F|g]a < oo for some 2 € OBE(X).
For any bounded subset M of X we may find r > 0 such that tM < Q. Consequently,

ta(F(M)) = a(F(M)) < [Flglaa(tM) =1 [Flglaa(M),
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which shows that [F]o = [F|g]la is actually independent of €2. This proves (c); the
proof of (d) is analogous.
To see that (e) is true, suppose that F' is 1-homogeneous and [F|glg < oo for
some € DBE(X). For any x € X we may find ¢ > 0 such that tx € €2, hence
IFCOI  IF@x)
llx]] llzx |l

= [Flgls < o0,

which shows that [F']g = [F|g]p is also independent of 2. This proves (e); the proof
of (f) is again analogous. O

Specializing the characteristics (7.2) and (7.3) to balls, let us put
5 (F) = vgox)(F) (> 0) (7.30)
and
V(F) = rlr>1% U (F). (7.31)

The proof of Proposition 7.2 shows that v, (F) is actually independent of r > 0 if
F is 1-homogeneous, and so it suffices to consider F on the unit ball B(X). One
could expect that this provides a simpler description of the Feng spectrum and similar
spectra; this is in fact true.

As we have seen in Example 6.5, there is no analogue for the Gel’fand formula (1.9)
for the FMV-spectrum. The same is true for the Feng spectrum, as Example 7.8 below
shows which is very similar to Example 6.5. However, we have an upper estimate for
1-homogeneous operators which we will give in the subsequent Theorem 7.7.

Example7.8. Let F: R — R be defined by

0 ifx <1,
Fx)y={x—-1 ifl<x<?2,
1 if x > 2.

It is not hard to see that op(F) = [0, 1/2], hence rg(F) = 1/2. On the other hand,
since F"(x) = 6 for n > 2, we conclude that || F"||4g = 0 for n > 2, and so the
formula (1.9) with || - || replaced by || - || 4p cannot be true. This example also shows
that the spectral mapping theorem fails for the Feng spectrum. ©

Theorem 7.7. Let F: X — X be 1-homogeneous with [Fla < oco. Then the Feng
spectral radius (7.22) satisfies the estimate

re(F) < max{[Fla, lim inf[F"]/"}. (7.32)
n—oo
In particular,
re(F) < liminf[F"]3/" (7.33)
n—oo

if F is compact.
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Proof. Suppose that both |A| > [F]a and |A| > lim inf,,_mQ[F”]]g/n. We use Prop-
erty 7.4 for Q = B°(X), Fy := Al and H(x,t) := —t F'(x). So consider the set

S={x e B(X):Ax —tF(x) =6 forsome t € [0, 1]}.

We claim that S = {#}. For ¢ = 0 this is trivial. Assume that there existx € B(X)\ {6}
and € (0, 1] such that AX = 7F(x). Then we get, by homogeneity,

[Fls = sup [FG)| = HF( X )H > .

xl=1 X1l

o[ % Ax A
F? = =|F (== > .
1%l x| i2

So we have [F2]g > |A|2. By induction, we obtain [ F"]g > |A|", contradicting our
assumption || > liminf, o[ F"]y/". Since [A[1a < [A| and [H]a < [Fla < |A],
from Property 7.4 it follows that the operator Fo+H (-, 1) = Al —Fis (J]A|—[F]a)-epi
on B(X),andsov(Al — F) > 0,1.e., A € pp(F). O

Moreover,

The next example shows that the estimate (7.33) is sharp.

Example7.9. Let X and F be as in Example 2.46, so F is continuous, compact
and 1-homogeneous. Trivially, [F"]g = 1 for all n € N, and so (7.33) shows that
re(F) < 1. But from F(e) = e it follows that . = 1 is an eigenvalue of F, and so
re(F) =1. <

In Theorem 1.2 (c) we have shown that, for a compact linear operator L, every
point A € o(L) \ {0} is an eigenvalue of L. The same holds, with obvious modifi-
cations, for the FMV-spectrum of an asymptotically odd compact nonlinear operator
(see Theorem 6.12). Interestingly, an analogous result holds for the Feng spectrum of
an operator which is “very close” to being linear. We state this result for the larger
class of a-contractive operators, since the proof is not very different from that for
compact operators. In this way, we get the following analogue to Theorem 6.12.

Theorem 7.8. Let F € A(X) be 1-homogeneous and odd. Then every A € og(F)
satisfying |A| > [F]a is an eigenvalue of F.

Proof. We fix A € op(F) with |A| > [F]a and show that A belongs to oy (F).
In fact, suppose that [A/ — F], > 0. Since F is odd, the topological degree
deg(I —F /A, 2, 0) of the a-contractive vector field / — F'/A is odd, and so nonzero, for
every Q € DBC(X). Consequently, for fixedk € ([F]a/|A[, 1), the operator I — F /A
is (k — [F]a)/|*|-epi on , by Property 7.5 of k-epi operators. Consequently, A/ — F
is (JAlk — [F]a)-epi on Q. Moreover, we certainly have [A] — F], > 0, by (2.35).
Altogether this means that A € pp(F), a contradiction.
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So we conclude that [A] — F]p, = 0, which means that there exists a sequence
(x1), in X such that

1
1Axn = FCe)ll = —llxnll.

Putting e, := x,,/||x|| we thus have ||Ae,, — F(e,)|| — 0asn — oo. In addition, the
set M := {ey, ey, e3, ...} satisfies

(A — Flaa(M) = a((A] — F)(M)) =0,

which shows that (e,), admits a convergent subsequence (e, )k, say e,, — e. By
continuity, we have then e € S(X) and F(e) = Ae, i.e., A € op(F) as claimed. O

We will see later (see Example 12.1) that Theorem 7.8 is false without the oddness
assumption on F.

As a consequence of Theorem 7.8 we can prove the following Borsuk—Ulam type
theorem for r-contractive operators which generalizes Theorem 6.13.

Theorem 7.9. Let X be a proper closed subspace of a Banach space X, and let
F: S(X) — Xo be an a-contractive vector field, i.e., F = I — Fy with [Fyla < 1.
Then there exists a point X € S(X) such that F(—x) = F(X).

Proof. Suppose first in addition that Fp = I — F is odd. Let F; denote the homoge-
neous extension (6.7) of F,i.e.,

- Fo (+% if 0,
Fi(x) = X [l I O(HXH) 1 X;é
0 if x = 6.

Then F; maps the space X into the subspace X(. Indeed, otherwise we could find
xo € X such that F(xg) € X \ Xo, hence F(xo/|xoll) = F1(x0)/|lxo0ll € X \ X0, a
contradiction. So the operator F is not surjective which implies that 1 € op(I — F1),
by Theorem 7.3. Also, [ — F1]a = [I — F]a = [Fo]a < 1, by Proposition 3.3 and
our assumption. Since I — Fj is clearly 1-homogeneous and odd, from Theorem 7.8
we conclude that 1 € op(I — Fy). This means that there exists x € X \ {0} such
that ¥ — F1(X) = %, and so X = ||X||Fo(X/||X]]). In other words, the element X :=
xX/|Ix]l € S(X) is a fixed point of Fy. Since we supposed Fy to be odd, this implies
that

F(®) — F(=%) = % — Fo(}) + % + Fo(—%) = 2% — 2Fy(}) =28 — 2% = 6.

Now we drop the additional assumption on Fy = I — F to be odd. Then the operator
G defined by

1
Go(x) := 5 (Fo(x) = Fo(—x))
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is certainly odd and satisfies [Go]a = [Fola < 1 and Go(X) € X(. By what we have
just proved, there exists x € S(X) such that G(—x) = G(X), where G := I — Gy.
But then

F(x)—F(—x)=2Gx)=G(x) — G(—x) =0,

since G is odd. So the proof is complete. O

7.5 A comparison of different spectra

In this and the preceding three chapters we have discussed spectra for various classes
of continuous nonlinear operators. The purpose of this section is to compare these
spectra from the viewpoint of their analytical properties.

First of all, we have seen that only the Neuberger spectrum is always nonempty
in complex Banach spaces (Theorem 4.1 and Example 3.18). On the other hand, the
Neuberger spectrum may be unbounded (Example 4.1) or not closed (Example 4.7).
In contrast, the Kachurovskij spectrum is always compact (Theorem 5.1). Both the
Rhodius and Dérfner spectra need not be bounded (Examples 4.1 and 5.7) or closed
(Examples 4.1 and 5.8). Finally, the FM V-spectrum, the AGV-spectrum, and the Feng
spectrum are always closed (Theorems 6.2, 6.11, and 7.4), but may be unbounded
(Examples 6.10 and 7.7).

If we impose additional conditions, the spectra get more structure. Thus, all spectra
are nonempty for compact operators in infinite dimensional spaces (Theorems 4.3,
5.2 and 6.6). Moreover, the FMV-spectrum and AGV-spectrum are compact in case
[F]a < oo and [F]g < oo (Theorems 6.3 and 6.11), while the Feng spectrum is
compact in case [F]a < oo and [F]g < oo (Theorem 7.5). Finally, all the spectra
discussed in this and the previous chapter are upper semicontinuous in a suitable
topology. So we may summarize these properties in the following table which is a
refinement of Table 5.1.

Table 7.1

’ spectrum H # ‘ closed ‘ bounded | compact ‘ 2 op(F) ‘ u.s.c. ‘

on(F) yes | no no no yes —
ok (F) no* | yes yes yes yes yes
or(F) no* | no no no yes —
op(F) no* | no no no yes no

opmy (F) || no* | yes no** no** no yes
oagv(F) || no* | yes no** no** no yes
or(F) no* | yes no*** no™** yes yes

*: yes ifdim X = coand [F]p =0
:yes if [F]p < ooand [F]g < o0
cyes if [F]p <oocand [F]g < 00



7.5 A comparison of different spectra 179

We also give a scheme, for the reader’s ease, of all possible inclusions between
these spectra in the following Table 7.2.

Table 7.2

oacv(F) € opmv(F) € or(F) C op(F) C ok (F)

Ul Ul Ul

op(F) S or(F) S on(F)

Table 7.2 shows again that cagv (F) and opmy (F) are the only spectra which may
not contain the eigenvalues. Moreover, ox (F') = ¢ implies that all other spectra are
also empty, whenever they are defined. (Recall that the operator in Example 3.18 is
not differentiable at any point.)

Let us also make some remarks on possible strict inclusions in this scheme. Ex-
amples for oagyv(F) C opmv(F), opmv(F) C or(F), and op(F) C op(F) have
already been given. Example 4.2 shows that the strict inclusions op(F) C og(F),
op(F) C or(F), or(F) C op(F), and or(F) C on(F) may actually occur. It
remains to find an example for the strict inequality op(F) C ox (F).

Example7.10. Let X = R, F(x) = (x — 1)>+ 1for1 <x < 2,and F(x) = x
otherwise. Obviously, F' € Lip(X) with [F]rj, = 2, but [F']g = 1. Moreover, F is a
bijection with [F]p = 2(«/3—1), andhence 0 € pp(F). Onthe otherhand, 0 € ok (F)
since F~! is not Lipschitz continuous. More precisely, by means of a straightforward
computation one may show that op(F) = [2(+/2 = 1), 1] and ok (F) = [0, 2]. Q@

Of course, usually one need not calculate all spectra in Table 7.2 to get a complete
picture. Sometimes it suffices to calculate the smallest spectrum oagy (F) and to give

some upper estimate for the “size” of the largest spectrum ok (F). We illustrate this
by means of an operator which we already considered before.

Example7.11. Let X = I, and F be defined by
F(x1,x2,x3,...) = (x|, x1, x2, .. .). (7.34)
We have seen in Example 3.15 that [FLip = /2, and so
ok (F) €D 3, (7.35)

by (5.11), where D, = {z € C : |z| < r}. We show that u(AI — F) = O for |A| < V2,
and so

oacv(F) 2 D s, (7.36)
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i.e., we have equality in the upper row in Table 7.2. Indeed, the operator
G(x1,x2,x3,...):=(1,0,0,...) is compact with [G]g = 0. Fix A with 0 < [A] <
V/2, and suppose that the equation F(x) = G (x) has asolution £ = (£, %2, £3,...) €
X. Then
o1+ Byl
n — )\'n

For [A| < 1, the element X cannot belong to X. On the other hand, for |A| > 1 we

obtain ,
( 21 ) _ 1
14+ 1% A2 —1"

and this implies IA|> =1 > 1, hence |A| > /2. This contradiction shows that A\ — F
is not stably solvable for [A| < /2, and so (7.36) is proved. The same reasoning
shows that A/ — F' is not a homeomorphism for |A| < /2, which means that

n=172,3,...).

or(F) =D 4.

It remains to calculate the point spectrum op(F). Itis easy to see that A = 0 is not an
eigenvalue of F. For A # 0, the eigenvalue equation F(x) = Ax leads to the relation

x (11 1
”x”_ )\”)\’2’)\43’ ’

o0

1 2 "
= = )‘ n = 17
pE=1 " T—]2 ,;' |

hence

which implies that |A|> = 2. Conversely, for any A € K with |A| = V2, the element
=0T )

satisfies x, € X and F(x,) = Ax,. So we have calculated all spectra for F, and
Table 7.2 becomes for this operator as shown in Table 7.3 below. ©

Table 7.3

D,=D;=D;=D;= Dy
U Il Il

An extension of Table 7.2, containing more spectra and point spectra, will be
discussed in Section 8.5 in the next chapter.
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7.6 Notes, remarksand references

There are many papers on epi and k-epi operators, a rather detailed list of references
may be found in the recent book [148]. The notion of epi operators is due to Furi,
Martelli and Vignoli [123]; they call them zero-epi maps. In [123] the authors prove
the “existence”, “boundary dependence”, “normalization”, “localization” and “homo-
topy” properties which we have given in Section 7.1 and which are similar to those of
topological degree theory. For example, Property 7.4 may be viewed as some kind of
homotopy invariance of k-epi operators. Some kind of axiomatic approach in a very
general setting may be found in the recent paper [18].

We point out, however, that the theory of epi mappings has some advantages
compared with topological degree theory. First, it requires only elementary tools
such as the Schauder fixed point theorem and the Tietze—Uryson lemma. Second, epi
operators F' may act between different spaces, in contrast to the vector fields I — F
considered in classical degree theory. Thus the theory of epi operators applies directly,
say, to differential or functional differential equations, while to apply degree theory it
is necessary to reformulate the problems for nonlinear operators acting in one and the
same space.

There is another advantage of epi operators: they may be useful even if the topo-
logical degree is zero, and so degree theory does not apply. However, this advantage
is in a certain sense only apparent. For example, the function F: 2 — R defined by
F(x)=x2—4onQ = (=3,-DU(,3)is epi, but has (Brouwer) degree 0 on Q2. Of
course, in this example the degree of F is —1 on (—3, —1) and +1 on (1, 3). So, the
natural question arises whether or not there exist epi operators with vanishing degree
on connected sets.

An example of an epi operator F' with [F]o = 1/4 and vanishing (Nussbaum—
Sadovskij) degree in an infinite dimensional space has been given recently by Ding
[78]. However, as was observed by Vith [260], the calculation in [78] leading to this
example is false. Moreover, Vith proves in the same paper that every operator of the
form F = I — C with [C]a < 1/2 which is epi on a Jordan domain €2 has non-zero
degree. Interestingly, in [131] it was shown that this is true even for [C] < 1 and
arbitrary Q € OBE(X). If Q is only an open subset of X (not necessarily connected),
then there exists a connected component €' C €2 such that F is epi on ' if and only
if F has non-vanishing degree on €'.

The class of k-epi operators has been introduced by Martelli [183] and, indepen-
dently, by Tarafdar and Thompson [248]. The characteristic (7.31) is called measure
of non-solvability in [248]. Feng [105] calls the numbers (7.30) and (7.31) measures
of solvability, as we do for the more general characteristics (7.2) and (7.3), which
seems more reasonable. The following example which is due to Vith shows that an
operator may be epi on some set 2 € DBE(X), but not epi on any ball B, (X).

Example7.12. Let X = R? and Q € OBE(X) be the ellipse 2 = {(x,y) € R? :
x2+4y? < 16}. By the classical Tietze—Uryson lemma we may find a smooth function
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@: R? — [0, 1] such that ¢(x, y) = 1 on € and ¢(x, y) = 0 for dist((x, y), Q) > 1,
say. Clearly, the operator F': X — X defined by F(x, y) = (¢(x, y)x, ¢(x, y)y) is
then k-epi on Q for any k > 0, and so vo(F) = co. On the other hand, F is not epi
on any disc B, (X), since F has zeros on S, (X) for each r > 0. Q@

The definition of k-proper operators and Lemma 7.3 are taken from [248]. Of
course, this notion is closely related to our lower measure of noncompactness (2.15),
as Lemma 7.2 shows.

In [248] the authors claim to have an example of an epi operator which is not k-epi
for any k > 0. However, this claim is not true. To the best of our knowledge, the only
known example of such an operator is due to Furi [118]; this is our Example 7.5. By
Theorem 7.1, every operator of this type must satisfy [F]; = 0.

The (trivial) estimate (7.5) is useful for obtaining upper bounds for the character-
istic i (F), or lower bounds for the characteristic v(F'). Let us call the number

V(X) :=v() = inf{k : kK > 0, there exists a fixed point free

. (7.37)

operator F: B(X) — B(X) with [F]a <k}
the Vith constant of the Banach space X. From Darbo’s fixed point principle (Theo-
rem 2.1) it follows that V (X) > 1 in every Banach space. Example 7.3 which is taken
from [248] shows that V(I3) < 2, while Example 7.4 shows that V(cg) = 1. Quite
recently, however, it was shown by Caponetti and Trombetta [60] that V(X) = 1 in
every infinite dimensional Banach space X. In fact, since the work of Lin and Stern-
feld [172] one knows that in an infinite dimensional Banach space one may always
find a Lipschitz continuous fixed point free map F': B(X) — B(X). If [F]Ljp > 1
for such a map, for ¢ > 0 we may pass from F to the operator F,: B(X) — B(X)
defined by

Fo(x) = x 4 200 70 (7.38)

o [Flup— 1" ‘

Clearly, [F¢]a < [FelLip < 1 + ¢, and the operator (7.38) is fixed point free, because
every fixed point of F is also a fixed point of F. This shows that V(X) <1+ ¢, and
the assertion follows.

We point out that Vith’s paper [259] is concerned with the problem for what kind
of spaces X the value V(X) = [F]a = 1 is actually attained by some fixed point
free operator F. This problem is by far more difficult than just proving the equality
V(X) = 1. For instance, it is shown in [259] that the infimum V (X) = 1 is attained
if X is Hilbert, or a closed subspace of /,, (1 < p < 00), or cp.

Observe that Vith’s constant V (X) and Wosko’s constant W (X) introduced in
(2.36) are related by the estimate V(X) < W(X). In fact, if k¥ > W(X) and
p: B(X) — S(X) is a retraction with [p]a < k, then F = —p: B(X) — B(X)
is a fixed point free operator with [F]po < k, and so V(X) < k.

Throughout Sections 7.2-7.4 we followed Feng’s beautiful survey paper [105].
That is of course the reason why we call (7.19) the Feng spectrum. The main motivation
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for introducing this spectrum has been the flaw of the Furi—-Martelli—Vignoli spectrum
of not containing the eigenvalues; compare again Example 6.6 with Example 7.7.

We point out that Feng defined in [105] the class of operators which we call
F-regular by means of the three conditions [F], > 0, [F]p > 0, and v(F) > O (see
(7.31)), i.e., F is required to be k-epi on each ball for some k > 0. As Theorem 7.1
shows, the latter condition is unnecessarily strong, because the positivity of v(F)
already follows from the condition [F]; > 0. Of course, Theorem 7.1, which is due
to Vith [262], was still unknown when Feng defined her spectrum.

All results contained in Section 7.4 are also taken from Feng’s paper [105]. In
particular, our Theorem 7.8 is [105, Theorem 4.6]. Of course, this is an exact analogue
to Theorems 1.3 (d) and 6.14. We will use results of this type in Chapter 12 below.
The Borsuk—Ulam Theorem 7.9 may be found in the recent paper [106], even for
condensing instead of ¢-contractive operators; it generalizes the analogous theorem
for compact operators from [122] which we stated as Theorem 6.13.

Observe that a direct analogue to Lemma 6.6 for the Feng spectrum would be
completely trivial, because || F — F lap = O(see(7.24)) implies that F = F. However,
it was shown in [280] that op(F) = ch(F ) if there is some linear homeomorphism
L € £(X) such that F = L~'FL. Infact, this is a direct consequence of the estimates

[Fla > (LN [Fla[Lla, [Flo > |L| [Flo IL7', v(F) = [L7' 1 v(F) L1,

Finally, let us remark that the comparison of the Neuberger, Kachurovskij, Rhodius,
Dorfner, Furi-Martelli—Vignoli, and Feng spectrum in Section 7.5 is taken from [13],
where one may also find some further examples and comments. An essential comple-
tion of this may be found in Section 8.5 below.



Chapter 8
TheVath Phantom

In this chapter we discuss two spectra which have been recently introduced by Vith
under the name “phantoms”. Roughly speaking, the definition of phantoms is based
on a notion of “stably” epi operators, in rather the same way as the FM V-spectrum and
the AGV-spectrum have been constructed in Chapter 6 by means of stably solvable
operators. In contrast to the “asymptotic” FMV-spectrum and the “global” Feng
spectrum, the Vith phantom is “local”, and so reflects quite well the local character
of nonlinear problems.

We also associate to the Vith phantom a new notion of point spectrum (eigenval-
ues) called point phantom. This new definition of eigenvalues has surprisingly many
properties in common with the linear case; for example, the union of 0 and the point
phantom of a compact operator is always compact. It also turns out that the Vith
phantom is the smallest “reasonable” spectrum which contains the point phantom.

8.1 Strictly epi operators

Given a Banach space X, we denote as in the last chapter by O9B€(X) the class of
all open, bounded, connected subsets €2 C X containing . Recall that a continuous
operator F': Q — Y is called epi on Qif F(x) # 0 on 9 and the equation F(x) =
G(x) has a solution in  for any compact operator G: @ — Y which vanishes on
0€2. As we have seen in Furi’s Example 7.5, this notion is not “stable enough” to be
invariant under small perturbations, and hence does not provide a closed spectrum.
The reason for this unpleasant phenomenon is two-fold. First, the boundary condi-
tion 0 ¢ F(0€2) need not remain true if we perturb F slightly; second, the solvability
of the equation F(x) = G(x) may get lost if G is no longer compact, even if [G]a
is “very small”. This is the reason why we have introduced the notion of strictly epi
operators at the end of Section 7.2. Recall that F: Q — Y is strictly epi on Q if

dist(8, F(0R2)) = inafQ |F )| >0, 8.1)

i.e., F(dQ) is bounded away from zero, and vq(F) > 0, i.e., F is k-epi on  for

some k > 0. This definition modifies that of epi operators in rather the same way

as the definition of strictly stably solvable operators modifies that of stably solvable

operators. In case 2 = B?(X), being strictly epi on 2 = B, (X) simply means that

inf [F(x)|| >0, -(F)>0, (8.2)
r

lxll=
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with ¥, (F) as in (7.30).
The following theorem rephrases Vith’s fundamental Theorem 7.1 in terms of
strictly epi operators.

Theorem 8.1. Every operator F : Q — Y which is epi on Q and satisfies [Flgla >0
is even strictly epi on 2.

Proof. Since F is epi, we know that F(x) # 6 on 0€2. The hypothesis [Flgla > 0
implies that F is proper on €2, by Proposition 2.4 (b), and thus F maps closed sets into
closed sets, by Theorem 3.1 (b). In particular, F(9€2) is closed in Y, and so (8.1) is
true.

The fact that the condition [F|g], > 0 implies the positivity of vo(F') is a conse-
quence of (7.9). |

Theorem 8.1 admits a simple corollary which is similar to Lemma 7.4.

Lem_ma8.l. Suppose that F: Q — Y is epi on Q with [Flgla > 0, and
G: Q — Y satisfies
sup ||G(x)| < dist(9, F(9£2)) (8.3)
x€d2

and [Glgla < [Flgla. Then F + G is strictly epi on Q with [(F + Glgla > 0.

Proof. From Theorem 8.1 it follows that F is strictly epi on Q with vo(F) > [F Igla-
Consequently,
[Glgla < va(F),

and so F + G is (strictly) epi on €, by Lemma 7.4. Moreover, we have
[(F+ G)lgla = [Flgla — [Glgla > 0,
by Proposition 2.4 (d), and the proof is complete. O

In view of Theorem 8.1 and Lemma 8.1 we introduce a new notion. Given
Q € OBEX), let us call F: @ — Y properly epi on Q if F is epi on Q and
[Flgla > 0. Thus, being properly epi is stronger than being strictly epi, by Theo-
rem 8.1. Moreover, in this terminology Lemma 8.1 is a precise analogue to Lemma
7.4, with “strictly epi” replaced by “properly epi”.

In applications one has often to deal with «-contractive vector fields, i.e., operators
of the form F = I — C, where [C]a < 1. For such operators the following test is
convenient.

Proposition 8.1. Suppose that F = I — C: Q — Y with [Clgla < 1. Then the
following three statements are equivalent:

(@) Fisepion Q.
(b) F is strictly epi on Q.
(c) F is properly epi on Q.
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Proof. The assertion follows easily from the trivial estimate [F|gla = [/ — Clgla >
1 — [Clgla > 0 and from Theorem 8.1. O

Proposition 8.1 shows that the difference between epi operators and strictly epi
operators appears rather small from the viewpoint of applications. Nevertheless, the
above three properties are not always equivalent. Indeed, the operator F' in Ex-
ample 7.5 satisfies (a), but neither (b) nor (c). Of course, this operator is not an
a-contractive vector field, since (I — F)(S,(X)) = S,2_,.(X) forallr > 1.

8.2 Thephantom and the large phantom

The definitions and results of the preceding section have obvious similarities to the
corresponding definitions and results in Chapter 6. Roughly speaking, when passing
from “asymptotic” conditions (i.e., for ||x|| — o00) to “local” conditions (i.e., for
x € Q with Q € OBE(X)), one has to replace FMV-regularity or AGV-regularity
by some regularity involving epi or strictly epi operators on some set 2 € OBE(X).
However, this would depend on our choice of 2 which is not very natural. To get rid of
this dependence, let us call F: X — Y v-regular if there exists some 2 € OBE(X)
such that F is strictly epi on , and V-regular if there exists some Q € OB (X) such
that F is properly epi on Q.

The following proposition provides a comparison between these and the other
types of regularity studied in Sections 6.2 and 6.6.

Proposition 8.2. Every AGV-regular operator is v-regular, every FMV-regular oper-
ator is V-regular, and every V-regular operator is v-regular.

Proof. AGV-regularity of F': X — Y means that [F]qg > 0 and u(F) > 0, i.e., F is
k-stably solvable for some k > 0. From Lemma 7.1 it follows then that also v(F) > 0,
i.e., F is k-epi on some set 2 € OBE(X), and so F is v-regular.

FMV-regularity of F in turn means that [F]q > 0, [F], > 0, and F is stably
solvable; we have to show that this implies that F is epi on Q for some Q € OB¢(X).

From [F]q > 0 it follows that there exists » > 0 such that F'(x) # 0 for ||x|| > r.
We claim that F is epi on Q = B,(X). Solet G: B,(X) — Y be compact with
G(x) =0 on S,(X), and let G be the trivial extension (7.4) of G. Since F is stably
solvable, we find £ € X such that F(£) = G(#). Since F(x) # 6 = G(x) for
llx|| > r, we conclude that X € €2, and so we are done.

Finally, the fact that V-regularity implies v-regularity is just a reformulation of
Theorem 8.1. O
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We may summarize the four regularity properties contained in Proposition 8.2 in
the following table.

Table 8.1

’ F(x) = G(x) solvable H asymptotic local
for [G]o > 0and [F]; > 0 || F AGV-regular | F v-regular
for [G]o =0and [F], > O || F FMV-regular | F V-regular

Proposition 8.2 shows that passing from asymptotic to local conditions one gets a
more general notion of regularity or, in other words, “sharper” solvability results. In
Example 6.9 we have seen that there exist FM V-regular operators which are not AGV-
regular. The following two examples show that also the implications in Proposition 8.2
cannot be inverted.

Example8.1. In X = R, consider the “sawtooth function” F: X — X be defined by

X if [x] <1,
-2 — if 2<x<-1,
F(x) = rlTe=ts (8.4)
2—x ifl<x<2,
0 if |x| > 2.

Since F is k-epi on Q = [—1, 1] for any k > 0, F is certainly both v-regular
and V-regular. On the other hand, since F' is not onto, F is neither AGV-regular nor
FMV-regular.

To see that v-regularity is weaker than V-regularity, we can use the same example
which we already used to show that AGV-regularity is weaker than FM V-regularity.

Example 8.2. Let F be the operator from Example 6.9. We already know that F is
AGV-regular. Consequently, F is v-regular, by Proposition 8.2. On the other hand,
consider the set M, from Example 6.9. Forany Q € OB &(X), the intersection M, N
is not precompact, because €2 is a neighborhood of 6 in an infinite dimensional space.
But the image F'(M. N Q) = {6} is compact, and so we must have [F|gl, = 0, i.e,,
F cannot be V-regular.

Given F: X — X, we call the set
¢(F)={, € K:AI — F is not v-regular} (8.5)
the Véth phantom of F and the set

®(F) ={r € K: Al — F is not V-regular} (8.6)
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the large Viith phantom of F. Thus, a scalar A belongs to ¢ (F) if and only if Al — F
fails to be strictly epi on any set Q € OBE(X). Likewise, we have A € ®(F) if and
only if, for any set Q € OBE(X), either [(A] — F)lgla = 0 or Al — F is not epi
on €.

Proposition 8.2 trivially implies that

@(F) Coagv(F), (8.7)

®(F) C opmv (F), (8.8)
and

@(F) C O(F). (8.9)

The following Table 8.2 corresponds to Table 8.1 and describes the four sets oc-
curring in (8.7)—(8.9).

Table 8.2

Ax — F(x) = G(x) not solvable asymptotic local

for[G]a > 0and [F], >0 A € oagv(F) A€ @(F)

for [G]o =0and [F], > 0 Aeopmv(F) | A e O(F)

Let us make some comments on Table 8.2. Example 8.2 shows that the condition
[F]a > 0, which is crucial for FM V-regularity or V-regularity, may fail even if F has
very good “surjectivity properties”. This means that the AGV-spectrum and the Vith
phantom are more appropriate than the FMV-spectrum and the large Vith phantom
if we are interested in existence of solutions to nonlinear problems. Nevertheless,
there are two reasons why the condition [F], > 0 may be of interest anyway. First,
it might be easier to verify than solvability conditions for “more general right hand
sides”. Second, the condition [F], = 0 means, loosely speaking, that the operator F
is “extremely non-injective”, and one might want a spectrum to reflect this drawback.
Indeed, injectivity is the crucial property if one is interested in uniqueness of solutions
to nonlinear problems. For instance, for the scalar operator F in Example 8.1 we have

p(F)=D(F) =0, oacv(F)=ormv(F) ={0}.

It is also illuminating to illustrate the above discussion by means of the following
linear example.

Example8.3. Let X =1, (1 < p < 00), and let L € £(X) be defined by

L(x1, x2, X3, X4, ...) = (X2, X4, X6, X8, - . . ).
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Then ||L|| = 1, [L], = 0, and L has the infinite dimensional nullspace
N(L) = {(x1,0,x3,0,...) : x1,x3,--- € K}
so L is far from being injective. Nevertheless, L is onto with bounded right inverse

Ky, y2,y3,94,...) =(0,51,0,y2,...).

This implies that L is k-epi on every ball B,(X) for k < 1/||K|| = 1. In fact, if
G: B, (X) — X is continuous with [G]s < 1 and G(x) = 6 on S, (X), for the trivial
extension (7.4) of G we have [GK ]a < [GIallK | < 1and [GK]q < [Glol K| = 0.
Theorem 2.2 implies that there exists § € X with G(K ($)) = $, and so the element
X := K ¥ solves the equation Lx = G(x). V)

Let us now discuss some properties of the two phantoms (8.5) and (8.6). The
following is parallel to Theorems 6.2, 6.11 and 7.4.

Theorem 8.2. Both the phantom ¢ (F) and the large phantom ® (F) are closed.

Proof. We prove that the complement of ¢ (F) is open. Fix A € K\ ¢(F). This
means that the operator A/ —_F is v-regular, i.e., we find some Q € OBE(X) such
that A — F is strictly epi on 2. In particular,

. {dist(@, (A — F)(02))
é := min

,vo(AT — F)} > 0.
Sup,.cyq x|l

For any n € K with | — A| < §, the operator G = (u — 1)/ satisfies

sup [G(x)| <& sup x| < dist(6, (A — F)(3€2))
xe€d2 x€a2

and
[Glgla = lu — Al <8 < va(F).

Lemma 7.4 thus implies that (\/ — F) + G = ul — F is strictly epi on Q, i.e.,

e Q(F).
The proof for ®(F) is analogous, with the only difference that we put

. {dist(@, (A — F)(0R2))
é := min

SUPxepg I1xl

T — F)IQ]a}

and use Lemma 8.1 instead of Lemma 7.4. m]

In the next theorem we give a sufficient boundedness condition for the Vith phan-
toms. We recall that the FMV-spectrum is bounded for operators in 2((X) N Q(X)
(Theorem 6.3), while the Feng spectrum is bounded for operators in 2(X) N B(X)
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(Theorem 7.5).For the phantom, the sets (X, Y) and B(X, Y) do not play any role,
of course, and the set (X, Y) can be replaced by

V(X,Y):={F € CX,Y) : [Flgla < oo for some 2 € OBE(X)}. (8.10)

Asusual, we write *U(X, X) =: U(X). Evidently, B(X) D 24(X), where the inclusion
may be strict.

Theorem 8.3. For G € U(X), both the phantom ¢ (G) and the large phantom ®(G)
are bounded, hence compact.

Proof. By assumption, we find some 2 € OBE(X) with [G|g]a < oo and

_ Suppe Gl -
infrepq x|

Fix & € K with |A| > max{c, [G|g]a}; we ipply Lemma 8.1 to the linear operator
F = —AI on Q. Itis clear that F' is epi on  and [F|gl. > [A| > 0. Moreover, by
our choice of A we have

sup ||G(x)|| = cdist(8, 02) < |A|dist(d, 02) = dist(6, F(9€2)),

xX€d2
so (8.3) holds true. Finally, [Glg]la < [A| < [F|gla. So from Lemma 8.1 it follows
that F + G = G — Al is both v-regular and V-regular, and so we are done. O

The proof of Theorem 8.3 shows that the phantom radius
ro(F) :=sup{|r]| : A € ®(F)} (8.11)
of an operator F' € 2(X) satisfies the upper estimate

SuPyep | F (V)| }

- (8.12)
infyepq [lx||

F) < inf max | [Fls]aA,
ro(F) < om0 {[ Isla

In Chapter 6 we have proved a semicontinuity result for the FMV-spectrum and
AGV-spectrum with respect to the FMV-topology. Recall that the FMV-topology is
generated by the seminorm

pag(F) = max{[F]a, [Flg}.

This seminorm reflects both the compactness condition [ F]5 < oo and the asymptotic
condition [F]q < oo which guarantee the compactness of the spectra opmy (F) and
oacv(F). Since the phantoms (8.5) and (8.6) are “local”, not “asymptotic”, it is
evident that we have to choose another topology for them.

The estimate (8.12) suggests to choose, form = 1, 2, 3, ..., the family of pseudo-
norms

an(F) 1= max {[Flg,c0la. sup IFOII}. (8.13)

lxl|<m
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This family generates a topology on €(X, Y)) which we will call the Viith topology in
what follows. The Vith topology is neither finer nor coarser than the FMV-topology.
Observe that multiplication by scalars is not continuous in the Vith topology, and so
(€(X, Y), gn) is not a topological vector space. However, since the Vith topology is
Hausdorff and generated by a countable number of pseudonorms, it is metrizable by
the metric -
1 gu(F —G)
@“RG”‘E:W1+%MF_Gy (8.14)

m=1
which we call the Véith metric on U(X, Y). On the subspace of all F € €(X,Y) for
which g, (F) < oo for all m € N, the pseudonorms ¢,, are seminorms, and so this
subspace becomes a locally convex vector space with the Vith topology. However,
the following important result holds even on the essentially larger space U (X, Y).

Theorem 8.4. The multivalued maps ¢ : B(X) — 2K and ®: B(X) — 2X which
associate to each F its phantom or large phantom are upper semicontinuous in the
Viith topology.

Proof. By Lemma 5.4, it suffices to show that the multivalued maps ¢ and @ are
locally compact and have closed graph. Concerning the latter, we show first that they
even have closed graph on €(X).

The proof is analogous to the proof of Theorem 8.2 (actually, Theorem 8.2 is a
special case). We prove that the complement is open. Thus, fix some (Fp, Ag) in the
complement of the graph of ¢, which means that 1o ¢ ¢ (Fp). Then the operator
Aol — Fy is strictly epi on Q for some € OBE(X), and so

8 := min{dist(0, (Aol — Fp)(02)), vo(Aol — Fo)} > 0.

Choose m € N with Q C B,,(X). We claim that, for any F € €(X) and A € K with
(F — Fo) ’ |4 — %ol o
- < -, - < ,
G 0 2 0 2m

the pair (F, 1) belongs to the complement of the graph of ¢. Indeed, the operator
G: Q — X definedby G = (A — F) — (Aol — Fp) satisfies

CIm(G) = Qm(()L - )\O)I - (F - FO))
<A = 2olgm(I) + gm (F — Fop)
=mlr — ro|l + gm(F — Fo)

1)

— - =35,
<My t2

and so in particular

max | sup G, [Glgla <.
xX€d2
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By Lemma 7.4, this implies that (A\¢/ — Fg) + G = Al — F is strictly epi on 2, and
so A &€ ¢(F), as claimed.

The proof of the closedness of the graph of @ is analogous, with the only difference
that we put

8 := min{dist(0, (Aol — Fp)(3%2)), [(Ao] — Fo)lgla}

and use Lemma 8.1 instead of Lemma 7.4.

It remains to show that ¢ and ® are locally compact. Since the maps F +— ¢ (F)
and F — ®(F) attain values in the (finite-dimensional!) space K, we have to show
that they are uniformly bounded in a neighborhood of any given F' € 2U(X). But this
is an immediate consequence of (8.12). O

In the proof of Theorem 8.4 we have also shown that 2U(X, Y) is an open subset
of €(X, Y) in the Vith topology.

Let us now see how the phantom of a linear operator looks like. Fortunately, we
get precisely what we expect.

Theorem 8.5. For L € £(X) we have
¢(L) =@(L) =0(L), (8.15)
where o (L) is the usual spectrum (1.5) of L.

Proof. If Al — L is v-regular, then dist(6, (Al —L)(9€2)) > Oand vq(Al — L) > O for
some Q € OBE(X). The first condition implies that LI — L is injective, the second
one that it is surjective.

To see the latter, assume that the range of A/ — L misses some point y € X. Then
y # 6, and the range of A/ — L misses all points wy with u # 0. In particular,
the equation (A/ — L)x = G(x) has no solution for the compact operator G(x) =
dist(x, 8Q)y which satisfies G(x) = 6 on 3. Consequently, A/ — L is not epi on Q
which contradicts vo(AI — L) > 0.

In this way we have proved that 6 (L) C ¢ (L). On the other hand, Theorem 6.1
and the inclusion (8.8) show that ® (L) C o (L). O

8.3 Thepoint phantom

In Section 6.6 we have seen that the appropriate notion of “eigenvalue” in connection
with the FMV-spectrum and AGV-spectrum is provided by the subspectrum oq(F).
Recall that A € o (F) if there exists an unbounded sequence (x,), such that

[Axn — F ()l

[l |

-0 (n— 00). (8.16)
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In this section we propose an ‘“eigenvalue theory” which takes into account the structure
of the Vith phantom; the corresponding part of the phantom will be called “point
phantom”.

Let us say that A € K is a connected eigenvalue of F: X — X if the nullset

NAI—F)={xe€ X: F(x)=Ax} (8.17)
of Al — F contains an unbounded connected set containing 6. The set
¢p(F) := {1 € K : A connected eigenvalue for F'} (8.18)

will be called point phantom of F in the sequel. It is clear that, in case of a bounded
linear operator L this gives the familiar definition of eigenvalue, i.e.,

¢p(L) = Up(L) (8.19)

with op (L) as in (1.21). For nonlinear F', however, the sets ¢p(F) and o}, (F) may be
quite different.
For instance, for the “seagull” F' from Example 6.6 we have

op(F) =R\ {0}, oq(F)={0}, ¢p(F)=40. (8.20)

Similarly, for the “sawtooth” F from Example 8.1 we have
op(F) =1[0,1], oq(F) ={0}, ¢p(F)=1. (8.21)
These examples illustrate again the fact that the point spectrum o (F) takes into
account the global behaviour of F', the asymptotic point spectrum o (F) the asymptotic
behaviour of F', and the point phantom ¢, (F') the local behaviour of F (near zero). In
general, in the real scalar case X = R, the point phantom contains at most 2 elements.

But already in the complex scalar case X = C the point phantom may be a continuum,
as the following example shows.

Example8.4. Let X = Cand F: X — X be defined by
F(z) = |sin(argz)|z. (8.22)
The nullset of Al — F is then
NI — F) ={z € C: |sin(argz)| = A} U {0},
and this set contains a one-dimensional subspace for each A € [0, 1]. On the other

hand, for A € C\ [0, 1] the equation F(z) = Xz has no solution at all, and so
¢p(F) = [0, 1] in this example. Q@
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In contrast to the “naive” definition of the point spectrum o}, (F), the point phantom
has several properties in common with the usual point spectrum of a linear operator.
For example, we will see in Chapter 10 (Theorem 10.8) that ¢, (F') U{0} is compact for
compact operators F. Moreover, the Vith phantom ¢ (F') is the “smallest reasonable
spectrum” which contains the point phantom, as we shall show now.

To this end, let us consider some analogue to what we have done in (6.39) for the
asymptotic point spectrum. Given F: X — X, we call the set

¢q(F) := {1 € K : there exist sequences (Fy), and (A,), with

8.23
dy(Fy, F) — 0, A, — A, and A, € ¢p(Fy) forall n € N} ( )

the approximate point phantom of F, where dgg denotes the Vith metric (8.14). We
remark that the set (8.23) may be defined equivalently in the form

¢q(F) = {A € K : there exists sequence (F}), with

(8.24)
dyg(Fy, F) — Oand A € ¢p(Fy) foralln € N},

i.e., the sequence (A,), may be chosen constant. This follows from the fact that
Gp:=F,+ A —A)I — Fand X € ¢,(Gy).

The definition (8.23) of the approximate point phantom appears rather technical.
However, for linear operators this is nothing new, as the following shows.

Theorem 8.6. For L € £(X), the equality
¢q(L) = oq(L) (8.25)
holds true, where oq(L) is the approximate point spectrum (1.50) of L.

Proof. Given A € ¢q(L), let (Fy), be a sequence of (not necessarily linear) operators
converging to L in the Vith topology and satisfying A € ¢, (F},) for all n. The latter
condition implies that we can find a sequence (ey,), in S(X) such that F;,(e;) = Ae,
for each n. Given ¢ > 0, choose n € N such that g1 (F,, — L) < &, where

q1(F) = max{[F|gx)la, sup{[| F(x)|| : x € B(X)}},
see (8.13). We get then
e, — Ley|l < llhen — Fu(en) || + | Fr(en) — Ley|l < ¢,

which shows that
inf ||Ax — Lx| =0,
lxll=1

ie., A € og(L). Conversely, fix A € oq(L) and let (e,), be a sequence in S(X) such
that ||Ae, — Le,|| — 0 asn — oo. Define F,,: X — X by

F,(x) := Lx + ||x||(Ae, — Ley).
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For fixed m € N we have then, on the one hand,

sup || F(x) — Lx|| < ml|Aey, — Ley|| > 0 (n — 00).
lxll<m

But we also have [(F,, — L)|p,,(x)]la = 0, on the other, since (F,, — L)(B;; (X)) is
a bounded subset of a one-dimensional space, hence precompact. This shows that
qm(F, — L) — 0,asn — oo, foreachm € N, and so dy3 (F;;, L) — 0 asn — oo.
It remains to show that A belongs to each of the point phantoms ¢, (F;,). But for
each n theray T, := {ue, : 0 < u < oo} belongs to the nullset N(LI — F;,), because

Fy(uey) = puLey + |ley||ure, — |ley|lwLe, = Auey,

and so A € ¢p(Fy), hence A € ¢q(L), as claimed. |

As we shall see later, the inclusion ¢q(F) € oq(F) holds for nonlinear F, where
the inclusion may be strict. For now we are interested in the connection between
¢q(F) and the point phantom ¢,(F), on the one hand, and between ¢4 (F) and the
whole phantom ¢ (F'), on the other.

Theorem 8.7. The inclusions
Gp(F) C ¢pq(F) S p(F) S O(F) (8.26)
are true.

Proof. The first inclusion is trivial, and the last inclusion has already been proved in
(8.10). Itis not hard to see that ¢, (F)) C ¢ (F). Indeed, if A is a connected eigenvalue
for F, we find an unbounded connected subset C of N(AI — F) which contains 6. For
any Q € OBE(X), we have 6 ¢ (Al — F)(92), since otherwise C could be divided
into the disjoint open (in C) sets 2 N C and C \ Q. Consequently, A € ¢(F).

So we have proved the inclusion ¢p(F) C ¢ (F). Now, since the graph of ¢ is
closed (Theorem 8.4), it follows that the graph of ¢ is contained in the graph of ¢,
and so the second inclusion in (8.26) holds true as well. O

We will give a much stronger result than (8.26) for compact odd operators in
Theorem 8.9 below. In case of a linear operator L, the corresponding inclusions

op(L) € 0q(L) € o (L) (8.27)

are of course trivial. The analogy between oy and ¢q is actually much larger. In
fact, the points A € oq(F) are characterized by the “asymptotic boundary condition”
[A] — F]q = 0. As the next theorem shows, the approximate point phantom ¢q (F)
may be characterized similarly by a “local boundary condition”.
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Proposition 8.3. A point A belongs to ¢q(F) if and only if
dist(@, (A I — F)(32)) =0 (8.28)
for all @ € OBE(X).

Proof. The necessity of condition (8.28) is evident (recall the proof of Theorem 8.7).
Indeed, if we can find a set 2 € OBE(X) such that § := dist(@, (Al — F)(0R2)) > 0,
then we choose m € N with 0Q2 C B,,(X). For any G € €(X) and any u € K with
F-G ) A 5
qm( )<2, 12 |<2m

we have then 6 ¢ (ul — G)(9L2), i.e., the nullset N(ul — G) does not intersect 9€2.
Consequently, any subset C € N(ul — G) can be divided into the disjoint open (in
C)sets 2N C and C \ Q, and so any connected set C € N(ul — G) containing 0
is contained in the bounded set €2 which implies u ¢ ¢,(G). So we have shown that
A & ¢q(F) if (8.28) fails for some Q € OBE(X).

To prove sufficiency let us assume that A ¢ ¢q(F). If F(0) # 0, the statement is
trivial, because then the continuity of F implies that

IE@)

dist(@, F(S,(X))) > >

for sufficiently small r > 0. So assume that F'(f) = 6. Putting A := Al — F, we see
then that, for any given € > 0, the closed set N = {x € X : ||A(x)| < €} contains 6.
We define now a subset M, € N, with 8 € M, as follows. For x € N,, put

8(x) :=sup{d € (0,1) : any y € X with |y — x|| < é satisfies ||A(y)| < 2¢&}.

(8.29)
Note that §(x) > O for any x € N,, because A is continuous. Given x € N, let us
call a finite sequence x, ..., xy € N, an g-connection for x if x; = 0, xy = x, and
1 .
I = xj1ll < 5805) (=1, k= D. (8.30)

Denote by M, the set of all x € N, for which there exists an e-connection. Then
6 € M., by definition. Moreover, M, is open in N,. To see this, fix x € M., and let
X1, ..., X be an e-connection for x. Then every y € N, with ||y — x| < §(x)/2 has
the e-connection x1, ..., Xg, Xk4+1 :=y € Ng,andso y € M,.

We prove now that also the complement M = N, \ M, is open in N,. More
precisely, we show that, for y € M¢, every point x € N, with |[x — y|| < 8(y)/3
belongs to M as well. To see that x € M¢, observe first that, for any z € X with
lz — x|l <28(y)/3, wehave ||z — y|| < §(y) and thus ||A(z)|| < 2¢. From (8.29) we
thus deduce the lower estimate 6 (x) > 26(y)/3. Itfollows that ||y —x|| < §(x)/2. So,
the assumption x € M, would imply y € M., as we have seen before, a contradiction.
Consequently, we must have x € M as claimed.
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We show now that M, is bounded for sufficiently small ¢ > 0. To this end, we
prove that the inclusion
Mg C B/ (X) (8.31)

holds for ¢ sufficiently small. To see this, suppose that ¢ > 0 is such that (8.31) fails.
We construct an operator F, € €(X) withA € ¢, (F;) which satisfies g, (F; — F) < 2¢
forany m < 1/e.

Since (8.31) fails, there is some xy € M, such that ||xg]| > 1/¢. Let x1, ..., x¢ €
N¢ be a corresponding e-connection for xo. Put Z, = [x1, x2] U [x2, 23] U --- U
[xk—1, xk], where [xj, xj11] = co{x;, x; 41} denotes the closed line segment connect-
ing x; with x; 1. Note that, by (8.30), for any x € [x;, x; 1] we have [x — x;|| <
8(x;)/2. So (8.29) implies

A <2 (x € Zg). (8.32)

By construction, Z, contains a path connecting x; = 6 with x; = xo which intersects
at most in a finite number of points. Successively eliminating loops, if necessary, we
find a path P. € Z, connecting 8 with x¢ which is homeomorphic to an interval.
By the Tietze—Uryson lemma, we may thus extend the identity on P, to a continuous
function p,: X — P,.

Let ¥.: [0, 00) — [0, 1] be continuous with ¥.(f) = 1 for 0 < ¢t < 1/¢ and
Ye(t) =0fort > ||xo|| (> 1/¢). Now we define F.: X — X by

Fe(x) = Ax — Ye(IIxDIA(x) — A(pe (x))].

Then the nullset of A, := Al — F; contains the connected unbounded set P, U {x €
X : |Ix|l = llxoll}. In fact, for x € P, we have A(x) — A(p.(x)) = 6, while for
lx|l = llxoll we have ¥ (||x||) = 0. This implies that A € ¢, (F;). Moreover, for any
x € By/¢(X) we have

Fe(x) = F(x) = =Y (IxD[A(x) — Ape (x))] + A(x) = Ape(x)) € A(P).

As A maps the compact set P into a compact set, it follows that [(F; — F)|p, e xla =
0. On the other hand, in view of (8.32) we get

[Fe(x) = F(x)| <2 (x € Bi/e(X)).

Consequently, F; has the required properties.

Now we can prove that (8.31) holds for all sufficiently small ¢ > 0. Otherwise, we
find a sequence (&,), of positive numbers with £, — 0 such that (8.31) fails for any
& = &p. For the corresponding sequence of operators F;, constructed above, we have
then A € ¢,(F¢,) and F,, — F in the Viith topology, as n — oo. But this contradicts
our assumption A ¢ ¢q(F).

Summarizing, we thus have proved that we find some ¢ > 0 such that the corre-
sponding set NV, has the following three properties: N, contains some bounded subset
M, with 6 € M., M, is open in N, and the complement M{ = N, \ M, is also open
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in Ng. It follows that M, and M are also closed in N, and thus closed in X, because
N¢ is closed. We thus find disjoint open sets 2; C X and €2 C X such that M, C
and M{ C Q. Replacing 21 by €1 N BY(X), if necessary, where r > 0 is so large
that M, € B?(X), it is no loss of generality to assume that 21 is bounded.

Let © be the connected component of 6 in ;. Since €21 is open, its path-
components are open and are precisely its components, and so 2 € DBE(X). More-
over, since components are closed in €21, we have QN = Q, and so, since Q is
open,

IN=0\Q=[@NQ)U@@\2I\2C T\ Q S\ Q.

In view of Q1 N M¢ =@ and M, C 21, it follows that 9€2 is disjoint from M{ UM, =
N¢. But our definition of N, shows that

inf |AG)| = dist(@, (A — F)(3RQ)) > e.
x€IQ

So we have shown that (8.28) is also sufficient for A to belong to ¢ (F'), and the proof
is complete. o

We remark that the use of “e-connections” in the previous proof is motivated by
the proof of Proposition 8.4 in the following Section 8.4.

In Theorem 8.6 we have proved the equality ¢q(L) = oq(L) for L € £(X). If F
is nonlinear, one may obtain the inclusion

¢q(F) S 0q(F) (8.33)
as a simple consequence of Proposition 8.3. In fact, A € ¢q(F) implies that

inf ||Ax — F(x)||=0 (neN),
[lx||=n

by Proposition 8.3. In particular, for each n € N we find an element x,, € S,,(X) such
that [|Ax, — F(x,)|l < 1, and so A € oq(F).

Note that Proposition 8.3 also implies the inclusion ¢q(F) € ¢ (F) stated in
Theorem 8.7. Actually, Proposition 8.3 is the result which justifies the definition of
the phantom which at first glance may look somewhat artificial: if one wants that
the phantom ¢ (F) contains the point phantom ¢, (F') and has a closed graph, then it
must contain the approximate point phantom ¢q(F). Consequently, the complement
of the phantom ¢ (F) may only contain points A with the property that dist(6, (A —
F)(@R)) > 0 for some Q € OBE(X); the requirement that A/ — F be strictly epi on
Q for some Q € OBE(X) now just adds a certain “surjectivity condition”. But this
property describes precisely the complement of ¢ (F).
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8.4 Special classes of operators

We have several times encountered the phenomenon that spectral theory gets richer if
we restrict ourselves to compact operators. The same is true for phantoms. We start
with a result which is analogous to Proposition 8.3 but whose proof is surprisingly
difficult.

Proposition 8.4. For F € R(X), the following is true:
(@) A point A # 0 belongs to ¢, (F) if and only if

0 e (Al — F)(02) (8.34)

Jorall 2 € OBE(X).
(b) If X is finite dimensional, then (a) holds also for . = 0.

Proof. The fact that (8.34) holds for A € ¢,(F) is trivial and holds even without the
assumptions F € K(X) and A # 0.

For the converse implication, assume that A & ¢, (F); we have to show that (8.34)
is false. If 6 ¢ N(ALI — F), then we find some r > 0 with B,(X) N N(AI — F) =0,
and so we have 6 ¢ (Al — F)(0€2) for @ = B/ (#). Consequently, we may assume
thatd € N(AI — F).

Given ¢ > 0 and x € N(AI — F), let us call a finite sequence xi, ..., Xx €
NI — F) an e-chain for x if x; = 6, x; = x, and |x; — xj11|| < ¢ for j =
I,...,k — 1. Similarly as in the proof of Proposition 8.3, we denote by M, the set

of all x € N(AI — F) for which there exists an e-chain. As before, one may show
that both M, and M := N(AI — F) \ M, are open in N(AI — F). Moreover, M,
is bounded for all sufficiently small ¢ > 0. To see this, we assume by contradiction
that there is a sequence (g,), of positive numbers with ¢, — 0 such that M, is
unbounded.

Given R > 0, the set Ng := N(AI — F)N Br(X) is compact. Indeed, if x,, € Ng,
then (x,), is a bounded sequence in N(Al — F), and so (x,), = (A1 Fx,), has a
convergent subsequence. Since Ng is closed, the limit of this subsequence belongs
to Ng.

Let Cg C Ng be the set of all x € Ng with the property that there is an e-chain
for x in Ng for any ¢ > 0. Note that in general the inclusion

Cr C () Me N Br(X)

e>0

is strict, because the e-chains for x € M, may leave the ball Bg(X). Nevertheless,
we will prove that Cg is connected and contains an element xg with | xg| = R.

Let us first show that Cr contains all accumulation points of any sequence (x,),
in Ng, where x, has an ¢,-chain in Ng; in particular, Cg contains all accumulation
points of Cr. Indeed, if such an accumulation point x (hence x € Ng) and ¢ > 0
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are given, we find some n with ||x, — x| < € and &, < ¢, and x,, has some &;,-chain
Yi,.--, Yk € Ng. Then yi, ..., Vr, Vk+1 := X € Ng is an e-chain for x.

We prove now that Cg is connected. Assume by contradiction that Cg is not
connected. Then Cy can be divided into two nonempty disjoint closed (in Cg) subsets
A, B € Cg, where without loss of generality & € A. We have proved above that Cg
is closed in the compact set Ng. Consequently, since the sets A and B are closed in
Cr, they are compact, and thus their distance d := dist(A, B) is positive. On the
other hand, for any n we find some g,-chain x,, 1, ..., X, k, € Ng with x,, € B.
Since dist(x; k,, A) > d, for any n with ¢, < d/2 we may choose the smallest index
Jn with the property that dist(xy, ;,, A) > d/4. Then the estimate

. d 3d

dlSt(xn,jn, A) <&, + Z < T
implies that also dist(xy,, j,, B) > d/4. By the compactness of Ng, the sequence
(Xn, j,)n has an accumulation point x € Ng. As we have observed above, this implies
x € Cg. Buton the other hand, dist(x, AUB) > d/4 implies x ¢ Cg, acontradiction.

Now we show that Cr contains an element xg of norm |xg| = R. Since
Mg, is unbounded, by assumption, we find an g,-chain x, 1, ..., X, k,+1 € Ng
with [|x,k,+1] > R. By decreasing k,, if necessary, it is no loss of generality
to assume that all except for the last element of this chain belong to Br(X), i.e.,
Xn1, ... Xnk, € Ng. Note that the relation ||x, x,+1 — Xn k, || < & implies, in par-
ticular, that ||x, &, || > R — &,. Since Ng is compact, the sequence (x;, k,), has some
accumulation point xg. Then ||xg|| = R, and xg € Cpg, by what we have proved
above.

So we have found a connected set Cx € Ng € N(AI — F) which contains 6 and
some point xg with ||xg|| = R, i.e., the component of 6 in N(AI — F) contains a
point of norm R. Since R > 0 was arbitrary, we may conclude that the component of
6 in N (LI — F) contains points of arbitrarily large norm, and thus is unbounded. But
this means precisely that A € ¢,(F), contradicting our assumption.

Summarizing, this contradiction shows that the set M, € N (Al — F) is bounded
for all sufficiently small & > 0. Since both M, and its complement N(AI — F) \ M,
are open in N (Al — F), the same argument as at the end of the proof of Proposition 8.3
implies that there is some Q € OBE(X) with 9Q N N(AI — F) = (. But the latter
means 6 ¢ (Al — F)(d2) which completes the proof of (a).

The proof of (b) is almost trivial. In fact, if X has finite dimension, the case A = 0
may be reduced to the case A = 1 by replacing F' by the (compact!) operator I — F.

O

An inspection of the proof shows that Proposition 8.4 holds without the two as-
sumptions A # 0 and F € K(X) if we require instead that the set N(AI — F) N Br(X)
be compact for any R > 0; this observation provides also another proof for part (b).

We have mentioned before that it is somewhat strange that Proposition 8.4 is so
hard to prove. Indeed, the relation A ¢ ¢, (F) means that the component C of 6 in the
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nullset N(AI — F) is bounded. Since components of N(ALI — F) are closed in X, one
might expect that one can “separate” C from the unbounded components of N (Al — F)
by open sets. This would imply, in particular, that C € Qand N(Al — F)NoQ =0
for some Q € OBE(X).

Surprisingly, this separation is not always possible! The reason is that the union of
all unbounded components of N (LI — F) may contain a point of C as an accumulation
point. If N(AI — F) were compact, one could try to apply some separation theorem in
compact spaces from elementary topology (those proofs are usually based on £-chains,
and our proof of Proposition 8.4 is modelled after this). However, the main difficulty
in the above proof is that N(Al — F) is not compact, and so one somehow has to
restrict to the compact set Ng = N(Al — F) N Br(X) which is not trivial.

The following example shows that, in general, N(A/ — F) might fail to have
the mentioned separation property. At the same time, this example shows that the
assumption A # 0 may not be dropped in Proposition 8.4 if X is infinite dimensional;
this implies that the assumption F' € £(X) may not be dropped either.

Example 8.5. Let X be an arbitrary infinite dimensional Banach space, and let (ey,),
be a sequence in S(X) satisfying |le,, — e, || > 1/2 for m # n. Consider the rays

R, ={te,:t>1/n} (n=1,2,3,...).

For each n € N we can find some ¢,, € (0, 1/2n) such that dist(R,,, R,) > 3¢, for
m # n. Put

U, ={xeX: :dist(x,Ry) <c,} (n=1,2,3,...),

and define a function ¢ : X — [0, 1] by

1
— dist(x, R,) ifx € Uy,
px) =1 ¢
1 ifxe X\ (U1 UUU...).

Then ¢ is continuous on X \ {#} and bounded near . So the operator F: X — X
defined by

F(x) =p@)llx|e, (8.35)

where e € S(X) is some fixed element, is continuous on X. Moreover, since its range
R(F) is one-dimensional, F' is certainly compact.

We claim that 0 & ¢, (F), i.e., 0 is not a connected eigenvalue of F. Indeed, the
connected component C of 6 in the nullset N (F) of F is just the singleton {#}. To see
this, suppose the contrary. Then the set C N Uy would be nonempty for some k € N.
But C NUy is both open and closed in C, because Uy NC € dUy NN (F) = . Since
C is connected, we conclude that C N Uy = C, contradicting the fact that 6 & Uy. So
we have shown that 0 ¢ ¢p(F).
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On the other hand, (8.34) is true for A = 0 and any Q € O(X). In fact, given
Q € OBE(X), we have R, N Q # ¥ for some n € N. Since Q is open and R, is
connected, we must have 02 N R;, # @, since otherwise the set 2 N R, would be both
open and closed in R, although ¥ = Q2 N R, # R,. From R, € N(F) we see that
0 € F(92), and so (8.34) holds true for A = 0. Q@

The following Proposition 8.5 is an interesting corollary of Proposition 8.4.

Proposition 8.5. Let F,, converge to F uniformly on bounded sets, and A, € ¢,(Fy).
If F € R(X), then ¢p(F) contains all nonzero accumulation points of the sequence
(An- If X has finite dimension, ¢p(F) contains all accumulation points of the
sequence (Ay)y-

Proof. Assume there is some accumulation point A # 0 (or also A = 0 if X has
finite dimension) with A & ¢,(F). By Proposition 8.4, we find some 2 € OBE(X)
with 0 & (AI — F)(dS). Since Al — F is proper on £, by Proposition 3.2, and thus
(A — F)(0R) is closed, by Theorem 3.1 (b), this relation is actually equivalent to
dist(@, (Al — F)(02)) > 0. For some n, we thus have

dist(@, oyl — F,)(3R)) > %dist(@, (A — F)(3Q)),

and so 0 & (A,I — F;)(9€2). But this means that A, & ¢p(F,), a contradiction. O

Note that the assumptions A # 0 and F € K(X) are actually needed in the proof
only to ensure the compactness of N(Al — F) N Br(X) for any R > 0, and the
closedness of (Al — F)(d€2). In particular, one may therefore replace these two
assumption by requiring that A/ — F be proper.

In Proposition 8.5 we may alternatively require that F,, — F with respect to
the Vith topology, because this implies that F,, — F uniformly on bounded sets.
However, in the connection of Proposition 8.5, the topology of uniform convergence
on bounded sets is more natural, because the definition of ¢, (F') is not related to any
compactness assumptions.

Proposition 8.5 in turn implies the following result which exhibits a striking anal-
ogy to the linear case.

Theorem 8.8. For F € R(X), the following is true:

(@) The equality
¢q(F) U {0} = ¢p(F) U {0} (8.36)

holds.
(b) If X is finite dimensional, then even

¢q(F) = ¢p(F). (8.37)
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(¢) The multivalued map ¢, U {0}: €(X) — 2K which associates to each F the
set ¢p(F) U {0} is upper semicontinuous with respect to the topology of uniform
convergence on bounded sets.

(d) If X is finite dimensional, then the map ¢, : €(X) — 2K is upper semicontinuous
everywhere.

Proof. The assertions (a) and (b) are immediate consequences of Proposition 8.5.
Concerning (¢), fix F € €(X). We claim that ¢,(G) is uniformly bounded for all
G € ¢(X) in a neighborhood of F. Indeed, we find a constant ¢ > 0, a set Q €
OBE(X), and a neighborhood U of F such that |G (x)|| < ¢ onQforall G € U. For
M| > ¢, we thus have 6 ¢ (LI — G)(3€2) which in view of Proposition 8.4 implies
that & ¢ ¢,(G). This shows that ¢,(G) is bounded by ¢ forall G € U.

If ¢, U {0} is not upper semicontinuous at /', we find an open neighborhood V
of ¢p(F) U {0}, and sequences (Fy), and (A,), with A, € ¢p(F,) \ V, A, — A, and
F, — F. By what we have proved above, we may assume that (},), is bounded
and thus contains some accumulation point A in the closed set K \ V. But then
Proposition 8.5 implies A € ¢, (F'), a contradiction. The proof of (d) is analogous. O

As remarked before, parts (c) and (d) imply that ¢, U {0} and ¢, are also upper
semicontinuous at all points of £(X) with respect to the Vith topology.

If we suppose, apart from compactness, that F is odd, we get the following very
strong result.

Theorem 8.9. If F € R(X) is odd and X is finite dimensional, then all phantoms
coincide, i.e.,
$p(F) = ¢q(F) = ¢(F) = O(F). (8.38)

If X is infinite dimensional, these sets can differ at most by the point 0.

Proof. In view of (8.26), it suffices to show that any A € ®(F') belongs to ¢ (F), if
either & # 0 or X is finite dimensional. Assume that A ¢ ¢,(F). Proposition 8.4
implies that there is some Q¢ € OBE(X) withd & (A — F)(90). Since Al — F'is
odd, we alsohave 6 & (LI — F)(9(—S2¢)). For the symmetric set 2 := QoU (—S2) €
OBE(X), we thus have 6 € (Al — F)(392). By Borsuk’s theorem (see Section 3.5),
the degree deg(l — F /A, 2, 0) (respectively, deg(Al — F, €2, 0) in finite dimensions)
is odd, and so Al — F is epi on &, by Property 7.5 of epi operators. In view of
Proposition 8.1, the map Al — F thus is V-regular, i.e., . & ®(F). O

Observe that Theorem 8.9 may be considered as an analogue for phantoms to the
“discreteness” conditions for spectra given in Theorems 6.12 and 7.8. For the sake of
completeness, we reformulate this as follows.

Theorem 8.10. Let F: X — X be compact and odd. Then every A € ¢(F) \ {0} =
O (F) \ {0} is a connected eigenvalue of F.
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There is another class of operators for which we get remarkably precise results,
namely t-homogeneous operators (see Section 7.4). It turns out that many spectra
and phantoms coincide for such operators. This is surprising only at first glance; in
fact, the homogeneity implies that “local”, “asymptotic”, and “global” properties are
rather the same.

Theorem 8.11. Let F: X — X be 1-homogeneous. Then we have
oaGv(F) = ¢(F) € ®(F) = opmv (F) = or(F). (8.39)

Proof. Let us first prove the last two equalities in (8.39). We already know from
Theorem 7.2 and Proposition 8.2 that

®(F) C opmv(F) C or(F),

so we only have to show that every 1-homogeneous V-regular operator is F-regular.
Thus, suppose that there exists 2 € OBE(X) such that F is epi on Q and [F Igla > 0.
Since F is 1-homogeneous, Proposition 7.2 (b) and (d) imply that F is epi on every
Q € OBE(X), and [F]; > 0 on the whole space.

We still have to prove that [F], > 0. From Proposition 8.2 we know that F is
v-regular, so in particular

dist(8, F(3Q)) = inf |F(x)| > 0.
x€Q2

Putting s := sup{||x|| : x € d2} we have, again by homogeneity,

F 1
inf DU _ e 1 peon = L inf 1F@) > 0
x#0 x|l lxl=1 S x€dQ

which shows that [F], > 0.
Now we prove the first equality in (8.39). We already know from (8.7) that

¢(F) C oagv(F),

so we only have to show that every 1-homogeneous v-regular operator is AGV-regular.
Again, suppose that there exists Q € OB&(X) such that F is k-epi on  for some
k > 0. As we have seen above, we have then [F]q > [F]p > 0.

It remains to show that (F) > 0. Fix K’ with

0 < k¥’ < min{k, [F1b},

and consider G: Q — X with [Glgla < k" and [G]q < k’. The last estimate implies
that we can find R > 0 such that |G (x)|| < k’||x|| for ||x|| > R; in particular,

sup |G| < k'R < R[F]p < | iﬁlfR [F(x)| = dist(®, F(Sr(X))).
llxll=R HI=
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Moreover,
[Gleron]a = [Glgla Sk <k < va(F) = vpyx)(F),

by our choice of k’. From Lemma 7.4 it follows that F — G is strictly epi on Bg(X),
and so the equation F(x) = G(x) has a solution in Br(X). This shows that F is
k'-stably solvable, i.e., u(F) > 0 as claimed. |

The only example of an operator F' whose AGV-spectrum is strictly smaller than its
FMV-spectrum is (6.23) in Example 6.9. Of course, this operator is far from being 1-
homogeneous. It would be interesting to have an example of a homogeneous operator
F for which the inclusion in (8.39) is strict; we do not know any such example.

The following result shows that also the various point spectra and phantoms sim-
plify for 1-homogeneous operators.

Theorem 8.12. Let F: X — X be 1-homogeneous. Then we have
$p(F) = 60(F) = 0p(F) € ¢(F) = 04(F). (8.40)

Proof. InTheorem 8.6 we have proved the equality ¢q(L) = oq(L) for linear operators
L. However, in the proof we have used only the 1-homogeneity of L, not the additivity,
and so we see that the last equality in (8.40) is true.

We still have to show that o, (F) C ¢, (F) if F is 1-homogeneous. Given A €
op(F), choose xo € X \ {0} such that F'(xo) = Axo. By homogeneity, we have then
also F(uxo) = Auxo for every u > 0, which shows that A € ¢,(F), and so the left
equalities in (8.40) are proved. O

In contrast to the inclusion in (8.39), it is easy to see that the inclusion in (8.40)
may be strict even for linear operators, see (1.41) in Example 1.5 and Theorem 8.6.
We illustrate Theorems 8.11 and 8.12 with the following

Example 8.6. Let X and F be defined as in Example 2.46. Clearly, F is compact and
1-homogeneous. A straightforward calculation shows that both oagy(F) = [0, 1]
and op(F) = [0, 1]. From Theorem 8.11 we conclude that

oaGV(F) = ¢(F) = ©(F) = opmv (F) = or(F) = [0, 1].
Moreover, another easy computation shows that the point spectra and phantoms are
Pp(F) = GS(F) = 0p(F) = ¢q(F) = 0q(F) = {1}

in this example. Q
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8.5 A comparison of spectra and phantoms

In this section we want to take again a deep breath and summarize what we have done
in this and the preceding two chapters. As we have seen, there are many different
definitions of what we could call a “spectrum” for a continuous nonlinear operator. If
we return for a moment to linear operators L, we may describe the spectrum as set
of all scalars A for which the operator A/ — L does not have the following properties
simultaneously:

(a) Itis injective.
(") Tts nullset is trivial.
(a”) Its nullset is bounded.
(b) It is surjective.
(b") It maps some bounded neighborhood of & onto a neighborhood of 6.

(c) Its inverse (resolvent operator) is continuous.

In the linear case, the conditions (a), (a’) and (a”) are mutually equivalent, and so
are the conditions (b) and (b"). In fact, the equivalent conditions (a)/(a’)/(a”) lead to the
point spectrum (1.21), the equivalent conditions (b)/(b’) to the defect spectrum (1.51),
and the condition (c) to the continuous spectrum and the residual spectrum introduced
at the beginning of Section 1.3. In the numerous generalizations of spectral theory to
nonlinear operators F, we have chosen, loosely speaking, some or all of the above (or
similar) properties, and have defined a spectrum to consist of all A € K for which the
corresponding properties fail for Al — F.

Of course, one should also require some natural properties for any nonlinear spec-
trum as a subset of the real line or complex plane. One essential property which
is the thread running through the whole story is the closedness of any “reasonable”
spectrum. In fact, it is the closedness of the spectrum which ensures that any of the
properties in the above list is “stable” under suitable small perturbations.

Here it turns out that, if one considers a spectrum defined by properties like (a), (b)
and (c) simultaneously, the spectrum is closed only under rather restrictive assumptions
on F. Roughly speaking, to prove the closedness of such a spectrum, one has to
apply Banach’s fixed point theorem, and this in turn essentially restricts the class of
admissible maps to Lipschitz continuous operators. As we have seen in Chapter 5 by
means of the Kachurovskij spectrum, such a spectral theory leads to quite satisfactory
results, but appears not very different from the linear case.

On the other hand, in Chapters 6—8 we have discussed other spectra which are more
“accessible” to topological methods like, say, Schauder’s or Darbo’s fixed point theo-
rem. This means, roughly speaking, that the various spectra covered in the last chapters
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deal mainly with properties similar to (b) or (b'); typically, some additional compact-
ness conditions are involved here. The property (c) has been used only marginally,
for instance, in the definition of the Rhodius spectrum in Chapter 4.

The most important spectra involving a condition of type (b) are of course the FM V-
spectrum and its modification discussed in Section 6.6, the AGV-spectrum. Typical
spectra involving a condition of type (b) are the Vith phantom and the large Viith
phantom introduced in this chapter. We think that phantoms provide a particular
“stroke of luck” in nonlinear spectral theory, because they reflect very well the “local”
character of nonlinear problems. As pointed out several times, only phantoms are
“local”, while the FMV-spectrum emphasizes “asymptotic” properties, and the Feng
spectrum builds on “global” properties.

We start now with a more systematic comparison of the spectra and phantoms
discussed in Chapters 6—8. First of all, let us compare the five regularity concepts
introduced in these chapters.

Table 8.3

F F-regular — F FMV-regular —> F AGV-regular

I l

F V-regular —  F v-regular

None of these implications can be inverted. For instance, Example 7.6 shows that
FMV-regularity does not imply F-regularity, Example 6.9 shows that AGV-regularity
does not imply FMV-regularity and v-regularity does not imply V-regularity, and
Example 8.1 shows that v-regularity does not imply AGV-regularity and V-regularity
does not imply FM V-regularity.

Of course, in case of a bounded linear operator L, all regularity notions coincide,
as we have proved in Theorems 6.1, 6.10, 7.3, and 8.5. For the sake of completeness,
we summarize this with the following table.

Table 8.4

L F-regular < L FMV-regular <= L AGV-regular

! ! !

L isomorphism &= L V-regular <<= L v-regular

In the last chapters we have proved various ‘“Rouché type” perturbation theorems;
such theorems ensure the closedness of spectra and phantoms. We collect them in the
following table.
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Table 8.5
If Fis ‘ and G satisfies ‘ then F + G is also
FMV-regular [Gla < [Fla FMV-regular
[Glg < [Flq
AGV-regular [G]a < u(F) AGV-regular
[Glq < [Flq
F-regular [G]a < V(F) F-regular
[Gls < [Flv
v-regular [Glgla < va(F) v-regular
sup [G(x)|| < inf [[F(x)|l
xedQ xe€i
V-regular [Glgla < [Flgla V-regular
IG)| < IF(x)]l on 32

this correspondence in the following table.

Table 8.6

As we have seen, each construction of nonlinear spectral theory requires a parallel
construction of a corresponding eigenvalue theory. We give a schematic overview of

FMV-spectrum (6.10)
AGV-spectrum (6.27)
Feng spectrum (7.19)
Viith phantom (8.5)
large Vith phantom (8.6)

<>

asymptotic point spectrum (2.29)

<—> unbounded point spectrum (6.36)
<—> classical point spectrum (3.18)
<—>  point phantom (8.18)

<—>  point phantom (8.18)

of a compact operator. We summarize with the following table.

Table 8.7

As we have seen, the correspondence between spectra and eigenvalues also in-
cludes, under suitable hypotheses, certain “discreteness conditions” for the spectrum

hypotheses onF

‘ discreteness condition ‘see

compact, linear o(L)\ {0} € op(L) Theorem 1.2
compact, asymptotically odd | opmv(F) \ {0} € 0q(F) | Theorem 6.12
compact, odd, 1-homogeneous or(F) \ {0} € op(F) Theorem 7.8

compact, odd

¢ (F)\ {0} € ¢p(F)

Theorem 8.10
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We also give a scheme, for the reader’s ease, of all possible inclusions between these
spectra and phantoms in the following table which essentially completes Table 7.2.

Table 8.8
op(F) O(F) D(F)
Ul Ul N
oJ(F)  ¢(F) S oagv(F) S ommv(F) S or(F)
Ul Ul Ul Ul
Pp(F) S ¢g(F) S oy(F) op(F)

Of course, Table 8.8 drastically simplifies in case of a 1-homogeneous operator
F, see Theorems 8.11 and 8.12.

Table 8.9
op(F)  ®(F) P (F)
I ul I
o)(F) € ¢(F) = oagv(F) € ormv(F) = or(F)
I Ul ul ul
d’p(F) = d’q(F) = Gq(F) Gp(F)

If F is not only 1-homogeneous, but even linear, this table further simplifies; in
fact, only three different sets may occur in the linear case.

Table 8.10
op(L)  ®(L) a(L)
Il I Il
od(L) € ¢(L) = oacv(L) = opmv(L) = or(L)
Il Ul Ul Ul
Pp(L) S ¢q(L) = oq(L) op(L)
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We illustrate Table 8.8 with the two scalar examples which we already considered
before. First, for the “seagull” (Example 6.6) the sets occurring in Table 8.8 are as
follows.

Table 8.11
R\ {0} {0} {0}
I Il
0 {0} = {0} = {0} C R
Il U U U
] = ¢ c {0} R\ {0}

Second, for the “sawtooth” (Example 8.1) we get the following picture.

Table 8.12

0,11 ¢ 0
U I N
{0} ¢ c {0} = {0y C[0,1]

U Il Il Il

9 =0 c {0} [0, 1]

Finally, let us discuss our favoured “infinite dimensional” example which we
already exploited several times.

Example 8.7. Consider again the operator
F(x) = |lx]lx

in an arbitrary infinite dimensional Banach space X. We already know that F is an
isomorphism with [F], = 0 (Example 2.33), that F is stably solvable but not strictly
stably solvable (Example 6.4), and that F is epi on B(X) but not k-epi for any £k > 0
(Example 7.5).

Let us first calculate the phantoms for F. For A # 0 and 2 := B‘OA| /2(X ), the
restriction (A/ — F')| is open and injective with6 € (A — F) () and [(A] — F)gla >
0; so Al — F is properly epi on Q. From Theorem 8.7 we conclude that

Gp(F) = ¢q(F) =0 (8.41)
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and
O(F) = ¢(F) = {0}. (8.42)

The eigenvalue equation F(x) = Ax has a nontrivial solution x for A = ||x|| > 0, and
hence

op(F) = (0, 00). (8.43)

For the same reason we have oy, (F) = [0, c0) but
o) (F) = 0q(F) =0, (8.44)

i.e., F has neither unbounded nor asymptotic eigenvalues. For A > 0 we have (A —
F)(S,(X)) = {#} and thus [A] — F], = 0. This together with [F], = 0 gives the
inclusion [0, 00) € 0,(F). Now let A < 0, and consider the scalar function

A+AAZ+4
f(t) == %

0 <t <o)

L’Hospital’s rule shows that f admits a continuous extension to O by putting f(0) :=
1/|A|. A straightforward computation shows that

I —F)7 o) = fdlylDy

for every y € X; moreover, we have | f ()| < Mg for some My > 0 and all # > 0.
Now, the derivative

,(t)__2z+/\\/12+4z+,\2 0 <t <o)
I = <r=ee

has the property that ¢| f'(¢)| remains bounded as t — 0 or + — o0. For ||x| < ||y
we have

ILfAlxDx = £AlyDyll = ILAAxID = fAiyIDlx + FAyIDG =yl
< 1/ @dAlIxI = IyDHIx ] + Mollx — ylI,

where ||x|| < T < ||y|l. Since the map ¢ — ¢|f'(z)| is bounded, say #| f'(t)| < M,
we conclude that

I — F)7 ) — I = F)" )l < (Mo + M) llx — yl.

Interchanging the role of x and y we get the same estimates for || y|| < ||x||, and so we
have proved that (A — F)~! is Lipschitz continuous for A < 0. In particular, A/ — F
is a homeomorphism on X with [A/ — F], > 0. We conclude that o, (F) = [0, 00).
Now we calculate the remaining spectra for this operator. Suppose again that
A < 0and that G: X — X is compact with quasinorm [G]g = 0; in particular, G
maps some closed ball Br (X) into itself. Since ||(Al — F)(x)| > ||x]|, the (compact!)
operator (Al — F )~1G also maps the ball Br(X) into itself, and so has a fixed point
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X € Br(X). Butthen Ax — F(X) = G(X) which shows that A — F is stably solvable.
It follows that

0 € oagv(F) S opmv (F) = [0, 00). (8.45)

Finally, fix Q € OB¢(X), and let G: Q@ — X be compact with G(x) = 6 on .
For A < 0, the operator (LI — F1G: Q- W -F)'G(Q)isa compact operator
which vanishes on the boundary d€2, and so has a fixed point in 2. We conclude that
Al — F is epi for such A, and hence

or(F) = [0, 00), (8.46)
i.e., the FMV-spectrum and the Feng spectrum coincide for this operator. Q

Unfortunately, we cannot say more than 0 € oagy(F) about the AGV-spectrum
of F in this example. The point is that we do not know whether or not A — F is
epi on any Q2 € DBE(X), let alone stably solvable on X, for A > 0. So we get the
following somewhat incomplete picture for this operator.

Table 8.13
(0, 00) {0} {0}
U I N
Y] {0} € 777 C [0,00) = [0, 00)
I U U U
Y] Y] /] (0, 00)

8.6 Notes, remarksand references

As the title suggests, almost everything in this chapter is due to Vith ([259]-[262],
see also [232], [233]). In particular, the short survey [261] provides an interesting
comparison between the “asymptotic” Furi-Martelli—Vignoli spectrum and the “local”
phantom.

Strictly epi operators have been introduced by Vith in [261] under the name stably
zero-epi, properly epi operators under the name stably* zero-epi. All results of Sec-
tion 8.1. may be found in [261]; the proof of the fundamental coincidence theorem
used in Theorem 8.1 (see Theorem 7.1) is contained in the paper [262].

The phantom ¢ (F'), the large phantom ®(F), the point phantom ¢, (F'), and the
approximate point phantom ¢q(F) are discussed in [232], [233], [261], [262]. In
particular, we mention that the paper [232] contains many alternative definitions of
the term “eigenvalue” for nonlinear operators; we shall come back to this in Chapter
10. Vith’s definition of the point phantom and the approximate point phantom seems
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to be quite natural, as may be seen, for instance, from Proposition 8.4 and Theorem 8.8.
On the other hand, it is very subtle: even if one replaces “connected” in definition
(8.18) by “pathwise connected”, the results stated there are no longer true.

The discreteness result given in Theorem 8.10 also strongly indicates that (8.18) is
the appropriate definition of “eigenvalue” for phantoms. We remark that all discrete-
ness conditions in Table 8.7 admit a natural extension to operators F with [F]a < oo.
In the particular case of a bounded linear operator we have already seen in Theo-
rem 1.3 (c) that every A € o (L) with |A| > [L]a is an eigenvalue. Similarly, for
the other spectra we get the following generalization of Table 8.7 which contains the
statements of Theorems 6.14 and 7.8.

Table 8.14

’ hypotheses on F ‘ discreteness condition ‘
linear A€o(L), A >[L]a = A €op(L)

F € 2A(X), asymptotically odd | A € opmv(F), |A| > [F]a = A € oq(F)
F € 2(X), odd, 1-homogeneous A €og(F), A >[Fla = A€ op(F)
F € A(X), odd AEPF), |M > [Fla = A€ ¢p(F)

We point out that Vith’s original definition of phantoms and point phantoms is
much more general than that discussed in this chapter. In fact, Vith throughout con-
siders operators F also between different Banach spaces X and Y, and replaces Al — F
by AJ — F, where J: X — Y is some fixed “well-behaved” operator. For example,
in Chapter 12 we will use this more general approach for X and Y being two Sobolev
spaces and J being the so-called p-Laplace operator whichis a (p — 1)-homogeneous
isomorphism between these Sobolev spaces. In this case a natural choice for F is the
Nemytskij operator (4.21) generated by the nonlinearity f(u) = |u|”~%u.

The general definition of the various phantoms in [233] may also depend on an
additional closed, bounded, connected set K C X containing 6. So, F: X — Y
is called v-regular (in our terminology) with respect to K if there exists some 2 €
OBE(X) containing K such that F is strictly epi on €, and the phantom ¢ (F; K)
contains all scalars A with the property that LJ — F is not v-regular with respect to K.
Likewise, the point phantom ¢, (F; K) with respect to K is defined as the set of all
A € K such that the nullset N(AJ — F) contains an unbounded connected set which
meets K. Of course, all definitions and results considered in this chapter refer to the
special choice Y = X, J = [ and K = {#}. However, in some cases it may be useful
to admit other choices of K, for example, K = B(X).



Chapter 9
Other Spectra

In this chapter we discuss some other spectra which have been recently introduced
in the literature but are somewhat beyond the scope of the spectral theory considered
in the preceding chapters. First, we consider spectra for pairs (L, F) of a linear
Fredholm operator L of index zero and a continuous nonlinear operator . These
spectra generalize the Furi—-Martelli—Vignoli spectrum and the Feng spectrum, and
reduce to them in case L = I. Moreover, we describe a spectrum which is based
on the definition of some kind of linear adjoint to a Lipschitz continuous nonlinear
operator. Afterwards, we present a spectrum which was introduced by Singhof in the
seventieth and extended by Weyer to multivalued maps, and yet another spectrum due
to Weber which describes, similarly as the FM V-spectrum, the asymptotic properties of
a continuous nonlinear operator. In the following section we discuss a modification of
the spectra and phantoms considered in Chapters 6—8 for homogeneous operators; an
application will be given in the last chapter. Finally, we describe yet another spectrum
which was introduced quite recently by Infante and Webb and is based on the notion
of A-proper and related operators.

9.1 Thesemilinear Feng spectrum

The aim of this section is to extend the theory of the Feng spectrum discussed in
Chapter 7 to a semilinear operator pair (L, F), where L is a linear Fredholm operator
of index 0, and F is a continuous nonlinear operator. Such a situation arises frequently
in applications to boundary value problems for both ordinary and partial differential
equations. The spectrum of the semilinear operator pair (L, F'), denoted by op(L, F),
will be modelled on the Feng spectrum in such a way that for L = I we get the usual
Feng spectrum op(F) defined by (7.19).

Throughout we will suppose that the following hypotheses are satisfied. Let X
and Y be two Banach spaces and L: D(L) — Y, with D(L) = X, a closed linear
Fredholm operator of index zero. We write X = N(L) @ Xpand Y = Yy @ R(L),
and denote by P: X — N(L) and Q: Y — Yy the corresponding projections. Also
let L p denote the invertible operator L restricted to D(L) N X into R(L). Finally,
we write Kpg 1= L;l(l —0):Y - Xop,letIl: Y — Y/R(L) be the quotient map,
and denote by A: Y/R(L) — N(L) the natural linear isomorphism induced by L.

With this notation, we call an operator F': X — Y (L, «@)-Lipschitz (and write
Fer(X,Y)if [KpoFla < oo, ie.if KpgF € 2A(X). In particular, F is said to
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be L-compact if [KpgF]a = 0, and (L, a)-contractive if [Kpg F]a < 1. Observe
that we did not suppose L to be bounded or invertible. Of course, if D(L) = X
and L: X — Y is a bijection, then X9 = X, Yo ={#}, P = Q =0, Lp = L,
and Kpp = L_l, and so F is (L, a)-Lipschitz if [L_IF]A < 00, L-compact if
[L~F]a = 0, and (L, «)-contractive if [L™1F]a < 1.

Now we are going to generalize k-epi operators. Throughout this section, by
OBE (X) we denote the family of all sets Q2 € OBE(X) with the additional property
that Q7 := QN D(L) # @. Letuscall F: Q — Y an (L, k)-epi operator on Qp if
F(x) # Lx on dQ and, for any operator G:  — Y satisfying [KpoGla < k and
G(x) = 60 on 92, the equation

Lx — F(x)=G(x)

has a solution x € Q. In case k = 0 we call F simply an L-epi operator. Clearly,
for the identity operator L = I we get the definition of epi and k-epi operators (for
I — F instead of F) given at the beginning of Chapter 7. Moreover, the following
three properties are analogous to those for k-epi operators stated in Section 7.1 and
are proved in the same way.

Property 9.1 (Existence). Suppose that F is L-epi on Q. Then the equation Lx =
F (x) has a solution in 2j,.

Property 9.2 (Normalization). Suppose that L is invertible, and F: Qi — Y is
(L, a)-contractive with F(x) # Lx on 0. Then F is (L,k)-epi for every
k<1—[KpgF]a.

Property 9.3 (Localization)). Let F: Q — Y be (L,k)-epi on Qo and let
(L — F)~'(6) € Q] for some Q' € OBE(X). Then F is also (L, k)-epi on §/L

Property 9.4 (Homotopy). Suppose that Fo: Q@ — Y is (L, ko)-epi on Q, and
H: Q x[0,1] = Y is continuous with H(x,0) = 0 and

a(HM x [0,1]) < ka(M) (M C Q)
for some k < kg. Let
S={xeQ:Lx— Fy(x)+ H(x,t) =0 for somet € [0, 1]}.

If SN0y = ¥ then the operator F1 := Fy+ H(-,1) is (L, k1)-epi on Q1 for
ki <ky—k.

Now, for fixed & € K we associate with (L, F) anew operator &, (L, F): X — X
defined by
D, (L, F)(x) :==A(I — P)x — (ATI + Kpg) F(x). 9.1)
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For further reference, we mention the trivial, though useful identity
O(L,F) =P, (L,F)=A - —=P) (&, uekK). 9.2

Moreover, the following lemma will be useful in the sequel.

Lemma9.l. Let h: Y/R(L) — Yy be the natural linear isomorphism between the
finite dimensional spaces Y /R(L) and Yo. Then L + hA~'P: D(L) — Y is a linear
isomorphism with inverse

(L+hA™'P)™ 1 = AT+ Kpop. 9.3)
Proof. Obviously, hA~Y: N(L) — Y, is an isomorphism. Fix x € D(L) with
(L +hA='P)x = 0. Then Lx = —hA~'Px € Yy, so hA"'Px = Lx = 6,
x € N(L),and hA~'Px = hA~'x = 6. This implies that x = 8, which shows that

L + hA~'P is invertible on D(L).
Now, let y € Y and suppose that (AIl + Kpg)y = 6. Then

Ally = —L,'(I — @)y € D(L) N Xo.

Consequently, AIly =6 and (/ — Q)y = 6. Thusy € R(L) N Yp,sothaty = 6. We
conclude that ATI + K p is one-to-one. For every y € Y we have

(L+hA™'PY(ATI4+Kpg)y = hAT'PATIy+(I — Q)y = hA™ ' Tly— Qy+y = y.
Hence L + hA~!P is onto. Also, for every x € D(L) we have
(ATL+ Kpo)(L +hA™'P)x = (I — P)x + Ah ' TThA™ Px = x.

Hence ATT+ K p is the (bounded) inverse of L +h A~ P, and vice versa, as claimed.
O

To illustrate Lemma 9.1 we give a simple example which comes from the theory
of periodic boundary value problems for ordinary differential equations.

Example 9.1. For fixed w > 0, denote by C,, = C,(R) the space of all continuous
w-periodic functions x : R — R" with the natural norm

X = max |x(f)|.
Ixlic, = max |x(0)|

Likewise, we write C. = CL(R) for the space of all continuously differentiable
w-periodic functions x: R — R" with norm

xllcr = max |x(t)| + max [x'(z)].
& 0<t<w 0<t<w
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Moreover, we write é’w = éw (R) [respectively, CA’(}J = CA'(}, (R)] for the subspace of all
x € Cy [respectively, C C})] satisfying

Px := l fwx(t) dt =0. 9.4)
® Jo

The operator P defined by (9.4) is a continuous projection which maps C,, onto R”
and so induces decompositions C,, = C,, ® R” and c) C | ®R".

Now, let X = CJ), Y = C,, and define L: X — Y by Lx = x’. In the above
notation, we have then D(L) = X, N(L) = Yo = R", R(L) = C,,,and Xg = C.. So
L: X — Y is a Fredholm operator with dim N(L) = codim R(L) = n, i.e. of index
zero. The projection P: C 3) — R" is given by (9.4), the projection Q: C,, — R” by
the same formula. So the operator L px = x’ is a bijection between CA‘JU and C,, the
canonical quotient map IT associates to each y € C,, the class of all functions in C,,
with the same integral mean, and the canonical isomorphism A maps every such class
onto this common integral mean.

The linear isomorphism AIT + Kpgp: C, — C (L occurring in Lemma 9.1 is here

t 1 [0} 1 w w
(ATT+ Kpg)y(t) = / y(s)ds — —/ y(s)ds + —/ (1 - = +s> y(s)ds,
0 w Jo w Jo 2

its inverse L + hA~'P: CL — C, is

(L+hA"'PYx@t) =x'(t) + ! /wx(s)ds.
w Jo

The nonlinear operator F occurring in equation (9.1) is very often a Nemytskij operator
of the form

F(x)(@) = f(1, x(1))

generated by some Carathéodory function f: [0, w] x R” — R”. For this operator it
is possible to calculate the characteristics we are going to study below explicitly.
Finally, the operator @, (L, F): C, — C,, has, for any A € R, the form

w t
D, (L, F)(x)(t) = Ax(t) — &/ x(s)ds —f F(x)(s)ds
w Jo 0
+ L/ Fo)(s) ds — l/ (1=2+5) Feys ds.
w Jo w Jo 2

So, already for the harmless differential operator Lx = x’, the auxiliary operator
@, (L, F) may be quite complicated. VY

Lemma 9.1 shows, roughly speaking, that the operator equation

O (L, F)(x) =y 9.5
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is equivalent to the operator equation
ALx — F(x) =z, 9.6)

where the equivalence is established by the transform z = (L + hA~'P)y. Observe
that (9.5) is, in contrast to (9.6), an operator equation in one and the same space;
this fact will allow us to define a spectrum for the pair (L, F) through the auxiliary
operator (9.1).

Actually, the analogy between the operators @, (L, F) and AL — F goes much
further. We collect some natural relations between these operators in the following
lemma.

Lemma9.2. Let ®, (L, F) be defined as in (9.1). Then the following equivalences
are true:

(a) AL — F: X — Y is surjective/injective/bijective if and only if &, (L, F):
X — X is surjective/injective/bijective.

(b) [P, (L, F)]a > 0implies [\L — F, > 0, the converse is true if L is bounded.
() [P, (L, F)]p > 0implies [A\L — F]p > 0; the converse is true if L is bounded.
(d) [Pa(L, F)lq > O0implies [A\L — Flq > 0; the converse is true if L is bounded.
() v(®yr(L, F)) > 0implies v(AL — F) > 0; the converse is true if L is bounded.

(f) AL — F is stably solvable if ®, (L, F) is stably solvable, the converse is true if
L is bounded.

Proof. The relation (a) is an immediate consequence of the above mentioned equiva-
lence of the operator equations (9.5) and (9.6).
To prove (b), observe first that

[®3(L, F)la = [Lp' (ML) — Lp' (I — Q)F1a,

and so
[LpMalAL — Fly < [®@4(L, F)]a < [Lp'AIAL — Fl,.

Since [L;l]A < ||L1,_,1 || < oo, the positivity of [®, (L, F)], implies the positivity of
[AL—F], whichis the first part of (b). Conversely, if L is bounded, then D(L) = X and
[L;l]a > 0, and so the positivity of [AL — F], implies the positivity of [®, (L, F)],.
Next, suppose that [®, (L, F)]p, > 0, i.e.
1D (L, F)x)| = (L +hA™'PY (AL + 2hA™' P)(I — P) — F1()||
= (L +hA™'P)TI L — F)()]|
> [O(L, F)lpllx]l,

since (L+hA~1P)(I — P) = L. Butthe linear operator (L +hA~'P)~1is bounded,

and so (®,(L. F)]
A (L, b
IGL = P = G

llxll,
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which proves the first part of (c). Conversely, if L is bounded, then L + hA~'P is
bounded as well, and

IL+hA™ PI®A(L, F)X)] < [AL — F)(0)|l < [AL — Flp|x|.

The statement (d) is proved in the same way as (c).

Now suppose that v(®, (L, F)) > 0. By definition, there exists k > 0 such that
®, (L, F) is k-epi on Q for every Q € O(X). Let G: Q — Y be continuous with
Glpe = © and [KppGla < k, and consider the operator (ATl + Kpp)G: Q- X.
Obviously, this operator is zero on 92 and satisfies

[(ATT+ Kpg)Gla = [KpgGla <k,

since the operator ATIG: Q — N(L) has a finite dimensional range. So by assump-
tion the equation
@ (L, F)(x) = (AT + Kpo)G(x)

has a solution x € 2. Therefore
AMI — P)Z = (ATl + Kpo)(G(X) + F(®)) = (L + hA™'P) NG (F) + F (&),

which implies that ALX — F (X) = G (%), since LPX = 6. Since (L+hA~'P)~1(Y) C
D(L), we have

Al —P)x e (L+hA"'PY"N(Y) C D),

sothatx € Qp. Therefore the operator AL—F'is (L, k)-epi onQy,andsov(AL—F) >
k> 0.

Conversely, suppose now that L is bounded and v(AL — F) > 0, i.e. there exists
k > Osuchthat AL — F is (L, k)-epi on Q; for every Q € OBCL(X). LetG: Q —
X be continuous with Glyo, = ® and [G]a < k. Then

[Kpo(L +hA_1P)G]A =[(AIT+ Kpg)(L +hA_1P)G]A = [G]a < k.

By assumption, the equation ALx — F(x) = (L + hA~'P)G(x) has a solution
X € Qp = Q. Passing from (9.6) (with z := (L + hA~'P)G (X)) to (9.5) we see that

@, (L, F)(Z) = (L+hA"'P)" 1z = G&).

We conclude that &, (L, F) is k-epi on Q, and so (e) is proved.

Finally, to prove (f) assume first that @, (L, F) is stably solvable. LetG: X — Y
be compact with [G]g = 0. Then the operator (L + hAT'P)TIG: X — X is
compact and satisfies [(L + hA ™! P)_IG]Q = 0. So by assumption the equation
@5 (L, F)(x) = (L+hA~'P)"'G(x) has asolution £ € X. Butthen AL — F (%) =
G (%), and so the operator AL — F is stably solvable as claimed.

Conversely, suppose now that L is bounded and AL — F is stably solvable. Let
G: X — X be compact with [G]g = 0. Then the operator (L +hA"'P)G: X > Y
is compact and satisfies [(L +hA ™! P)G]q = 0. So again by assumption the equation
ALx — F(x) = (L + hA~'P)G(x) has a solution ¥ € X. But then ®, (L, F)(X) =
G (X), and so the operator ®, (L, F) is stably solvable as claimed. O
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Lemma 9.2 shows that the auxiliary operator (9.1) is actually independent of P
and Q if the linear part L is bounded. For instance, this is the case in Example 9.1.

Now we are ready to define the spectrum. Similarly as in the decomposition (7.20),
we put

oy(L, F)={A e K:v(®y(L, F)) =0}, 9.7)

(L, F)={AeK:[D,(L, F)], =0}, (9.8)

on(L, F)={L e K:[D,(L, F)lp = 0}, 9.9)
and

op(L, F) =0,(L, F)Uo,(L, F)Uow(L, F). (9.10)

We call the set (9.10) the semilinear Feng spectrum of L and F in what follows. Of
course, for L = I we simply get ®, (I, F) = Al — F, hence

or(I, F) = or(F)
(see (7.19)). On the other hand, for F = I we have
O, (L, I)=2UI —-P)—All—Kpg = (Al = Kpg)(AL — 1),

and so
or(L, 1) = {1 : 2 ea(L)\{0}} 9.11)

consists precisely of the (non-zero) characteristic values of the linear operator L.

In what follows, we assume without loss of generality that L. # ®, and so the
projection P: X — N (L) satisfies || — P|| # 0. The following result is analogous
to Theorem 7.4.

Theorem 9.1. The spectrum og(L, F) is closed.
Proof. Fix . € K\ op(L, F), ie. [®y(L, F)]y > 0, [®)(L, F)lp > 0 and
v(P, (L, F)) > 0. Choose u € K such that

o, (L, F
|A — | < min {[CDA(L, F)la, v(®, (L, F)), M} _

I =P

From (9.2) we get then

[Pu(L, F)la = [PA(L, F)la — [(0 — M) — P)]a = [Pa(L, F)la — [ — A > 0.
Also, we have

[Pu(L, FYQ) | = [1Pi(L, F)()Il — | = AU = P)x]|
= ([Px(L, F)Io — [ = AT = P)ID NI x]l-
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Thus, [®, (L, F)]p, > 0. We apply Property 9.4 to Fp := @, (L, F') and the homotopy
H(x,t):=t(u—2)({ —P)x. Then[H]a < |u—A| < v(P,(L, F))and H(x,0) =0
forx e X. If &, (L, F)(x) +t(u —A)({ — P)x = 6 for some ¢ € [0, 1], then

[PA(L, F)Jp llxll = [@A(L, F)Q)| < [ = AT = Pl lIx]],

hence x = 0. Since Fy = &, (L, F) is k-epi on Q for every 2 € OBE(X) and
some k > 0, by Property 9.4 we conclude that F} := Fo + H(-,1) = ®,(L, F) +
(W —=2)U —=P) = Dyu(L, F)is (k — [H]a)-epi. Thus v(®,(L, F)) > 0, and so
u & op(L, F). We have proved that K \ or(L, F) is open and so or(L, F) is closed.

O

In Theorem 7.5 we have shown that the Feng spectrum or(F') is bounded by the
norm || F|4p = max{[F]a, [F]s}, hence compact, provided that the two character-
istics [F]a and [F]p are finite, of course. An analogous result is not true for the
semilinear spectrum (9.10). To see this, it suffices to take F = [ and L a linear
operator with an unbounded sequence of characteristic values, by (9.11).

We give now some additional information on the topological character of the
subspectra (9.8) and (9.9). Putting as in (7.25)

0y(L, F) =0,(L, F)Uoy(L, F) 9.12)
we get the following analogue of Proposition 7.1.
Proposition 9.1. The subspectrum (9.12) is closed. Moreover, the inclusion
dor(L, F) Coy(L, F) 9.13)
holds if L is bounded.

Proof. We show first that both subspectra (9.8) and (9.9) are closed. LetA, € o,(L, F)
with A, — A; we have to show that A € on(L, F). Otherwise, there exists m > 0
such that ||®, (L, F)(x)|| > m| x| forevery x € X. Since ®,, (L, F) = ®,(L, F)+
(An — A)(I — P), we have

[P, (L, )OIl = (m — |A = 2a| |11 = PIDlx]|.

So for [A, — A] < m/||[I — P|| we obtain A, ¢ o,(L, F), a contradiction.
Similarly, let A,, € 0,(L, F) with A;, — A. If [®, (L, F)], > 0, then from

[P, (L, F)]a = [Pa(L, F) + (An = M) = P)]a = [Pa(L, F)]a — [A = Ayl

we obtain A, ¢ o,(L, F) when |A — X,;| < [®,(L, F)]a. Consequently we have
[@, (L, F)la=0andso A € 0,(L, F).
It remains to prove (9.13). Put

U:=or(L, F)\ O}p(L, F);
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we claim that U is an open subset of K. Suppose that there exists . € U\ U°. Then we
can find a sequence (A,), in K\ U with A, — A. Since A € 0,(L, F) and o,(L, F)
is closed, we may assume that A, & o,(L, F) for all n, and so A, &€ op(L, F). In
particular, the operator ®; (L, F) is epi on Q for every Q € OBE(X), and the same
is true for the operator AL — F on Q7 , by Lemma 9.2 (e). So, for any compact operator
G: Q; — Y with Glyq, = O, there exists some x,, € 27 with

MLx, — F(x,) = G(xy).

As in the proof of Proposition 7.1, this implies that there exists some £ € € such
that A\L% — F (%) = G(%), and so AL — F is epi on Q. Again from Lemma 9.2 (e) we
conclude that @, (L, F) is epi on Q. Since A ¢ o,(L, F), this implies A & or(L, F),
a contradiction. The rest of the proof goes as that of Proposition 7.1. O

We close this section by proving a discreteness result for the semilinear Feng
spectrum which in case L = [ reduces to the discreteness result in Theorem 7.8. A
scalar A € K is called an eigenvalue of the pair (L, F) if the equation F(x) = ALx
has a nontrivial solution x € X. The set of all eigenvalues,

op(L, F) ={A € K: F(x) = ALx for some x # 0}, 9.14)

will be called the point spectrum of L and F. Of course, in case L = I we get the
usual definition (3.18) of the point spectrum of F'.

Theorem 9.2. Let F: X — Y be L-compact, 1-homogeneous and odd. Then every
A € or(L, F)\ {0} is an eigenvalue of L and F .

Proof. We show first that every nonzero A € op(L, F) belongs to o,(L, F). In fact,
suppose that [©;, (L, F)], > 0, hence ||®, (L, F)(x)|| = [®,(L, F)lpllx|| > O for all
xeX,x#0. FixQ e OBC(X),andlet G: Q@ — X be compact with G(x) = 6
on d€2. We show that the equation @, (L, F)(x) = G(x) is solvable in €2, and so
®; (L, F) is epi on Q. Define an operator H: Q& — X by

1 1
H(x) = Px+ ~(Al+ Kpo)F(x) + - G(x).

Obviously, H is compact and x — H(x) = %@A(L, F)(x) # 6 on 0€2. Moreover,
the restriction H |3q is odd. So, the degree deg(I — H, €2, 6) is nonzero, by Borsuk’s
theorem, and hence there exists X € € such that

A .1 R | B
X =Px+ )—\(AH +Kpo)F(x) + xG(x).

We conclude that ®; (L, F) is epi on 2, and so A ¢ og(L, F), contradicting our
hypothesis.
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Now, the relation [®, (L, F)], = 0 means that there exists a sequence (x;), in X
such that

AU = Py — (L +hA™ P FGo)l <l
Putting e, := x,/||x,| we have, by the homogeneity of F,
IA(I = P)en — (L +hAT'P) "' Fe))| = 0 (n — 00).
In addition, the set M := {ey, e3, e3, ...} satisfies
[Pr(L, F)laa(M) < a(Pr(L, F)(M)) =0,

which shows that (e;,), admits a convergent subsequence (e, )k, say e,, — e. By
continuity, we have then e € S(X) and A(I — P)e = (L + hA~'P)"!F(e). Since
(L+hA='P)(I — P) = L, we see that ALe = F(e), i.e. » € op(L, F). O

9.2 Thesemilinear FMV-spectrum

As before, we assume that X and Y are two Banach spaces, L: X — Y is a closed
linear Fredholm operator of index zero, and F: X — Y is continuous and nonlinear.
In contrast to the preceding section, we suppose now in addition that L is bounded,
as a matter of fact, this assumption is not really restrictive, since every closed linear
operator becomes bounded after a suitable renorming of X. Again, we have the
decompositions X = N(L) & Xpand Y = Yy & R(L), where N(L) and Yy have the
same (finite) dimension. By P: X — N(L) we denote a (bounded) projection on the
nullspace of L, and by hA~': N(L) — Yj a fixed isomorphism.

For A € K, let (L, F): X — X be defined as in (9.1), i.e.

@, (L, F)(x) = A(I — P)x — (L + hA~'P)"' F(x).
In addition to the subspectra (9.7)—(9.9), we still introduce the sets
oq(L, F) ={A e K: [®y(L, F)]qg =0}, 9.15)

and
os(L, F) ={A € K: ®, (L, F) is not stably solvable}. 9.16)

We define the semilinear Furi-Martelli—Vignoli spectrum (or semilinear FMV-spec-
trum, for short) of L and F by

ormv(L, F) = oq(L, F) Uou(L, F) Uos(L, F). .17
Of course, for L = I we simply get L+hA~'P = I and ®; (I, F) = Al — F, hence

ormv({, F) = opmv (F).
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On the other hand, choosing F = I we get again for the spectrum ogpmv (L, I) the set
of all nonzero characteristic values of L.

We give now a parallel discussion of the semilinear FMV-spectrum as we did
before for the semilinear Feng spectrum. The following Theorem 9.3 is analogous to
Theorem 9.1, the proof even simpler.

Theorem 9.3. The spectrum opmv (L, F) is closed.

Proof. Fix A € K\ opmv (L, F), and let

min{[®; (L, F)la, [®1(L, F)lq}
17— P '

0<é<

We claim that © € K\ opmv (L, F) for any u satisfying |u — A| < §.
First of all, from (9.2) we get

[Pu(L, F)la = [Pa(L, F)la — [A = pl Il = Pl >0

and
[®,(L, F)lq = [®(L, F)lqg— A —ul Il = P|| >0,

by our choice of §. It remains to show that &, (L, F) is stably solvable for |u—A| < 8.
But this follows from Lemma 6.3, since

max{[®, (L, F) — @, (L, F)]a, [®u(L, F) — (L, Flq}
<lp—=AlI—-P|
< min{[®;.(L, F)]a, [Pr(L, F)lq}.

We conclude that X is an interior point of K \ opmv (L, F), and so K\ opmv (L, F) is
open. O

Let us now take a closer look at the structure of the subspectraog(L, F), 04 (L, F),
and o5 (L, F). Putting as in (6.16)

we get the following analogue to Proposition 9.1.
Proposition 9.2. The subspectrum (9.18) is closed, and the inclusion
dopmv (L, F) C oy (L, F)

holds.
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Proof. The closedness of o,(L, F) may be proved as before. We show that
ormv (L, F)\ o, (L, F)isopen. So fix A € opmv (L, F) such thatboth A & o,(L, F)
and A ¢ oq(L, F). Suppose that there exists a sequence (A,), with A, — A such
that &, (L, F) is stably solvable. Since A € o5(L, F'), there exists a compact oper-
ator G such that [G]g = 0 and ®, (L, F)(x) # G(x) for all x € X. On the other
hand, by the stable solvability of each ®;, (L, F) we find a sequence (x,), in X with
®@,, (L, F)(xn) = G(xn).

We claim that this sequence (x, ), is bounded. To see this, suppose that ||x, || — oo.
Then

[PA(L, F)x)ll _ 1Pa(Ly F)(xn) = @, (L, )l 1G G

[l 1 - (B [l
G
<=l 11— P+ GO o),
[l
But this means that [®; (L, F))]q = 0, contradicting our choice A ¢ oq(L, F)). Now,
the boundedness of (x,), implies that

[Pu(L, F)(xn) = GOl < [An = AL = Pl lxpll = 0 (n — 00).

From this and the fact that [®, (L, F) — Gl, = [P, (L, F)], > 0 it follows that there
exists a subsequence (x,, )k of (x,), with x,, — X. By continuity, X is a solution
of the equation ®; (L, F)(X) = G(x). This contradiction shows that our assumption
was false, and so the above assertion is true.

Now let A € dopmv(L, F) and suppose that A & o5 (L, F). Then
A € opmv(L, F) \ o, (L, F) which is open in opmy (L, F). This contradicts A €
dopmv (L, F). O

Finally, the following discreteness result holds for the semilinear FMV-spectrum
in the same way as Theorem 9.2 for the semilinear Feng spectrum.

Theorem 9.4. Let F be L-compact and odd. Then the inclusion
opmv (L, F)\ {0} € oq(L, F)
is true, i.e. every nonzero spectral point is an asymptotic eigenvalue of L and F.

Proof. Suppose that A # 0 does not belong to oq(L, F),i.e. [Py (L, F)]q > 0. Since
F is compact, we have [®, (L, F)], = 0 if and only if A = 0; consequently, A does
not belong to o,(L, F) either. So we have to show only that A ¢ os(L, F). By
Lemma 9.2 (f), this is equivalent to proving that AL — F is stably solvable.

Let G: X — Y be compact with [Glq = 0. By assumption, A # 0 and
[®,.(L, F)]q > 0, and hence there exists Ry > 0 and § > 0 such that

1AL+ hAT PYTI L — F) ()| > 8|x]]
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whenever ||x|| > R;. On the other hand, we can find R, > 0 such that
1AL +hrAT PTG < %nxn
whenever ||x|| > Ry. Thus, for ||x|| > R := max{R;, R} and 0 < u < 1 we have
1AL +hAT'PY AL = F — nG) ()| = guxu. (9.19)
Now
AL +hAT' )T OL - F—puG)=U — P) = 2N L +hA"'PYY(F + uG)

is a compact perturbation of the identity. Therefore, from (9.19) and the homotopy
invariance of the Leray—Schauder degree and Borsuk’s theorem (see Section 3.5), we
obtain

deg(A "ML +hAT'P)TI (AL — F — G), B4(X), 0)
=degA " "L+ hAT'P)TI L — F), B4(X),6) = 1 (mod 2),

and so the equation ALx = F(x) + G(x) has a solution in Bg(X). O

In Chapter 6 we have obtained some very precise results on the “topological
disposition” of several subspectra of the FMV-spectrum. The same may be done for
the semilinear FMV-spectrum. Recall that, given a closed subset ¥ of the complex
plane, by co[ 2] we denote the connected component of C \ ¥ containing zero, and
by coo[X] the unbounded connected component of C \ .

Theorem 9.5. Suppose that X and Y are infinite dimensional and F: X — Y is

compact. Then the following is true:

(a) F is not onto, in particular, 0 € o5(L, F).

(b) Either 0 € oq(L, F), or colog(L, F)] C o5(L, F).

(©) Iformv(L, F) #K, then oq(L, F) # ¥.

(d If0 ¢ oq(L, F) and opmv (L, F) is bounded, then coloq(L, F)] is bounded;
consequently, oq(L, F) contains a positive and a negative value.

(e) IfK = C and opmv (L, F) is bounded, then cooloy (L, F)] Nopmv (L, F) = @.

Proof. Being a compact operator between two Banach spaces, F' cannot be onto, by
Baire’s category theorem. Consequently, ®o(L, F) = —(L + hA=1P)~1F is not
onto either, and thus 0 € o5(L, F), which proves (a).

(b) Suppose that 0 ¢ oq(L, F). This means that [®o(L, F)]q > 0. From the fact
that o, (L, F) = {0} it follows that 0 is then an isolated point of o, (L, F) Uoq(L, F).
Therefore it suffices to show that @, (L, F) is not surjective for A small enough. In fact,
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assume thatthe setco[oq (L, F)]\os(L, F)isnonempty. Since this sethas no boundary
in cologq(L, F)], by Proposition 9.2, it is both open and closed in co[og(L, F)]. But
coloq(L, F)] is connected, by definition, and so os(L, F) = §.

Now, to show that ®, (L, F) is not surjective for A small enough, assume that
this is false. Then there exists a sequence (A,),, A, — 0, such that &, (L, F) =
Al —P—(L+hA~'P)"!Fisontoforalln. Givena > Owith2a < [®¢(L, F)]q, we
may find R > 0 such that | Do(L, F)(x)| > 2a||x| for ||x|| > R. Taking b := 2aR
we have then | ©g(L, F)(x)| > 2allx|| — b forall x € X.

Fix y € X with ||y|| < 1. By assumption, we find a sequence (x,), in X such that
®,, (L, F)(x,) = y. Without loss of generality we may assume that |1, | < a/||I — P]||
for all n, where a is as above. Consequently,

L=yl = 1P, (L, F)(xa)ll
= 1A (I = P)xp + Po(L, F)(xp)|l
= 2allxpll = b = [An| 11 = P fIxnl

> allxall — b,

hence
1+5b
”xl’l ” S )
a

i.e. the sequence (x,), is bounded. We conclude that A,x,, — 0, and thus F(x,) —
—(L +hA™! P)y asn — oo. Since y with | y|| < 1 was arbitrary, we have actually
shown that the closure of the set F({x : ||x|| < (1 4+ b)/a}) contains a ball (of radius
| L+hA"'P | = (L + hA~'P)~1||~1), and so has nonempty interior. But this is
impossible, because F is a compact operator.

To prove (c) we distinguish the cases 0 € oq(L, F) and 0 ¢ oq(L, F). In the first
case the assertion is trivially true. In the second case it follows from (b) that O is an
interior point of opmv (L, F). On the other hand, again the equality o,(L, F) = {0}
and Proposition 9.2 imply that

dopmv(L, F) S oz (L, F) = {0} Uoy(L, F),

and opmv (L, F) has nonempty boundary, since 0 € opmv (L, F) and opmv (L, F) #
K. So we have 0 € dopmv (L, F), a contradiction.
Let us now prove (d). If 0 ¢ og(L, F), from (b) we conclude that

colog(L, F)] C os(L, F) S opmv(L, F),

and the assertion follows from the assumed boundedness of opmv (L, F).

Finally, to prove (e) put Coo := Coolor (L, F)] and C := Cx \ opmv (L, F); we
have to show that C = C. Since the relative boundary of C with respect to C,
is empty, by Proposition 9.2, the set C is both open and closed in Cy. From the
connectedness of Cy it follows that either C = Co, or C = (J. But the latter is
impossible if oppmv (L, F) = Coo \ C is bounded. a
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Observe that Theorem 9.5 (d) implies the following alternative on the “size” of
the subspectrum og(L, F): if K = C then either oq(L, F) = @ or 0 € oq(L, F)
or oq(L, F) is infinite. This is false in case K = R. For example, for the operator
F(x1,x2,x3,...) := (|x||, x1, x2, . ..) in the real sequence space X = I, we have
oq(I, F) = {£4/2}, see Example 3.15.

9.3 The pseudo-adjoint spectrum

In this section we discuss a new spectrum which is defined in a rather “strange” way,
but seems to be at least of theoretical interest. The idea is quite simple and may be
summarized as follows. Given two Banach spaces X and Y and a bounded linear
operator L: X — Y, recall that the adjoint L*: Y* — X* of L is defined by

(L*0)x :=€0(Lx) (£ eY* xeX), (9.20)

where X* denotes, as usual, the dual space of X. It is then well known that L* is also
bounded and linear, and o (L*) = o (L), i.e. the original and the adjoint operator have
the same spectrum.

So it might be a good idea to associate also to nonlinear operators F' some kind of
“adjoint” for which a spectrum is already defined, and then to define the spectrum of
F through the spectrum of its adjoint. This is in fact possible for Lipschitz continuous
operators, as we shall show in this section.

So throughout the following we will use the Banach space Lipy(X, Y) of all
Lipschitz continuous operators F: X — Y satisfying F(#) = 6, equipped with

the norm IF(x)— FO)
oo
[Fluip = sup -2 — 1
xF£y ”x - )’||

(see (2.1)). It is easy to see that the space £(X, Y) of all bounded linear operators
from X to Y is a closed subspace of £ipy(X, Y). In particular, we set

Lipy(X, K) =: x* 9.21)

and call X* the pseudo-dual space of X; this space contains the usual dual space X*
as closed subspace.
Now, given F € £ipy(X, Y) let us define the pseudo-adjoint F*: Y* — X* of F
by
FRe(0) :=g(F) (ge¥* xeX). 9.22)

This is of course a straightforward generalization of (9.20); in fact, for linear operators
L we have L¥|y« = L*, i.e. the restriction of the pseudo-adjoint to the dual space is
the classical adjoint.

Before defining a new kind of spectrum for operators F € L£ipy(X, X), let us dis-
cuss some simple properties of the pseudo-adjoint (9.22). The following observation
is rather trivial, but useful.
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Lemma 9.3. The pseudo-adjoint F* of F € Lipy(X, Y) is bounded and linear with
IF*)| = [FlLip.

Proof. For g € Y# we have

[F*(2)ILip = sup I§(F)| < [glLiplFlLip,

<1

which implies the estimate || F#|| < [F ILip- The converse estimate is somewhat less
trivial. Given ¢ > 0, choose x, y € X with

[F(x) = FODI = A —¢) [FlLipllx — yll-

By the Hahn—Banach theorem we may find a functional £ € Y* such that ||£|| = 1 and

LF(x) = F(y) =IF(x) = FODII,

hence

IF* (@) (x) = FH(O ) = L(F(x) = F(y) = (1 — &) [Fluipllx — ylI.

This shows that || F#|| > [F]Lip, and so we are done. O

The nextlemma illustrates, similarly as in the linear case, the “interaction’ between
the mapping properties of F and F*.

Lemma9.4. If F*: Y* — X% is injective, then F: X — Y has a dense range
R(F) € Y. If F*: Y* — X% is surjective, then F: X — Y is injective with
Lipschitz-continuous inverse on R(F).

Proof. Let F* be injective, and suppose that the range R(F) of F is not dense in Y.
Then we find yg € Y and r > Osuchthat ||y — yg|| > r forall y € R(F'). The function
g: Y — K defined by

g(y) :=max{0,r — ||y — yoll}

belongs to Y # (with [glLip = 1) and vanishes on R(F), but is not identically zero
on Y. Since F* is injective, by assumption, the function F*(g) € X* cannot be
identically zero on X either. On the other hand, we have F # (g)(x) =g(F(x)) =0,
a contradiction.

Assume now that F* is surjective, i.e. for each f € X* we find g € Y* with
F#(g) = f. From the open mapping theorem we conclude that then || g|| < ¢|| f|| for
some ¢ > 0 independent of f. For fixed x, y € X we may find, by the Hahn—Banach
theorem, a functional £ € X* € X* such that ||| = 1 and |[¢(x — y)| = |lx — y||. For
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g € Y* with £ = F#(g) we have then

lx =yl = £ = y)I
= [€(x) — £(y)]
= [g(F(x)) — g(F(y))]
< [glLipll F(x) = F(y)l
< cl[F(x) = F(y)ll.

Since ¢ does not depend on x and y, we see that F is invertible on R(F) with
[F~ g lLip < c. O

The well knownexample X = Y = [y and L(x1, x2, x3, ...) = (x1, %xz, %X3, L)
shows that one cannot expect surjectivity in the first statement of Lemma 9.4. In fact,
the operator L¥ = L* = L is injective in X* = X in this example, but R(L) cannot
coincide with the whole space [, since L~! would then be bounded, by the closed
graph theorem.

As in Chapter 2, we call a bijection F: X — Y a lipeomorphism if both F €
Lipg(X, Y) and F~! € Lipy (Y, X).

Proposition 9.3. Anoperator F: X — Y is alipeomorphism if and only if its pseudo-
adjoint F*: Y* — X% is a linear isomorphism; in this case one has (FH-1 =
(F~H*.

Proof. If F: X — Y is a lipeomorphism, the linear equation F*(g) = f has, for
each f € X*, a unique solution g € Y* namely g(y) = FF~1(y)). Conversely, if
F#.Y* — X* is a bijection, then F is a lipeomorphism between X and R(F), by
Lemma 9.4. Since X is a Banach space, R(F') is also a Banach space, and the fact
that R(F) is dense in Y implies that F is onto.

Finally, the equality (F*)~! = (F~1)# follows from the functorial properties of
the map F — F* ie. (GF)* = F*G* and I* = I. O

Proposition 9.3 suggests the following canonical definition. Given F € Lipy(X),
we put
o*(F):=o(F*) = {» € K: AI — F* is not a bijection} (9.23)

and call o (F) the pseudo-adjoint spectrum of F. By construction, the spectrum
(9.23) is always compact and nonempty, being the spectrum of the bounded linear
operator F*. This implies, in particular, that this spectrum cannot coincide with the
Kachurovskij spectrum (5.9). To illustrate this, let us return to our famous example
of an operator for which all spectra considered so far have been empty.

Example9.2. Let X = C? and F € £ipy(X) be defined as in Example 3.18. We
already know that ok (F) = ¥ (see Section 5.2). On the other hand, o¥(F) cannot be
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empty by what we have observed above. Indeed, put

1 1
Ay = F+—(1+10), pt = t—(1—1),
V2 V2
fr(z, w) == AsZ +w, g+(z, w) :== puxz +w.

Then f1,g+ € x*, F#(fi) = Az f1, and F#(gi) = pn+g+. Consequently, the
spectrum o* (F) contains at least the four points Ay, A_, 44 and f_. Q

As in the linear case (1.8), we define the #-spectral radius of F by
r#(F) == sup{|A] : & € o*(F)). (9.24)

The following theorem shows that there is some kind of “Gel’fand formula”
(1.9) for the spectral radius (9.24). Example 6.5 shows that this is not true for the
Kachurovskij spectrum.

Proposition 9.4. For F € Lipy(X) we have
H(F) = lim Y/[FLip.

Proof. Let r(F #) denote the usual spectral radius (1.8) of the linear operator F # in
X*. From the equality (F" y* = (F*)" and from Lemma 9.3 we obtain the chain of
equalities

*(F) = r(F*) = lim VI(F*)"| = lim V|[(F")*| = lim J[F"]Lip
n—oo n—oo n—oo
which proves the assertion. O

All results proved so far suggest that the spectrum (9.23) has better properties than
the Kachurovskij spectrum (5.9). Unfortunately, the spectrum (9.23) has a serious
drawback: it does not give the familiar spectrum in the linear case!

Example 9.3. Consider the linear operator L(x) = —x in X = R, hence (L* Hx) =
f(—x) for f € R*. Obviously, the (Kachurovskij) spectrum of L is simply ox (L) =
o (L) = {—1}. Clearly, the scalar . = —1 also belongs to & (L*), because the function
f(x) = x satisfies L¥(f) = Af. On the other hand, the scalar ;. = 1 belongs to
o (L*) as well, because the function g(x) = |x| satisfies L*(g) = ug. So we see that
+1 e o*(L).

Now, the trivial equality (L2 =1 implies that o ((L*)?) = {1}. From Theo-
rem 1.1 (h) we conclude that ¥ (L) = {£1}. Q

Example 9.3 contains a Lipschitz continuous operator for which the spectrum
(9.23) is strictly larger than the Kachurovskij spectrum (5.9). A converse example is
given by the operator (3.26): for this operator we have ox(F) = [0, 1], but
o*(F) = {0}, since F? is the zero operator.
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9.4 The Singhof-Weyer spectrum

Now we discuss another spectrum introduced by Singhof in the seventieth. The moti-
vation for the definition of this spectrum will be more transparent in the multivalued
case which was considered by Weyer.

Given two Banach spaces X and Y, we denote by CI(X, Y) the linear space of all
(not necessarily continuous) nonlinear operators F': X — Y which satisfy F(6) =0
and whose graph

'F)={x,y)eXxY:y=F(x)} 9.25)

is a closed subset of X x Y. As in Section 5.7, we equip X x Y with the norm
IlGe, W = (Ix 1% + Iy 1?) /2, and we write again CI(X, X) =: €[(X) for brevity.
Now, given F € €I(X), we call the set

psw(F) :={A € K: Al — F is bijective and R(); F) € Lipy(X)}, (9.26)

where R(A; F) = (AI — F)~! as usual, the Singhof-Weyer resolvent set of F and its
complement

osw(F) := K\ psw(F) 9.27)

the Singhof~Weyer spectrum of F. Observe that there is a certain “asymmetry” in the
definition (9.26), inasmuch as A/ — F belongs only to €[(X), but (.1 — F)~lisassumed
to belong to £ipy(X). This asymmetry is explained by certain monotonicity properties
of the resolvent operator which will become more transparent in the multivalued case
discussed below (see Lemma 9.5).

The following theorem shows that the Singhof—Weyer spectrum shares the most
important property with all other spectra.

Theorem 9.6. The spectrum osw (F) is closed.

Proof. We show that pgw (F) is open for F € €I(X). Fix A € psw(F) and choose
wn € K such that [u — A| < 1/[R(A; F)]Lip. We use the trivial equality

ul—F =M —-F4+@u—nI
to obtain for x, y € X the estimate

lx = F(x) = py + FO)I = hx = F(x) = ky + FOIl = | — Al llx = y|
> [R(: Pl llx =yl = 1w =l x = yll,

which shows that I — F is invertible on its range with

1

[R(w: F)lLip < .
RO P — e Al

The proof of the surjectivity goes precisely as in the proof of Theorem 5.1. O
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In the following elementary example we compare the Singhof—Weyer spectrum
with those we studied in Chapter 4.

Example9.4. Let X = R and F(x) = arctan x. We have seen in Example 4.2 that
the Rhodius spectrum of F is or (F) = [0, 1). By Theorem 9.6, the Singhof—Weyer
spectrum osw (F) must be different. In fact, it is clear that [0, 1) € osw(F) < [0, 1],
since the map x +— Ax — arctan x is a bijection with derivative bounded away from
zero for A < O or A > 1. Since osw (F) is closed, we have osw (F) = [0, 1]. @

We discuss now an extension of the spectrum (9.27) to multivalued operators which
is due to Weyer. To this end, we recall some notions and results on multivalued maps.
By 2 we denote the family of all nonempty subsets of a set M. Given two Banach
spaces X and Y, a multivalued operator F: X — 2V is called surjective if its range

R(F) = U F(x) (9.28)

xeX

is the whole space Y, and injective if F(x1) N F(x2) # @ implies x; = x,. Of course,
this gives the usual definitions if one identifies a singlevalued operator x — F(x) with
the multivalued operator x — {F(x)}. An injective operator F: X — 2¥ admits an
inverse F~' on R(F) defined by F’l(y) = x if and only if y € F(x); observe that
the inverse F~! is always singlevalued. As before, by R(A; F) = (A — F )1 we
denote the (singlevalued) resolvent operator of an injective operator F: X — 2%,
Finally, the graph of an operator F: X — 2V is defined by

D(F) ={(x,y)e X xY:ye Fx)} (9.29)

Given a multivalued operator F: X — 2% with closed graph, we define its Singhof—
Weyer resolvent set psw (F) as in (9.26) and its Singhof-Weyer spectrum osw (F) as
in (9.27). The following example is the main motivation for considering the spectrum
(9.27) in the multivalued case.

Let H be a real Hilbert space with scalar product (-, -). A multivalued operator
F: H — 2" is called monotone if

(x=yu—v)=0 (ueF(x),veF(),

and maximal monotone if F has no proper monotone extension. In the following
lemma we collect some fundamental properties of monotone and maximal monotone
operators.

Lemma9.5. Let H be a real Hilbert space and F : H — 28 a multivalued operator.
Then the following holds.

(a) F is monotone if and only if the estimate

[x =yl < llx =y +ulp =gl (9.30)
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holds for all (x, p) e I'(F), (v,q) € I'(F),and n > 0.

(b) F is maximal monotone if and only if the property
(x=y,u—v)>0 (ye H,ve F(y)) 9.31)

is equivalent tou € F(x).
(c) If F is monotone, then the resolvent operator R(A; F): R(A — F) — H exists
for all . < 0 and is Lipschitz continuous on R(Al — F) with

1

[ROA; F)|Ro.a—F)ILip < Y

(d) A monotone operator F is maximal monotone if and only if LI — F is onto for
all A < 0.
Proof. To prove (a) observe first that
lx =y +up = I = llx = yI? + 4’llp —ql* + 2u(x = y.p —q).  (932)
So, if F' is monotone we get for u > 0
lx =y +up = @I = lIx = yI? = w?Ip = qlI* + 2p(x = y. p — q)
= u?lp—ql* =0
which is (9.30). Conversely, from (9.30) and (9.32) we deduce that
WP —ql? +2ulx —y. p —q) = 0.

Diving by n > 0 and letting u tend to zero we see that F' is monotone.
The assertion (b) is simply a reformulation of the fact that the graph I'(F) of a
maximal monotone operator F' is a maximal subset of H x H with respect to inclusion.
Now let F: H — 2" be monotone and A < 0. Fix x € R(x; F)(u) and y €
R(A; F)(v); then for u := —1/1 > 0 we have p := —(u + x/pn) € F(x) and
q:=—w+y/n) € F(y). Applying to this choice of , p and ¢ the estimate (9.30)
we obtain

1 1
lx =yl <llx —y— @+ ﬁx) + (v + ;y)ll

= |l llu — vl
: I I

=—IJu—v
|A]

which shows that R(A; F) is in fact singlevalued and [R(A; F)]Lip < 1/|A]. So we
have proved (c).
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Finally, for the proof of (d) we point out first that it suffices to show that the
maximal monotonicity of F' is equivalent to the surjectivity of / + F. Indeed, this
follows from the trivial equality A/ — F = [ + uF with p := —1/A and the fact that
F is monotone if and only if «F is monotone for all & > 0.

Assume first that F is monotone and / + F' is onto. We use (b) to prove the maximal
monotonicity of . So suppose that (9.31) holds for all y € H and v € F(y); we
have to show that u € F(x). Since I + F is surjective we may choose y as a solution
of the inclusion

utx eyt F(),

ie.u +x =y+ vforsome v € F(y). Then (9.31) implies
by =yl = (x —y,x —y) = —(x —y,u —v) <0,

hence y = x. It follows that u = v € F(y) = F(x) as claimed.

The converse implication is more complicated, and we only sketch the idea of the
proof. Assume that F' is maximal monotone and fix yp € H; we have to show that
Yo € xo+ F(xg) for some xg € H. Passing from F to the maximal monotone operator
x — F(x) — yo, if necessary, we may suppose without loss of generality that yy = 6,
i.e. we must show that —xo € F(xp). Now, the quadratic functional ¢, ,: H — R
defined for fixed (y, v) € I'(F) by

Yy u(x) == {(x +v,x —y)

is convex and weakly lower semicontinuous. Therefore we can find some xg € H
such that ¢y ,(x9) < 0 forall (y,v) € T'(F), hence

(=x0 —v,x0 — y) = —@yp(x0) =0 ((y,v) € I'(F)).
By what we have proved in (b), this means precisely that —xp € F(xg). a

Lemma 9.5 (c) and (d) imply that, for a maximal monotone operator F' in a real
Hilbert space, we always have (—o00, 0) C psw(F), i.e. osw(F) C [0, 00).

We point out that Lemma 9.5 (c) provides a striking similarity to a well-known
result in linear spectral theory: a bounded linear operator L in a complex Hilbert
space is selfadjoint if and only if every scalar A € K\ R belongs to p(L) and

1
AM—F)7 < ——.
I[¢ )< ]

This analogy between linear and monotone operators suggests to introduce a class of
operators which have some spectral properties in common. For a multivalued operator
F: H — 2" in a Hilbert space H over K =R or K = C and A € K we put

y(; F):=infly € R: 0 < ylx — y|> —2Re(h(x — y),u —v)

5 (9.33)
+ |lu — v||” for all (x, u), (y,v) € I'(F)},
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and call F in the sequel A-polytone if y (A; F) < |A|?. Moreover, a A-polytone operator
F is called maximal \-polytone if F has no proper A-polytone extension. It is easy to
see that every maximal A-polytone operator has a closed graph. In the next example
we see what the characteristic (9.33) gives for linear (singlevalued) operators.

Example9.5. Let H be a Hilbert space, L € £(H), and A € p(L). By linearity, we
may then restrict ourselves to x € S(H), u = Lx, and y = v = 6 in the calculation
of (9.33) and get

y(; L) :=inf{y e R: 0 < y|x||*> = 2Re(Ax, Lx) + ||Lx||* for all x € X}

= sup [2Re{ix, Lx) — ||Lx|*]
lxl=1

= sup [IA]* — Ax — Lx||?]
lxl=1

= A" = inf fl2x = Ll = 3P =G0 = D)7
Xl|l=
= A = IR(: L] 2,
since Al — L is a linear isomorphism. <

The following Lemma 9.6 generalizes the previous result and emphasizes the
importance of polytone operators in the nonlinear theory. It implies, in particular, that
an operator F' is monotone if and only if y (A; F) < 0 for each A < 0.

Lemma9.6. An operator F: H — 2 is A-polytone if and only if the resolvent
operator R(\; F) = (M — F)~ ! exists on R(AI — F) and is Lipschitz continuous. In
this case the equality

yOiF) =\ - ———— (9.34)
[RO: P,
holds.
Proof. Suppose first that F is A-polytone, i.e. we can find y < |A|? such that
0 <ylx—ylI* —2Re(A(x — y),u — v) + |lu — v|?
=12 =) = =P+ (v = 122) Ik =y
hence
1A —y) = (= v) > = (A = p)llx — yI? (9.35)

for all x,y € X, u € F(x), and v € F(y). We have to show that Al — F is
injective and (Al — F )y~ lis Lipschitz continuous on R(AI — F). So assume that
zeAM —F)(x)NI — F)(y),i.e.z2=xx —u =Ly — v for some u € F(x) and
v € F(y). Putting this into (9.35) yields

0=llz—zlI> = |(x —u) — Ay — 0> = (A7 = »)lIx — ¥l
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Consequently, x = y, since |)\|2 —y > 0, and so Al — F is in fact injective. Now,
putting Ax —u =: zand Ay —v =: w foru € F(x) and v € F(y), we have
z,we R(AI — F)and

1 2 2 2
m”l—wll > [lx = ylI* = IIR(; F)(2) — R(A; F)(w)l7,

by (9.35). This shows that

RO P < ——o,
LP =22 —y

hence y > |)»|2 — [R(X; F)]Eé. Since y (A; F) is the infimum of all possible values
for y, we have
YOS F) = AP — ————
RO P,
as well. But one may also take y = A2 — [R(A; F)]Eé in (9.35), and so in fact the
equality (9.34) holds.

Conversely, if the resolvent operator R(X; F') exists on R(Al — F') and is Lipschitz
continuous, one may show by the same reasoning that F is A-polytone with (9.34). O

We summarize some monotonicity and polytonicity properties of F: H — 2%
in the following Table 9.1, where throughout A < 0. Afterwards we illustrate the

previous two lemmas by means of two simple scalar examples.

Table 9.1

F maximal monotone = F monotone

I I

R\ F)e Lip(H, H) — R(A; F) € Lip(R(AI — F), H)

! !

F maximal A-polytone =—> F A-polytone

Example9.6. In H = R consider the multivalued operator

{x —1} ifx <O,
F(x)=1{{-1,1} ifx =0, (9.36)
{x+1} ifx > 0.
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It is easy to see that F': R — 2R is monotone, and that (9.30) is true for all
(x,p) € T'(F), (v,q) € I'(F), and u > 0. For A < 0, the resolvent operator
R(r; F) = (A — F)"lexistson RO — F) = R\ (—1, 1) and has the form

<
—_

o ifu < —1,
ROs F)w) = {4=1 11 = (9.37)
1 if u > 1.
Moreover, one easily sees that
1 1
[R(A; F)luip=—F < — (& <0),

I—A 7 |A

in accordance with Lemma 9.5 (¢).

On the other hand, F is not maximal monotone, as may be seen by checking either
(b) or (d) in Lemma 9.5. For instance, this follows from the fact that R(I + F) =
R\ (=1, 1).

Let us now calculate the characteristic y (A; F') for the operator (9.36). Forx, y €
R we have

y( F) =infly e R:0 < y(x —y)* —20(x — y)* + (x — »)?)
=inf{ly eR:y —21+4+1> 0}
=21 —1.

The same result may be obtained from (9.34); in fact,
Yy F)=22—(1-0*=21—1.
In particular, y(A; F) < —1 < Ofor A < 0. v

Example 9.7. We modify the previous example by “filling the gap” at zero, i.e. by
putting
{x -1} ifx <O,
Fx)=1[-1,1] ifx=0, (9.38)
{x+1} ifx>0.
Now F: R — 2R is even maximal monotone, as may be proved by checking condition
(b) of Lemma 9.5. Alternatively, it suffices to observe that R(/ 4+ F) = R and use
Lemma 9.5 (d). The resolvent operator R(A; F) = (A — F )~ ! is now defined on the
whole real axis and has the form
LHifu < -1,
RO; F)(u) =130 if—1<u<l, (9.39)
= ifu>1.

Moreover, the formulas for [R(A; F)]Lip and y (A; F') are the same as in Example 9.6. ©
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Lemma 9.6 may be used to characterize the Singhof—Weyer spectrum explicitly
in terms of maximal polytonicity.

Theorem 9.7. A scalar & € K belongs to psw(F) if and only if F is maximal -
polytone.

Proof. Let . € psw(F). We already know that the operator F is A-polytone for
these A, by Lemma 9.6, but we still have to prove the maximality of F. So let F
be a A-polytone extension of F which means that ['(F) D I'(F); we claim that
[(F) =T(F).

Fix (%, i) € ['(F). Since Al — F is surjective, we find (x, u) € I'(F) such that
AX —u = AX — u. Moreover, the Lipschitz continuity of R(A; F) implies

0=[RM; Pluiplldix —u — Ax +ull = [lx — X,

so x = x and u = u, hence (X, 1) € I'(F) as claimed.

Conversely, suppose now that F' is maximal A-polytone. We already know from
Lemma 9.6 that A/ — F is then invertible with Lipschitz continuous inverse R(}; F),
so it remains to show that Al — F is surjective. Let u € H be arbitrary; we have to
find x € H such that u € Ax — F(x). We may choose x € H such that

0<y(s P)llx = ylI> = 2Re(h(x — y), Ax —u — v) + [|Ax —u — v||?
for all (y, v) € I'(F). But this means that the operator F defined by

- F(x) if y # x,

F(y) = .

F(x)U{Ax —u} ify=ux

is also A-polytone with y (A; F )=Y (A; F), by definition (9.33). Since F' is maximal,
by assumption, we conclude that ' = F, hence F(x) U{Ax —u} = F(x) orAx —u €
F(x). O

Example9.8. Let F be again the maximal monotone operator (9.38) from Exam-
ple9.7. Since y (A; F) = 21— 1, we see that F is A-polytone if and only if 2A —1 < A2,
i.e. A # 1. For these values of A, F is even maximal A-polytone, so that

osw(F) = {1}.

Of course, one may get the same conclusion by adopting directly the definition (9.27)
of the Singhof—Weyer spectrum. Indeed, for A # 1 the operator A/ — F is onto, and
its inverse (9.39) is Lipschitz continuous on the whole real axis. Y

We close this section with a further example involving a non-monotone operator.
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Example 9.9. Let H = R and let F: R — 2R be the “pitchfork” defined by

{0} ifx <0,
F(x) = {{£/x} if0<x <1,
(£1}  ifx > 1.

Then F is not monotone, since (x, —/x) < 0 for 0 < x < 1. However, a
straightforward calculation shows that F is O-polytone with y(0; F) = —1/4.

Now, an easy calculation shows that y (A; F) = oo for all A # 0, and so F cannot
be maximal A-polytone for these A. Since the Singhof—Weyer spectrum is closed, we
have osw (F) = R. The same result may be obtained by observing that A/ — F'is not
injective for A # 0 and not surjective for A = 0. However, F is invertible on R(F) =
[—1, 1] with inverse F~!(y) = y?. Putting A = 0 and [R(0; F)ILip = [F~Lip = 2
into (9.34) yields y (0; F) = —1/4 as before. Q@

9.5 TheWeber spectrum

In the previous three chapters we have studied various spectra for operators of the form
Al — F, where F is a continuous operator with some additional properties. As we
have seen, for each spectral theory there is some associated eigenvalue theory dealing,
in a sense to be made precise, with nontrivial solutions of the equation

F(x) = Ax. (9.40)

A comparison of these different notions of spectral values and eigenvalues may be
found in Table 8.6, all possible inclusions between them in Table 8.8.

In this connection, the following question arises quite naturally: why should we
study equation (9.40) for nonlinear operators? After all, this equation is too much
modelled on the linear case, and there is no reasonable justification for using the
identity operator in (9.40) when F is nonlinear. Instead, it seems more reasonable to
replace (9.40) by an equation of the form

F(x) = AJ (x), 9.41)

where J is some operator which is “well-behaved” (e.g., a homeomorphism), on the
one hand, but takes into account the specific properties of the nonlinearity F, on
the other. Passing from (9.40) to (9.41) has two essential advantages: it takes into
account the nonlinear structure of the operator F, and it makes it possible to study
even operators between different spaces. Of course, one should then also modify the
numerical characteristics for ' which occur in the description of the different spectra
we studied so far. In what follows we will call every A € K for which (9.41) has a
nontrivial solution, an eigenvalue of the pair (J, F).

The first attempt to define such a modification for the Furi—-Martelli—Vignoli spec-
trum is apparently due to Weber; we will describe the corresponding spectrum in
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this section. Throughout, let ¢: [0, c0) — [0, 0o0) a continuous function such that
¢(t) =0ifand only if t = 0. Given F € €(X,Y), we put

IFI
F12 =1 942
[Flo :=lmsup 0o ©42)
and IF)]
X
F1% := liminf ————. 9.43
LFlg = it e ©43)

In the special case when ¢(¢) = ¢* for some t > 0 we write T instead of ¢, i.e.

ST | F o)l
[F]§ := lim sup (9.44)
lx]|— 00 llx ™
and F
[F]f1 := liminf HECOT (9.45)

Ixl—o0 Jlx|I*

Moreover, we denote by Q, (X, ¥) and Q. (X, Y) the class of all continuous operators
F: X — Y for which [F]g < o0 and [F](’2 < 00, respectively. Of course, in case
7 = 1 we getthe old characteristics (2.3) and (2.4) and the class 2, (X, Y) = Q(X, Y).
Throughout this section, we will assume that F' and J are continuous operators
from Q, (X, Y) satisfying F(0) = J(#) = 6. Given two such operators, we call the

set
pw(J, F):={reK:[AJ] — Fl§ > 0} (9.46)

the Weber resolvent set and its complement
ow(J, F) :=K\ pl,(J, F) (9.47)

the Weber spectrum of the pair (J, F) (with respect to ¢). Incase X =Y, J = I, and
¢(t) =t we have of course

o4 (], F) = 0q(F),

i.e. the Weber spectrum reduces to the set of asymptotic eigenvalues of F (see (2.29)).
In case ¢(t) = t* with some > 0, we write py, (J, F) instead of pfv(J, F) and
U\fv(J, F) instead of U{,’i,(], F); so, by definition,

AT (x) = FCOIl

ow(J, F) = {x € K: liminf 0}. (9.48)
llxf|—o00 llxlI®
Finally, it is reasonable to call the set
op(J, F) := {1 € K : A eigenvalue of (J, F)} 9.49)

the point spectrum of the pair (J, F). Clearly, op(I, F) = op(F) is simply the point
spectrum (3.18) of F in the classical sense.
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It is not hard to prove that the estimates
AIIE < [F1G.  [F1¢ < A1J1G (9.50)

hold for every A € cr{)f,(J , F). Consequently, the Weber spectrum (9.47) is always
contained in the bounded annular region with inner radius [F ]g /IJ ]g afrJ ]8 > 0)
and outer radius [F]g/[]]g af [J]g > 0). In the special case X = Y, J = I, and
@(t) = t this is of course nothing else but the inclusion (2.33), since [I]q = [/]q = 1.

The following Theorem 9.8 is a straightforward generalization of a part of Theo-
rem 2.4. In the subsequent Theorem 9.9 we establish some connections between the
spectrum (9.47) and the point spectrum (9.49).

Theorem 9.8. The spectrum a{,’i,(] , F) is closed, and even compact in case [ J ]g > 0.

Proof. Itis easy to see that Proposition 2.2 (d) carries over to the characteristics (9.42)
and (9.43) in the sense that |[F]§ — [G]§| < [F — GI{, forevery F, G € Q,(X, Y).
In particular,

AT = F1¢ = [ud — FIE| < 1A — | 14

for F, J € Q4(X, Y), and this immediately implies that the resolvent set p‘fV(J ,F)is
open, by definition (9.46).

As (9.50) shows, under the hypothesis [J ]g > 0 every element A € o\g,f,(J , )
satisfies the upper estimate |A| < [F]g/[J]g, and so a{,f,(], F) is even compact. 0O

Theorem 9.9. Let F, J € Q.(X,Y) be t-homogeneous operators. Then the follow-
ing holds.

(a) Every eigenvalue of (J, F) is a spectral value, i.e.

op(J, F) Cow(J, F).

(b) Conversely, if F is compact and J is a homeomorphism between X and Y, then
ow(J, F)\{0} S op(J, F), 9.51)
i.e. every nonzero spectral value is an eigenvalue of (J, F).

Proof. Fix . € op(J, F), and let x # 6 be a solution of (9.41). Then the sequence
(nx), is unbounded and

I0-J (1) = F@o)ll _ 1200 = FOll _
x]|® Il

0,

by homogeneity. This shows that A € oy, (J, F).
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Now suppose that F is compact, J is a homeomorphism, and A € oy, (J, F) \ {0},
which means that [AJ — F ]fl = 0. We may find an unbounded sequence (x,), such
that

AT (xn) — F (x|l

llxn I

-0 (n— o0).

Then the sequence (e;,), defined by e, := x,/||x,|| belongs to S(X), and satisfies

AT (en) — Fepn)| = ”“(XT&_”::(X”)” — 0, (9.52)

asn — 00, again by homogeneity. Since F' is compact, we find a subsequence (e, )k
of (e;), such that F'(e,,) — y forsome y € Y. From (9.52) and A # 0 it follows that
J(en,) — %y ask — oo. Letx := J_l(%y). Then x # 0 and e, — x ask — oo,
because J is a homeomorphism, and so

IAS )= F )l < (A () =T (en )|+ AT (en) — F (en )|+ 11 F (en) — F (x)|| — O
as k — 0o. We conclude that A is an eigenvalue of (J, F'), and so we are done. |

Incase X =Y, J =1, and v = 1, Theorem 9.9 (b) is of course (a weak form
of) the discreteness result obtained earlier for the Furi-Martelli—Vignoli spectrum, see
Theorem 6.12.

9.6 Spectrafor homogeneous operators

During our study of various spectra and phantoms in Chapters 6—8 we have seen that
one gets particularly sharp results for operators which are 7-homogeneous in the sense
of (7.29). In this section we will develop a more systematic spectral theory for such
operators. To this end, we first have to modify the characteristics from Chapter 2 in
order to take into account the T-homogeneity of the operators involved.

For the characteristics (2.3) and (2.4) this has been done already in (9.44) and
(9.45). Similarly, let us put

£l

FI% = sup ——20 9.53

e =50 e 03
. IF@

FJ := inf 2220 9.54

o= 0 e O34

[F1 :=inf{k > 0: «(F(M)) < ka(M)" (M C X bounded)}, (9.55)

and

[F]} :=sup{k > 0: a(F(M)) > ka(M)* (M C X bounded)}. (9.56)
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Of course, for T = 1 we get the old characteristics (2.6), (2.7), (2.13) and (2.15). The
following example shows, however, that this extension is not as harmless as it looks
like at first glance; in fact, calculating the characteristics (9.55) and (9.56), say, may
be nontrivial in case T # 1.

Example 9.10. Let X be an infinite dimensional Banach space and F),: X — X be
defined by
Fp(o) = [xlIP ™ (p = D).

In Example 2.33 we have considered this operator for p = 2 and have shown that
[F2]a = [Fz]zl1 = 0. More generally, from the obvious relation F, (S, (X)) = S,»(X)
it follows that

[Fpl; =0, [Fply =00, (t# p).

Moreover, since F; = I we clearly have [Fl]; =[F 1]}A = 1. So we have to calculate
only the case T = p > 1. We claim that

[l =1, [Fli=00 (p>1).

First of all, it is not hard to see that [Fp]f; = oo for p > 1. Indeed, fix xg € S(X) and
consider for € > 0 the (noncompact) set

M, :={x € S(X) : [[x —xol <&}
Since F),(M;) = M, we see that
F,(M
[FP]Z > sup M =Ssup ————— > lime~?~D = .
g0 a(Me)P g0 a(Mg)P~ el0

The proof of the equality [F p]ff = 1 is more involved. Let M C X be bounded by
1/N forsome N ¢ N. Forn =N, N + 1, ... put

R, ={xeX: <Ixll =5

1 1
s} <!

and M,, := M N R,,. The inclusion

1
mMﬂ C co(F,(M,) U {6})

implies that

a(Fp(My)) = a(co(Fp(M,) U{6})) = "

T

Since a(M,) < a(R,) < 1, we obtain

p—1 p—1

n
a(Fy(M)) = a(F,(My,)) > ma(Mn)p > W(X(Mn)p-
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Putting s := sup{e(M,,) : n = N, N + 1, ...}, we thus have

p—1
«(Fy(M)) > <L> o,

N +1
Now, for given ¢ > s choose N > N such that Ne > 1. Foreachn = N,..., N
there is a finite e-net N, for M), (by definition of 5). Then N = Ny U---U Ny U {6}
is a finite e-net for My U My, U --- = M. Consequently, «(M) < &, and so also

a(M) < s. It follows that

p—1
a(M)P < s < (NT“) a(Fp(M)).

We thus have proved that

_[a(Fy(M)) N !

Since F), is p-homogeneous, the left-hand side of this inequality is precisely [F] p]ff ,
ie. VoA

[Fpl) > <N—+1) (N=1,2,...),
and so we may conclude that [ F; p]g > 1. On the other hand, the fact that /), maps the
unit sphere S(X) into itself trivially implies that [ F, p]é’ = 1, and so we are done.

Next, we modify some of the regularity properties of the preceding chapters by
means of the above characteristics. We call an operator F € €(X, Y) (k, 7)-stably
solvable if, given any continuous operator G: X — Y with [G]} < k and [G]z2 <k,
the equation F(x) = G(x) has a solution x € X. In case k = 0 we will call F simply
t-stably solvable. Generalizing (6.4) we put

w' (F) :=inf{k : k > 0, F is not (k, T)-stably solvable} 9.57)

Moreover, denoting as in Chapter 7 by 9DBE€(X) the family of all open, bounded,
connected subsets 2 of X with 8 € 2, we call an operator F € &€(X,Y) (k, t)-epi
on Q if F(x) # # on a2 and, for any continuous operator G: Q — Y satisfying
[G]} < kand G(x) = 0 on 3<2, the equation F'(x) = G(x) has a solution x € Q. In
case k = 0 this gives of course the old definition of epi operators F, since [G]} =0
for all T > 0 if and only if G is compact. Generalizing (7.2) and (7.3) we put

v (F) :=inf{k : k > 0, F is not (k, )-epi on Q) (9.58)
and

“(F)= _ inf G(F). 9.59
V) QeDH%Q(X)VQ( ) ©-59)
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Now we are ready to define the modified spectra. As orientation, we imitate the
definition (9.49) of the point spectrum of a pair (J, F). Sofor J, F € €(X, Y) we put

ho(J, F):= {)Le]K:[)»J—F]f1 = 0}, (9.60)
oy (J, F) :={xr e K:[AJ — F]; =0}, 9.61)
o, (J,F):={reK:[AJ — F]; =0}, (9.62)
o5 (J, F):={x € K: AJ — F is not t-stably solvable}, (9.63)
aﬁ(], Fy=MeK:u*(\J — F) =0}, (9.64)
and
o (J,F):={reK:v'(AJ —F) =0} (9.65)
Moreover, we call the set
opmv(J, F) := 05 (J, F)Uo, (J, F)Ucrqf(.l, F) (9.66)
the FMV-t-spectrum, the set
oxav(, F) =0 (J, F)Uof(J, F) (9.67)
the AGV-t-spectrum, and the set
og(J,F):=0,(J,F)Uo,(J,F)Uoy (J, F) (9.68)

the Feng t-spectrum of the operator pair (J, ). Of course,incase X =Y, J =1,
and 7 = 1 these are the old spectra (6.10), (6.27), and (7.19), i.e.

oy (L F) = opv(F),  origy(, F) = oagv(F), op(I, F) = op(F).

Moreover, the subspectrum (9.60) is nothing else than the Weber spectrum (9.47) for
@) =1".

Now we are going to extend the phantoms (8.5) and (8.6); as before, we get the
old definitionincase X =Y, J =1I,and t = 1.

Given F, J € €(X, Y), we call the set

¢"(J,F)={reK:vgAJ — F)=0or 9.69)

ir})fQ I(AJ — F)(x)|| =0forall 2 e D’B(’Z(X)}
xe

the t-phantom and the set

DdT(J, F):{AeK:AJ—Fisnotepionﬁor 9.70)

[(AJ — F)lgli = 0forall Q € OBE(X)}
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the large T-phantom of the pair (J, F). As in Chapter 8, one may then show that both
T-phantoms are closed, and that the inclusions

¢*(J, F) Coxgy(J, F), (9.71)

®(J, F) C oy (], F) C o (J, F) (9.72)
and

¢T(J, F) S " (J, F) (9.73)

are true; compare this with (8.7)—(8.9).

It turns out that the properties of the above general spectra and phantoms, as well as
the relations between them, are essentially the same as in the special case X = Y and
J = 1. One has only to add some technical assumptions on the operator J which are
automatically fulfilled for J = I. We just summarize without proof in the following

Theorem 9.10. Let J, F € &(X,Y) with [J]} < oo for some T > 0 be given. Then
the following holds.

(@) The spectra ogyy (J, F) and o gy (J, F) are closed if[J](f2 < 00.
(b) If J is t-stably solvable, the spectrum of\, (J, F) is bounded by the number

T F1%
R := max [F]A, [ ]Q )
V1 VI

hence compact if Ry < oo and [J](’2 < Q.

(c) The spectrum oy (J, F) is bounded by the number

[F1} [Flg
wr (UG

R, := max {

hence compact if Ry < oo and [J](’2 < 00.
(d) The spectrum of: (J, F) is closed if [ J]5 < oc.

(e) If J is epi on every Q € OBE(X), the spectrum of (J, F) is bounded by the
number

R3 := max { LFl5 s } s

AP
hence compact if R3 < oo and [J]f < oo.

(f) The phantoms ¢*(J, F) and ®*(J, F) are closed.
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(g) If J is epi on some Q € OBE(X), the phantoms ¢ (J, F) and ®*(J, F) are
bounded by the number

Ry = max { [Flglh suprean IF)] } |

[JIgli  infresq 17 ()]l
hence compact if Ry < o0.

We point out that the conditions in Theorem 9.10 essentially simplify in the case of
classical spectra, i.e. for J = I. In fact, in this case we have [J]k = [J]%2 = [J]é =
[J]el1 = [J](ll = [J]llj = ,ul(J) = 1, and so the “spectral radii” in Theorem 9.10 simply
become

Ry = Ro = max{[F]a, [Flo}, R3 =max{[F]a, [F]s},

Supyepq [1F ()| }

R4 = max {[F|9]A’ dist(6, 0%2)

Finally, the various point spectra and asymptotic point spectra also carry over in an
obvious way. We have already defined the point spectrum (9.49) and the asymptotic
point spectrum (9.60) of (J, F). Analogously to (8.18) we define the point phantom
of the pair (J, F) by

¢p(J, F) ;= {A € K : A connected eigenvalue of (J, F)}, 9.74)

where we call A a connected eigenvalue of (J, F) if the nullset N(AJ — F) (i.e. the
solution set of equation (9.41)) contains an unbounded connected set containing 6.
Similarly, we define the t-approximate point phantom of (J, F) by

q&é(], F) := {}x € K : there exist sequences (F},), and (A,), with

(9.75)
dy(Fy, F) = 0,4, — A, and A, € ¢p(J, Fp)},
where dg; denotes the Vith T-metric
o0
1 ¢ (F—-G)
dy(F, G) := —_——— 9.76
o G) kgzkwq;(F—G) ©-76)
with
af (F) = max {[Fla,coly, sup IF@I): ©.77)
llxll<k

compare this with (8.13) and (8.14). Observe that the set aq’ (J, F) depends on 7,
while the sets o (J, F) and ¢p(J, F) do not. It is remarkable that also the q&é J, F)
does not depend on 7, since an analogous characterization as Proposition 8.3 is valid
also for qbé (J, F) instead of ¢q(F). We will use this fact in the proof of Theorem 9.11
below.

Analogously to Table 8.8, we get the following Table 9.2 which illustrates the
various connections between all these spectra and phantoms.
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Table 9.2

T (J, F) DT(J, F)
Ul N
op(J,F)  ¢'(J,F) € olay(, F) C ofyy(J, F) S of(J, F)

Ul Ul Ul Ul

d)p(‘lvF) g ¢(§(‘17F) g O-(;(‘IvF) Gp(J7F)

Now we suppose that both F and J are 7-homogeneous for some t > 0, i.e.
Fix)=t"F(x), Jtx)=t"Jx) (¢ >0x¢€X).

Operators of this type are the motivation for introducing all the spectra of this section.
Indeed, for such operators some of the spectra and phantoms coincide, as we shall
show in the next two theorems. Since these theorems are in part new, we shall also
give their proofs.

Theorem 9.11. Let F, J: X — Y be t-homogeneous for some T > 0. Then we have

and
op(J, F) =¢p(J, F) gqbé(J, F):GJ(J, F). 9.79)

Proof. A comparison with (9.71)—(9.73) shows that for the proof of (9.79) we only
have to show that

of(J,F) S ®°(J, F), olgy(J, F) S ¢ (J, F). (9.80)

Suppose first that A & ®7(J, F). Then there exists Q2 € DBE(X) suchthat AJ — F is
epion Qand [(AJ — F )lgli > 0. Asin the proof of Theorem 8.11 and Proposition 7.2
we may conclude that AJ — F is also epi on B(X) and [(AJ — F)|px)]; > 0. We
still have to show that A & oy (J, F),i.e. [AJ — F]; > 0.

Assume that this is false, i.e. there exists a sequence (x;), in X \ {6} such that
AT () — Fxa) | < Il [I¥/n. Putting e, := x,/Ilxa ]l and M := fer, ez, 3, ...} C
S(X) we see that

1AJ (xn) — F(xn) |l

1
AT (en) — F(en)ll = - =-—=>0 (n—> 00),
llxn n

and thus
[(AJ — F)|peoylia(M)® < a((AJ — F)(M)) = 0.
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This shows that (M) = 0, so we may find a subsequence (ey,, )i of (e;), such that
en, — e € S(X)ask — oo. By continuity, we have AJ (e) — F'(e) = 6, contradicting
the fact that AJ — F is epi on B(X). So we have proved that A ¢ o (J, F), and thus
A & o (J, F), i.e. the left inclusion in (9.80).
Suppose now that A & ¢*(J, F). Then there exists 2 € OBE(X) such that
vG(AJ — F) > 0 and
inf [[AJ(x) — F(x)| > 0. (9.81)
x€aQ2

We claim that (9.81) implies [AJ — F ]; > (. In fact, assume that there exists an
unbounded sequence (x;,), such that, without loss of generality, ||AJ (x,) — F (x,)| <
lx, ¥ /n. Since Q € OBE(X), we can choose a sequence (t,), of positive real
numbers such that t,x,, € 92 for each n € N. Then

T

t 1
AT (taxn) = F(taxp) || = 1, [IAJ (xp) — F ()|l < fllxnllr = ;”tnxn”f -0

as n — 00, contradicting (9.81). It remains to prove that u*(AJ — F) > 0. Fix a real
number k with
0 <k <min{[AJ — FI7, v5(AJ — F)},

andlet G: X — Y be continuous with [G]}; < k and [G](’2 < k. Moreover, define for
each n € N an operator G, by G, (x) := d,(||x, )G (x), where d,, is the truncation
(6.8). Then still [G,]} < k, but in addition G, (x) = 6 on $,(X). Since v*(AJ —
F) > k, by our choice of k, we find for each n € N a solution x,, € B,(X) of the
equation AJ (x) — F(x) = G, (x). We claim that ||x,,|| < m for some m € N. In fact,
otherwise we would have

IAS (xn) — F(xn)ll = dy(||xnl)

llxn I [lxn I

IGGIl _

k < [nJ — FIL

for sufficiently large n, a contradiction. So we have ||x,,|| < m for some m which
implies that A J (x,) — F (x;) = G (xi) = G(x,,). We conclude that u*(AJ — F) >
0, and so the proof of (9.80) is complete.

Let us now prove (9.79). The inclusions ¢p(J, F) C op(J, F) and ¢p(J, F) C
¢é(], F) are of course trivial. Let A € op(J, F), and let x # 6 be a solution of
equation (9.41). Then the ray R := {tx : t > 0} is unbounded and connected,
contains 6, and belongs to the nullset N(AJ — F) of AJ — F,and so A € ¢,(J, F).

Finally we show that d)é(], F) C aqf (J, F). If A does not belong to UJ(J, F), we
may find § > 0 and m € N such that

IAJ ) = FEoll = slixl™  (lx]l = m).

This estimate guarantees that the operator AJ — F is bounded away from zero on
02 = S, (X). From Proposition 8.3 (for ¢(§ (J, F) rather than ¢q(F)) we conclude
that 2 & ¢q (J, F).
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Finally, we have to show that aqT(J, F) C qbé (J,F). Fix A € ag (J, F), and let
(x5)n be an unbounded sequence in X \ {8} such that ||LJ (x,) — F(xp)| < ||xnll/n.
Then the elements e, := x,/||x,|| € S(X) satisfy |[LJ(e;) — F(ey)|| < - — Oas
n — oo. Define F,,: X — Y by

s —=IA

Fo(x) := F(x) + [|x]I" (A J (en) — F(en)).
For fixed m € N we have then, on the one hand,

sup [[Fp(x) — F)l <mTlIAJ (en) — Flen)ll > 0 (n — 00).

llxll<m

But we also have [(F,, — F)|Bm(X)]f4 = 0, on the other, since (F,, — F)(B;, (X)) is
one-dimensional and bounded, hence precompact. This shows that ¢}, (F, — F) — 0
as n — oo, with g, given by (9.77). It remains to show that A € ¢,(J, F},) for all
n € N. But the ray R, := {te, : t > 0} belongs to the nullset N(AJ — F;), because

Fu(tey) = F(tey) + |ltenll" (M J (en) — F(en)) = AJ (tep).
We conclude that A € d)é (J, F), and so we are done. O

By Theorem 9.11, Table 9.2 essentially simplifies for r-homogeneous operators
as follows.

Table 9.3

d7(J, F) ®T(J, F)
Ul [
op(J, F) ¢"(J,F) = olsv(J,F) C ofyy(J. F) = of(J,F)

Il Ul Ul Ul

oq(J, F) op(J, F)

To see what happens with point spectra in the homogeneous case, we extract the
sets op(J, F), Gq’(J, F), ¢p(J, F) and qﬁé(], F) from Table 9.2 and Table 9.3 and
compare them in the general case (left) and the homogeneous case (right).

Table 9.4

op(J, F) GJ(], F) op(J, F) C ho(J, F)

Ul Ul Il I

op(J, F) S ¢q(J, F) ¢p(J,F) S ¢q(J, F)
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We illustrate Table 9.4 with the 1-homogeneous operator which we considered in
Examples 3.15 and 7.11.

Example9.11. In X = I,, consider the operators J = I and
F(x1,x0,x3,...) = (x|, x1, x2, ... ).

We have already proved in Example 7.11 that op(F) = S /2 and so we only have to
calculate aq] (I, F) = oq(F). But from the obvious equality [F]q = [Flq = V2 it
follows that o (F) C S[, by (2.33). So we see that

op(F) = ¢p(F) = 0 (F) = ¢(F) =S 15
in this example. Q

To conclude, we prove some kind of discreteness result for the spectra and phan-
toms; putting X = Y, J = I, and 7 = 1 we regain Theorems 6.11, 7.8 and 8.10.
This discreteness result will be quite useful in applications to the so-called p-Laplace
operator, see Section 12.5.

Theorem 9.12. Suppose that J is an odd t-homogeneous homeomorphism with
[J1Z > 0, and F is odd, t-homogeneous and compact. Then

oty (J. F)\ {0} = o4y (J. F) \ {0}
= of (J, F)\ {0}
= ®7(J, )\ {0)
= ¢(J, F)\ {0)
= ¢p(J, F)\ {0}
= o (J, F)\ {0}
=0l (J, F)\ {0}
= op(J, F)\ {0}.

(9.82)

Proof. To prove (9.82) it obviously suffices to show that
op (J, F)\ {0} S op(J, F),

by Theorem 9.11. Thus, let A # 0 in the complement of o,(J, F) be given; we
have to show that A ¢ of(J, F). Since F is compact and [J]; > 0, we have
[AJ — F]; = |M|[J]} > 0. Hence, the same argument as in the proof of Theorem 9.11
shows that [AJ — F]{ > 0. So it remains to prove that .J — F'is epi on Q for every
Q € OBE(X). By Proposition 7.2, it suffices to show this for 2 = B?(X).

Thus, let H: B(X) — Y be compact with H|sx) = ©. The operator
Go = J_l(%F): B(X) — X is compact and odd with Go(x) # x on S(X),



9.7 The Infante-~Webb spectrum 253

while the operator G| := J_l(%(F + H)): B(X) — X is compact and satisfies
Gi(x) = Go(x) on S(X). From Borsuk’s theorem and Property 3.7 of the Leray—
Schauder degree (see Section 3.5) it follows that

deg(I — G, B°(X),0) = deg(I — Gy, B°(X),0) = 1 (mod 2),

and so there exists x € B?(X) such that x = G(x),1i.e. \J(x) = F(x) + H(x). But
this means precisely that LJ — F is epi on B(X), and so we are done. O

9.7 Thelnfante-Webb spectrum

In this section we discuss another spectrum which is defined through a finite dimen-
sional approach and relies on the notion of so-called A-proper maps. This spectrum
“almost” reduces to the familiar one in the linear case (for a precise formulation see
Theorem 9.16 below), and it still preserves many interesting properties in case of a
1-homogeneous operator. We also point out that this spectrum may be defined for
certain discontinuous operators, and so we do not suppose in this section, as we did
throughout before, that all maps are continuous.

Throughout the following X denotes an infinite dimensional Banach space en-
dowed with a fixed approximation scheme (X,,, P,),. By this we mean an increasing
sequence of finite dimensional subspaces X, and corresponding linear projections
P,: X — X, satisfying ||P,|| = 1 and P,x — x as n — oo. We call an operator
F: X — X finitely continuous at x € X if, for any finite dimensional subspace X
of X and every sequence (x,), in Xo with x, — x, we have F(x,) — F(x) (weak
convergence). This occurs, for example, if F is demicontinuous at x, i.e., x, — x
implies F(x,) — F(x).

Some more definitions are in order. Given an operator F': X — X, we say that
the equation

Fx)y=y (9.83)

is approximation solvable (or A-solvable, for short) with respect to an approximation
scheme (X,,, P,), if there exists ng € N such that the equation

PyF(x) =Py (n=no) 9.84)

has a solution x,, € X,,, and the sequence (x, ), admits a subsequence which converges
to some solution of (9.83). So A-solvability means that not only we can find a solution
of the infinite dimensional problem (9.83), but we can construct this solution via a
limit of solutions of the finite dimensional approximate problem (9.84). Note that the
A-solvability of an equation implies its solvability, by definition, but the converse is
not true even for linear operators, as the following example shows.

Example 9.12. Consider the sequence space X = [, with the canonical basis {e, :
n € N}, the subspaces X, := span{ey, e2, ..., e,}, and the natural projections

Pn(xl,x27x3’~--) =(x17x27"'7xns()7"‘)'
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Define L € £(X) by
L(x1,x2,x3,X4,...) = (X2, X1, X4, X3, ...). (9.85)

Since L is linear isomorphism with L™! = L, equation (9.83) is clearly solvable
for each y € X. On the other hand, this equation is not A-solvable for y =
(1, % % }‘, ...), say. In fact, (9.84) is then solvable only for n even, but not for
n odd. Q

In view of Example 9.12 the question arises if one may at least characterize the
linear operators L: X — X for which the equation Lx = y is A-solvable for each
y € X. This is in fact possible, but requires some definitions.

Recall that an operator F is called A-proper (with respect to an approximation
scheme (X,,, P,),) if the operator P, F|x,: X, — X, is continuous for each n and,
for any y € X and any bounded sequence (x,;); with x,;, € X,; and

| Py F () = Payyll = 0 (j = 00), (9.86)

there exist a subsequence (x;, o )i of (x, i )j and an element x € X such that Xnjgy —> X
and F(x) = y. One may show that every continuous A-proper operator is proper on
closed bounded sets; a certain converse of this is contained in the following

Lemma9.7. Let (X,, P,), be an approximation scheme, and let F: X — X be
continuous and proper. If F(X,) C X, for all n, then F is A-proper with respect to
(Xns Po)n.

Proof. Lety € X and Xn; € Xn; be given such that (9.86) holds. By assumption, we
have then F (xnj) € Xu;, hence

IF Cony) = Payyll = 0 (j — 00),

From P,y — y it follows that also F (xnj) — y, which shows that the set { F (x, j) :
J € N} is precompact. The properness of F* implies that (x,;); admits a convergent
subsequence, whose limit x satisfies (9.83), by continuity. O

Now we return to the problem of characterizing the linear operators L for which
the equation Lx = y is A-solvable. We say that L € £(X) is A-stable (with respect
to an approximation scheme (X, P,),) if there exists np € N and ¢ > 0 such that

| Py Lx|
1 ——— >c¢ (n>ngp).
xeX,\(0} x|l

[PuLlx,lo =
Roughly speaking, this means that all operators P,L|x, : X, — X, are uniformly
invertible on their ranges. The following proposition which we state without proof
gives a necessary and sufficient condition for the (unique) A-solvability of the linear
equation Lx = y.
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Proposition 9.5. Let X be a Banach space, (X,,, P,), an approximation scheme on
X,and L € £(X). Then the following three conditions are equivalent.

(a) L isinjective and A-proper with respect to (X, Pp)y.
(b) L is surjective and A-stable with respect to (X,,, Py),.
(c) The equation Lx =y is uniquely A-solvable.
In what follows, an operator F': X — X will be called A-proper stable if there

exists some ¢ > 0 such that F 4 u/ is A-proper for || < ¢. The following example
shows that this is in fact stronger than just A-properness.

Example 9.13. In the real Banach space X = I, consider the usual approximation
scheme (X,,, P,),, where X, is spanned by the first n basis elements. Let F be the
operator from Example 4.9, i.e.,

F(x) = e ¥y,

Clearly, forany i € R, the operator i/ — F is continuous and satisfies (ul — F)(X,) C
X, foralln € N. So from Lemma 9.7 it follows that properness and A-properness are
the same for this operator. But we have already seen in Example 4.9 that F is proper,
while ul — F is not proper for 0 < u < 1. O

The definition of A-proper stable operators suggests to introduce the characteristics
T(F) :=sup{e > 0: ul — F is A-proper for every p with || < &} (9.87)

and
v(F) :=inf{e > 0 : ul — F is A-proper for every u with || > €}. (9.88)

So 7(F) > 0 if and only if F is A-proper stable. On the other hand, || > v(F)
implies that u/ — F is A-proper for |u — A| < %(|)\| —v(F)), and thus A1 — F itself
is A-proper stable.

Finally, we say that F is A-stably solvable if there exists nop € N such that the
operator P, F is stably solvable for n > ng in the sense of Section 6.1.

For the definition of the next spectrum we still need the characteristics

Py e i ing | IPAECOI
R(F) := hnn_l)gfmf W ix € Xy, |Ix] > R (R>0) (9.89)
and
d(F) := sup dg(F). (9.90)

R>0
The characteristic (9.90) is related to the lower quasinorm (2.4) by the estimate

d(F) = [Flq.
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To see this, lete > Oand R > 0 be fixed. Then there exists x, € X such that ||x.|| > R

and
| F(xo)ll
[F]q —&< W < [F]q + €.

From P,x. — x¢ and F(P,x;) — F(x¢), as n — 00, it follows that

P, F
dg(PyF) < inf {W Xn € X lxall = R}
Xn
< | Py F (Ppxe)ll
| Prxel
_IFRx)]
| Prxell
F
< M—}—s < [Flq + 2e.

llxe |
As & > 0 is arbitrary this shows that dg (F) < [F]q, and so also d(F) < [Flq.

The usefulness of the characteristic (9.90) is explained by the following lemma.

Lemma 9.8. Suppose that d(F) > 0. Moreover, assume that x, € X,, (n € N) is a
solution of the approximate equation (9.84) for some fixed y € X. Then the sequence
(xn)n is bounded.

Proof. By definition, we may choose R > 0 and N € N such that
P, F 1
15FGN ~dg(F) (n > N). 9.91)
Ixi=r x| 2
So for ||x; ]| = R we have

1
IV = [Pyl = [1Pn F (xn) || = EdR(F)”xn” (n=N).

Consequently,
lxal < max {R, 2L g e ||}
dr(F)
for all n € N, which shows that (x,,), is bounded. O

Given a finitely continuous operator F': X — X, we say that F is IW-regular
(where IW stands for Infante—Webb) if F' is A-stably solvable and if both 7 (F) > 0
and d(F) > 0. It is not hard to see that, if F' is IW-regular, the equation (9.83) is A-
solvable for each y € X. In fact, since P, F' is stably solvable for n sufficiently large,
by assumption, we can find solutions x, of (9.84) which form a bounded sequence,
by Lemma 9.8. For this sequence we have that || P, F (x,) — P, y|| = 0 for sufficiently
large n. Since F is A-proper, we find a subsequence of (x,), which converges to a
solution of equation (9.83).
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Now we are ready for the definition of a new spectrum. We call the set
pw(F) = {} € K: Al — F is IW-regular} (9.92)
the Infante—Webb resolvent set and its complement

ow (F) = K\ prw (F) (9.93)

the Infante—Webb spectrum (or IW-spectrum, for short) of F.

The following two theorems are parallel to corresponding results for the Furi—
Martelli—Vignoli spectrum (Theorems 6.2 and 6.3) and Feng spectrum (Theorems 7.4
and 7.5).

Theorem 9.13. The spectrum oyw (F) is closed.

Proof. Let L € prw(F) be fixed, so we know that (Al — F) > 0,dr(Al — F) > 0
for some R > 0, and AP, — P, F is stably solvable for n sufficiently large. Choose
€ K with

lw — Al < min{dp(Al — F), t(Al — F)}; (9.94)

we show that u € prw (F). It is not hard to see that (9.94) implies
drp(pl — F) 2 dp(AM — F) — [p— 2| >0

and
t(ul —F)>tAl — F)—|u—A| > 0.

So it remains to show that P, — P, F is stably solvable for n sufficiently large. But
this is a consequence of the trivial identity

uwbPy — PoF = (—A)Py+ AP, — Py F

and Lemma 6.4, applied to G = (u — A) P,. We conclude that A is an interior point
of prw (F), and so orw (F) is closed. O

Theorem 9.14. Suppose that F satisfies [Flg < 00 and v(F) < oo. Then the
spectrum otw (F) is bounded, hence compact.

Proof. We show that every A € K with [A] > max{[F]g, v(F)} belongs to prw (F).
As observed above, the estimate |A| > v(F) implies that A/ — F is A-proper stable,
while the estimate |A| > [F]p implies that d(AI — F) > |A| — [F]g > 0. So we only
have to show that A P, — P, F is stably solvable for n sufficiently large.

Let G: X,, — X, be a compact operator with [G]g = 0; we have to show that
the equation A P,x — P, F(x) = G(x) has a solution X, € X,, for every fixedn € N.
Now, the restriction of the operator H := (P, F 4+ G)/A to X, is trivially compact
and satisfies

1

[PnF]Q < [PnF]B < [F]B
|| -

H =
[l Il Y

[P,F +Glg = <1,
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by our choice of A. From Theorem 2.2 it follows that H has a fixed point x, € X,
which is of course a solution of the equation AP, x — P, F(x) = G(x). |

Theorem 9.14 shows that the Infante—Webb spectral radius
riw (F) = sup{|A] : & € orw (F)}, 9.95)
satisfies the upper estimate
riw (F) = max{[Flg, v(F)}. (9.96)

This is of course completely analogous to the estimates (6.12) and (7.23). As one could
expect, the Infante—Webb spectrum can be described more easily for operators with
additional properties. The simplest such class which turned out to be useful already in
the preceding chapters, is that of 1-homogeneous operators. Thus, the IW-spectrum
of such an operator contains the classical eigenvalues in the sense of (3.18), as we
show now.

Proposition 9.6. Let F be continuous and 1-homogeneous. Then the inclusion
op(F) € orw(F) 9.97)
holds true.

Proof. Observe, first of all, that for a 1-homogeneous operator F' the characteristic
(9.90) may be calculated in the simpler form

d(F) = lim inf[ P, F ]p. (9.98)
n—oo

Given A € op(F), by homogeneity we may choose e € S(X) such that F(e) = Ae.
Then the sequence (e, ), defined for sufficiently large n by e, := P,e/|| P, el belongs
to S(X) and satisfies ¢;, — e (since the projection sequence (P, ),, converges pointwise
to the identity) and P, F'(e,) — F(e) (since we supposed F to be continuous). So by
(9.98) we obtain

dAl — F) =liminf[AP, — P, F]p
n—oo
= liminf inf ||AP,x — P, F(x)]
n—oo HxH:l

< liminf |Ae, — P, F(ey)||
n—oo

< [Al lim [e, —el| + lim [F(e) — P.F(en)| =0.
n—oo n—oo

This shows that A € orw (F), by definition of the Infante—Webb spectrum. O

The following example shows that Proposition 9.6 is not true without the homo-
geneity requirement on F.
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Example9.14. Let X and (X,, P,), be as in Example 9.13, and let F: X — X be
defined by

F(x1,x3,x3,...) = (f(x1), x2,x3,...), (9.99)

where
1

t ife <1,
1—t iff<r=l,
2t -2 ifl <t <2,

t ift > 2.
Since F(1,0,0,...) = (0,0,0,...), we obviously have 0 € o,(F). On the other

hand, we claim that 0 ¢ ow (F). In fact, the restriction of P, F to X,, = R" has the
form

f@) =

F(xy,x2,...,x5) = (f(x1), X2, ..., Xp).

Since the scalar function f: R — R is onto, it has a right inverse g: R — R, and so
F has in R” the right inverse

G(yly y27 »)’n) = (g(yl)ay2? ---,)’n)-

From Example 6.1 we conclude that P, F is stably solvable on X;,, and so F' is A-stably
solvable.

To see that T(F) > 0, observe that (i« — 1)1 is A-proper for  # 1 and I — F has
a one-dimensional range, and so ul — F = (u—1)I + 1 — F is A-proper for || < 1,
being a compact perturbation of an A-proper operator. This shows that t(F) = 1, by
the definition (9.87). Moreover, a straightforward calculation shows that d(F) = 1,
and so F is I W-regular as claimed. Q

The following discreteness result for the IW-spectrum is parallel to Theorems 6.14
and 7.8.

Theorem 9.15. Suppose that F is finitely continuous, 1-homogeneous, and odd. Let
A € orw (F) with |A| > v(F). Then A € op(F), i.e., A is an eigenvalue of F.

Proof. From |A| > v(F) it follows that Al — F is A-proper stable. We distinguish
two cases.
Suppose first that d(AI — F) = 0, and so

liminf[AP, — Py Flo = liminf inf [Axy, — P F(x)|| = O. (9.100)
n—oo )

n—oo x,eS(X,
Since F is finitely continuous we may choose elements ¢, € S(X,) such that

e, — PaF(en)|l = inf  ||Ax, — P F(x,)].
S(Xn)

Xn

From (9.100) it follows that there exists a subsequence (e, ’ );j of (ey), such that

||)\,€nj - PnjF(enj)” -0 (.] - OO)
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Moreover, the A-properness of Al — F implies that we may find a further subsequence
(enj(k))k of (en;)j which converges to some element ¢ € S(X) as k — oo. But then
we have F(e) = Ae, and so A € op(F) as claimed.

Second, suppose that d(Al — F) > 0. We claim that A/ — F is then A-stably
solvable, contradicting our choice of A, and so this case cannot occur. In fact, let
G: X, — X, be continuous with [G]q = 0: we have to show that the equation
Ax — P, F(x) = G(x) is solvable in X,.

Given 0 < ¢ < d(A — F), we can find R > 0 such that

1Pax = PaF @)1 _

— Oy

dr(AI — F) = liminf inf

n—o0 |x||=R Il

by the definition (9.90) of d(Al — F). Define a homotopy H : Br(X,) x [0, 1] — X,
by

(9.101)

H(xp, t) = Axp — Py F(xy) — tG(xy).
Then (9.101) implies that, for n large enough,

1
gl = PuF () —tG ()|l =2 dp( I = F) —te > 0 (xp € Sp(Xn), 0 =1 = D).

Consequently, by the homotopy invariance of the Brouwer degree, the oddness of
M — P, F, and Borsuk’s theorem we have

deg(Al — P, F — G, Bx(X,),0) =deg(H(-, 1), Bx(Xy),0)
= deg(Al — P,F, B3(X,),0) = 1(mod?2),

and so there exists x, € X, such that Ax, — P, F(x,) = G(x,). We have shown that
Al — F is A-stably solvable, and so A € prw (F'), contradicting our hypothesis. O

The Theorems 9.13 and 9.14 show that the Infante—Webb spectrum shares some
important properties with the Furi-Martelli—Vignoli spectrum and Feng spectrum. Let
us now discuss the problem whether or not this spectrum may be empty. Of course,
if F' is a compact operator in a finite dimensional Banach space X, then 0 always
belongs to the spectrum otw (F); this is completely analogous to all the other spectra
we considered so far. On the other hand, we have used the operator (3.16) throughout
to show that all spectra may be empty. Surprisingly, this example fails in case of the
IW-spectrum, as we show now.

Example 9.15. Consider the infinite dimensional analogue of (3.16), i.e.,

F(z1,22,23,24,...) = (22,121,24, 023, .. .) (9.102)

in the complex space X = [, with the standard approximation scheme (X, P,);.
Since F' is 1-homogeneous, we have

[\ — PyFlg= inf |Az— P,F(2)|
z€S(Xp)
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for every A € C. Now we distinguish the cases of even and odd n.
Suppose first that n = 2k is even. Then we have forz = (z1, 22, .. ., Zok—1, 22k) €
Xok

M — Py F)(z1,22, -5 22k—1, 22k)

_ — _ . (9.103)
= (Az1 — 72,222 — 021y - -+, AZ2k—1 — Z2k> M22k — 22k—1)-

Writing out this in components one can show that [A] — Py, F]q > O forevery A € C.
Moreover, [L] — Py; F], > Oforevery A € C, since Py F acts in the finite dimensional
space X,, = C". Finally, the operator (9.103) is stably solvable in X, forevery A € C,
and so we see that the FM V-spectrum ormy (Pak F') of Poy F is empty.

Now suppose that n = 2k + 1 is odd. For z = (z1, 22, .., 22k—1, 22k 22k+1) €
Xok41 we then have

M — Py 1 F)(z1, 22, -+ 20k—1, 22k» 22k+1)

_ _ _ _ (9.104)
= (Az1 — 22,222 — 021, -+, AZ2k—1 — Z2k> A22k — iZ2k—15 AZ2k+1)-
Considering the basis element €541 = (02k+1.n)n € S(X2k+1) We see that
[PyuiiFlg= inf  [P.F@I < [ Pas1 Flexs)ll =0, (9.105)
2€8(X2k+1)

and hence 0 € oq(P2+1F) € opmv(Pax+1F). But this implies that 0 € opw (F) as
well. In fact, suppose that 0 € prw(F). Then dr(F) > 0, and there exists kg € N
such that Py F is stably solvable for k > k. It follows that

1
[Por+1F]lq = dr(Pog+1F) = EdR(F) >0 (k= ko),

contradicting (9.105). Therefore the spectrum orw (F) is nonempty for the operator
(9.102), in contrast to all the other spectra we considered in Chapters 6—8. Q

Now let us see how the Infante—Webb spectrum of a linear operator looks like.
The following proposition gives a partial answer.

Proposition 9.7. For L € £(X), the inclusion
o(L) Cotw(L) (9.106)
holds.

Proof. Let A € prw(L); we have to show that Al — L is a linear isomorphism. To see
that A/ — L is onto, fix y € X. Since A P, — P, L is stably solvable for n large enough,
we find x,, € X,, such that A P,x,, — P,Lx, = P,y. From d(Al — L) > 0 it follows,
by Lemma 9.8, that the sequence (x,), is bounded. But A/ — L is also A-proper, and
so there exists a subsequence (x,,; )k of (x,,), and anelement x € X suchthatx,, — x
and Ax — Lx = y.

So we have proved that A — L is surjective. The injectivity of A/ — L is an
immediate consequence of Proposition 9.5. O
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Unfortunately, the inclusion in (9.106) may be strict, as the following example
shows.

Example9.16. Let X and L be as in Example 9.12. It is easy to see that both A = 1

and » = —1 are eigenvalues of L. Conversely, the fact that L> = I implies that
o (L) = {£1}. On the other hand, a similar reasoning as in Example 9.12 shows that
L is not A-proper, and so 0 € otw (L). ©

In spite of the somewhat disappointing Example 9.16, one may give a precise
result relating the IW-spectrum otw (L) and the classical spectrum o (L) of a bounded
linear operator. In order to state this result we consider, in analogy to the set 7 (F)
defined in Section 4.3, the set

wA(F) :={} € K: Al — F is not A-proper}. (9.107)

Since every continuous A-proper operator is proper on closed bounded sets, we have
the inclusion 7w (F) C w4 (F) for coercive F. It is also clear that w4 (F) C opw (F).
For example, we have 0 € w4 (L) for the operator (9.85). The following theorem
makes this more precise.

Theorem 9.16. For L € £(X), the equality
otw(L) = o (L) Uma(L) (9.108)

is true. In particular, if X is infinite dimensional and L € £(X) is compact, then
ow (L) = o (L).

Proof. In view of Proposition 9.6 we have to prove only the inclusion ow (L) €
o(L)Uma(L). For this it suffices to show that every A-proper linear isomorphism is
IW-regular.

Solet L: X — X be an A-proper isomorphism. We show first that L is A-proper
stable. In fact, since the resolvent set p(L) is open, we may find § > 0 such that
n € p(L) for |u| < &. Moreover, from Proposition 9.5 it follows that L is A-stable,
and so

I PoLx|l = cllx]l  (x € Xu, n = no)

for some ¢ > 0 and ng € N. So for || < min{g, c} we get
I PrLx — px|l = [|PoLxll — |p| lIx]l = (¢ — [uDlx]l  (x € Xy, n = no).

This proves that L — w1 is an A-stable isomorphism, and so L — i/ is A-proper, again
by Proposition 9.5.

The fact that L is A-stable also implies that d(R) > 0. Finally, applying once
more Proposition 9.5 we see that the equation Lx = y is A-solvable for each y € X,
and therefore P,L is FMV-regular (see Section 6.2) for sufficiently large n € N.
Altogether we have shown that L is IW-regular, and the proof of the first assertion is
complete.

The second assertion follows from the fact that Al — L is A-proper for A # 0 and
from 0 € orw (L) if L is compact. O
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9.8 Notes, remarksand references

The spectrum op(L, F) which we called semilinear Feng spectrum has been actually
introduced by Feng and Webb in [110]. The semilinear FMV-spectrum we discussed
in Section 9.2 imitates the Feng-Webb construction for the Furi-Martelli—Vignoli
spectrum and is taken from [14]. Similarly, one could define some kind of semilinear
AGV-spectrum for L and F by adding the spectral set

ou(L, F):={A e K: u(®i(L, F)) =0}, (9.109)

where w(F) is the operator characteristic (6.4), to the spectral set oq(L, F)). This
subspectrum has not been studied in the literature.

As we indicated in Section 9.1 and 9.2, the spectra (9.10) and (9.17) have ap-
plications to periodic problems for semilinear ordinary differential equations. Such
applications are related to the so-called coincidence degree of Mawhin which is de-
scribed in detail, for example, in [126] and [187], [188].

Subsequently, this coincidence degree has been used by Basile and Mininni [32],
[33], [193], [194] to study solvability of the operator equation (9.6), where as before
L is a linear Fredholm operator of index zero, and F is nonlinear. For instance, it is
proved in [194] that L — F is onto if F' € ¢l(X,Y) with Lx # F'(y)x forall y € X
and x € X \ {0}, provided that the coercivity condition

lim |Lx — F(x)| = 0o

llx[|—o00

holds true. Moreover, in [32], [33] the authors study the solvability of (9.6) in the “res-
onance case”, i.e. under so-called Landesman—Lazer conditions. Here it is supposed,
in addition, that the T-quasinorm [F ]6 of F is finite, see (9.44).

The following discreteness result for the spectra (9.10) and (9.17) which we state
for the sake of completeness, generalizes the Theorems 9.2 and 9.4. The proof is
analogous to that of Theorems 6.12 and 7.9.

Theorem 9.17. Let F € A1 (X, Y) be odd. Then every A € opmv (L, F) with |\ >
[KpgFla is an asymptotic eigenvalue of the pair (L, F). Moreover, if F is in addition
1-homogeneous, then every A € or(L, F) with |\| > [KpgF1a is an eigenvalue of
the pair (L, F).

The definitions and results in Section 9.3 are all taken from the paper [9]. We
remark that there exist several definitions of adjoints of nonlinear operators in the
literature. Apart from that given in [253], all these definitions are essentially different
from ours given in (9.22). The following quite natural definition is due to Nashed
([197], see also [52], [53], [281]): given some c! operator F': H — H in a Hilbert
space H with F(0) =6, call F*: H — H the adjoint of F if

[F*Y(x) = [F'(x)]* (x € H), (9.110)
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where the asterisk on the right hand side of (9.110) denotes the usual adjoint (9.20) of
a linear operator. The adjoint F* exists if and only if the difference F’(x) — [F’(x)]*
does not depend on x; in this case one has the natural representation

1
F*(x):f [F'(tx)*x dt.
0

In particular, F is selfadjoint (i.e., F* = F) if F is a potential operator; this provides
an interesting connection between calculus of variation and nonlinear adjoints. We
point out that the apparently most natural condition on a selfadjoint nonlinear operator
F to satisfy

(F(x),y) ={x, F(y)) (x,y€H) (9.111)

in a Hilbert space H does not make sense. In fact, it is not hard to see that condition
(9.111) implies that F is linear.

Similarly, Cacuci, Perez and Protopopescu [58] define — obviously unaware of the
articles [197] and [281] —an adjoint F™: H — £(H) for some Gateaux differentiable
nonlinear operator F in a Hilbert space H by putting

1
Ftu) = / F'(tu)* dt.
0

With this definition, the pair (F, F *) satisfies the “duality relation”
(F(u),v) = (u, F*(u)v).

Of course, the differentiability requirement on F is a drawback of these constructions.
A more special construction due to Shutjaev [237] associates with each continuous
operator F': Ly(2) x [0, 1] — W;l(Q) some adjoint F*: W2l (2)x[0,1] — L2(2)
by means of the duality relation

(F(u, &)v, w) = (v, F*(u,e)w) 0 <e <1).

This definition is modelled in view of applications to quasilinear hyperbolic equations
of first order [237], but has the flaw of containing a parameter. Another definition of an
adjoint with interesting applications to nonlinear semigroups with accretive generators
may be found in [61]. Finally, a unified approach to nonlinear adjoints which covers
many of the above mentioned notions, is contained in the recent paper [236].

Let us make an observation on our definition of the pseudo-adjoint (9.22). Lemma
9.3 shows that F* is always linear, even if F itself is nonlinear. However, we have
a price to pay for this: the spaces X* and Y# are in general much bigger than the
dual spaces X* and Y*. So, although one has a good explicit description for the dual
X* of many classical Banach spaces X, it is impossible to describe even the space
R* = Lipy(R, R), say. How much bigger X* is than X* may be seen by means of the
following observation. Let us say that a sequence (x,,),, in X is weakly* convergent to
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xo € X if f(x,) = f(xp), forall f € X*, as n — oo. Then this is equivalent to the
strong convergence x, — xo! In fact, the special choice f(x) := ||lx — xo|l — [|xoll
yields [lx, — xoll = f(xn) — f(x0) — 0.

In view of the disappointing Example 9.3 one might think that a better definition
than (9.23) could be

a#(F) ={reK: Al — F)# is not a bijection}.

However, Proposition 9.3 shows that this is nothing else but the Kachurovskij spectrum
ok (F) of F which we already studied in detail in Chapter 5.

The “asymmetric” spectrum (9.27) was introduced and studied by Singhof [238],
[239] in the singlevalued and by Weyer [274], [275] in the multivalued case. The inter-
ested reader may find a good presentation of the theory and applications of multivalued
maps, including monotone and maximal monotone operators, in the monographs [29],
[47], [287]. In particular, we have taken Lemma 9.5 from the book [29]. The notion
of A-polytone operators is due to Weyer [275].

One may deduce directly from Theorem 9.7 that the Singhof—Weyer resolvent set
(9.26) is open. In the thesis [238] one can find another stability result on this set with
respect to perturbations by operators which reads as follows.

Theorem 9.18. Suppose that ) belongs to the Singhof-Weyer resolvent set psw (F)
of some multivalued operator F: H — 2% and G: H — H is singlevalued and
Lipschitz continuous with

GlLi P —
T

Then A € psw(F + G).

Observe that the Singhof—Weyer spectrum of the operator in Example 9.4 coincides
with its Neuberger spectrum (4.17). Indeed, the following result is proved in [239];
compare this with Theorem 4.2.

Theorem 9.19. For F € ¢€1(X) with F(6) = 0, the inclusion

osw(F) 2 | o(F'(x) (9.112)

xeX

holds, where o (L) on the right-hand side of (9.112) denotes the usual spectrum (1.5)
of a bounded linear operator L. In particular, osw(F) # @ in case K = C.

We point out that Singhof also develops a parallel eigenvalue theory in the thesis
[238]. He calls a scalar A a quasi-eigenvalue of F: H — 2 if the operator Al — F
is not injective. In other words, X is a quasi-eigenvalue of F if and only if one can
findx,y € Hwithx # y,u € F(x),and v € F(y) such thatu — Ax = v — Ay. This
notion of eigenvalue is appropriate for the Singhof-Weyer spectrum and coincides
with the classical notion in the singlevalued linear case.
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The entire Section 9.5 is taken from Weber’s survey article [273] (see also [272]).
Apart from the characteristics (9.42)—(9.45), Weber also introduces (in another nota-
tion) the characteristics

IF )|
F1% .= 9.113
s = 59 G G-119)
and
o IFI
Wl = 12 ot G119

which in the special case ¢(¢) = t* reduce to our characteristics (9.53) and (9.54). We
remark that the spectrum a{,’i,( J, F) was introduced independently in the same year in
[39] for p(t) = ¢t* and J: X — Y being a homeomorphism satisfying the bilateral
estimate

clxl* = IVl = ClixlI*  (x € X)

for some constants C, ¢ > 0. This spectrum is studied in [39] by means of (a variant
of) the Leray—Schauder degree to obtain surjectivity results for the operator AJ — F,
in the same way as Furi and Vignoli obtain surjectivity results for the operator LI — F
in [124].

We point out that the idea of considering surjectivity results for operators of the
form AJ — F, where J may be different from the identity, is not new. In fact, a classical
monograph concerned with this problem is [116]; this may be regarded as one of the
starting points of nonlinear eigenvalue theory. A particular emphasis in [116] is put
on so-called nonlinear Fredholm alternatives which we will consider in more detail
in Chapter 12.

The paper [211] is also concerned with surjectivity results for the operator AJ — F
(in particular, with the solvability of equation (9.41)). Here F and J are supposed to
map a Banach space X into its dual X* and to satisfy [F]a = [F]{2 =0and[J]j >0
(see (9.44) and (9.54)). More precise results may be obtained for tT-homogeneous
operators; however, the author of [211] does not assume that J and F' are odd operators.

The discreteness result given in Theorem 9.9 (b) is quite similar to Lemma 4.5
from [273], where it is assumed that J is “asymptotically equivalent” to the identity
in the sense that [/ — I]g = 0. In [273] the author proves another discreteness result
which does not exclude the zero point in the inclusion (9.51) and reads as follows.
Recall that a continuous operator A: X — X™ is said to satisfy condition (S) if the
relations x,, — x (weak convergence) and (A(x,), x — x,) — 0 imply that x, — x.

Theorem 9.20. Let X be a reflexive Banach space and F, J € Q.(X, X*). Denote
by s(J, F) the set of all . € K such that the operator AJ — F satisfies condition (S).
Then the inclusion

ow(J, F)Ns(J, F) Cop(J, F)

holds true.
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The proof of this theorem is similar to that of our Theorem 9.9 (b) and uses the
weak compactness of the closed unit ball B(X) in a reflexive space X.

The whole material of Section 9.6 is taken from the recent paper [17]. The idea of
calculating the characteristics [F] p]fi and [F, p]f in Example 9.10 was suggested to the
authors by Vith. In the paper [17] one may also find an explicit calculation of these
characteristics, when the Hausdorff measure of noncompactness (1.22) is replaced by
the Kuratowski measure of noncompactness

&(M) :=inf{8 > 0 : M may be covered by finitely many sets of diameter < §},

see [1]. We point out that the paper [17] also contains an application to an eigenvalue
problem for the so-called p-Laplacian. These applications may be obtained as a
consequence of some kind of nonlinear Fredholm alternative which we will discuss
in Chapter 12. Several types of Fredholm alternatives for special nonlinear operators
have been given in the monograph [116]. The alternative given in [218], together with
applications to nonlinear elliptic boundary value problems, is of completely different
nature.

The whole material presented in Section 9.7 is due to Infante and Webb [153]. A
good reference on various classes of A-proper operators is the book [219]. In that
book the case of operators F': X — Y is considered throughout, while we restricted
ourselves to the case Y = X which suffices for introducing the spectrum (9.93). The
proof of Proposition 9.5 (for L € £(X, Y)) may also be found in [219].

As may be seen in Section 9.7, the characteristic v(F’) defined in (9.88) plays the
same role for the IW-spectrum as the measure of noncompactness [ F], for the Feng
or FMV-spectrum. The article [153] also contains some applications of the spectrum
otw (F); for instance, the following Birkhoff-Kellogg type theorem is proved there.

Theorem 9.21. Let X be an infinite dimensional real Banach space with approxi-
mation scheme (X, Py),. Suppose that F: S(X) — X is finitely continuous and
bounded and satisfies

lim inf ir}f ) | P F(x)|| > v(F).

n—>0o0 xeS(X

Then F has an eigenvalue A with |A| > v(F).

A large amount of material may also be found in the thesis [152]. For example,
Proposition 9.6 and the following Example 9.14 are taken from [152].

Theorem 9.16 shows that, given a bounded linear operator L: X — X and an ap-
proximation scheme (X,,, P,), on X, one has o (L) C orw (L), where strict inclusion
may occur. Of course, the spectrum oqw (L) depends on the choice of (X,,, P,),. Itis
an open problem whether or not one may always find an approximation scheme such
that o (L) = otw(L).



Chapter 10
Nonlinear Eigenvalue Problems

In this chapter we consider the eigenvalue equations F'(x) = Ax and, more generally,
F(x) = AJ(x). In the first section we discuss existence of nontrivial solutions of the
first equation; this may be viewed as one of the historical roots of spectral theory for
nonlinear operators. Afterwards we study nonlinear operators in spaces with cones
and give a certain nonlinear analogue of the classical Krejn—Rutman theorem. As
we have seen in the previous chapters, however, some of the recently defined spectra
require other notions of eigenvalue; this will be illustrated in the following section.
Finally, the last part is dedicated to so-called connected eigenvalues (point phantoms)
which we introduced in Chapter 8 and which seem to be most natural in connection
with nonlinear spectral theory.

10.1 Classical eigenvalues

Let X and Y be two Banach spaces over K and F,J € &(X,Y). As before (see
(9.49)), we call a scalar A € K a classical eigenvalue of the pair (J, F) if the nullset

NAJ-F)={xeX:Fx)=M(x)} (10.1)

contains an element x # 6; any such element will be called an eigenvector of (J, F)
corresponding to A. The most important special case is of course X = Y and J = I,
1.e.,

NQAI —F)={xe X : F(x) = Ax}. (10.2)

Asinthe preceding chapter, we write oy, (J, F') for the set of all classical eigenvalues
of (J, F) and, in particular, o, (1, F) =: op(F).

Sometimes one is interested in eigenvalues with corresponding eigenvectors of
prescribed norm. Therefore we introduce for r > 0 the sets

A, F):={AeK: F(x)=AJ(x) for some x € S,(X)} (10.3)

and, in particular,
A (F) =AU, F). (10.4)

Of course, for a linear operator L the set A,(L) is independent of r. More
generally, if F is T-homogeneous and J is t/-homogeneous, then

Ar(J,F) =™ " i a e Ay(J, F)}, (10.5)
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and so one knows all eigenvectors if one only knows those in the unit sphere.

We start with two important theorems on the structure of A,(F) in case of a
compact nonlinear operator F': B,(X) — X. Interestingly, the first theorem holds
only in finite dimensional spaces, the second one only in infinite dimensional spaces.

Theorem 10.1. If F: B,(R™) — R"\ {0} is continuous, then the set (10.4) contains
some Ay > 0 and some ,_ < 0.

Proof. We prove the statement by means of Brouwer’s fixed point principle. Define
G: B,(R") - R" by

—F (3llxllx) if |lx|
(Zlxll = 1)x = (2 = Zlxl) F (g5px) if lx]

G(x) = ’

Then G is continuous with G(x) = —F(2x) for x € S,,2(R") and G(x) = x for
x € S, (R").

We claim that G has a zero z € B,(R"). In fact, suppose that G(x) = 6 for all
x € B.(R"). Then the operator H: B,(R") — B,(R") defined by

G(x)

H = —
(=Gl

is well-defined and continuous, and so there exists X € B,(R") such that x = H(x),
by Brouwer’s fixed point principle. Since H (B,(R")) € S,(R"), we actually have
|X]| = r, and so G(x) = X. But this implies that

f=HR®) = -G&) = —%

which is absurd. So we conclude that there exists some z € B, (R") with G(z) = 6.
Since the operator F has no zero in B, (R"), by assumption, we necessarily have
izl > %, hence
2 2
0= (Fllzl = 1)z~ (2= Fllzll) F(552)-
Moreover, it is evident that we cannot have ||z|| = . Consequently, putting

T CRI=DIE
llzll ™ 2r(r — |IzI)

we have x4 € S,(R"), A4 > 0, and F(xy) = Ayxy as claimed. Applying the same
reasoning to the operator — F' yields the existence of A_ < 0 and x_ € S, (R") such
that F(x_) = A_x_. O

We have proved Theorem 10.1 as a consequence of Brouwer’s fixed point principle.
Vice versa, one may also prove Brouwer’s principle as a consequence of Theorem 10.1.
To see this, suppose that there exists a fixed point free operator G : B, (R") — B,(R").
Then F: B,(R") — R" defined by F(x) := G(x) — x has no zeros in B,(R"), and
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so by Theorem 10.1 we find A > 0 and z € S,(R") such that F(z) = XAz, hence
(A + 1)z = G(z). Taking norms in this equality we obtain

A+ 1r =+ Dzl =IG@I =

hence —2 < A < 0, a contradiction.

Since Theorem 10.1 is equivalent to Brouwer’s fixed point principle, it is not too
surprising that it becomes false in infinite dimensions. We illustrate this by means of
an example which comes from a classical fixed point free noncompact operator in the
sequence space /5.

Example 10.1. In X = I, consider the operator F: B(X) — X \ {0} defined by
F(xp,x2,x3,...) = (1 — |x|? = x1, X1 — x2, X2 — x3,...). (10.6)

Suppose that F(z) = Az for some A > 0 and z = (z1, 22, 23, -..) € B(X). Writing
this equality in coordinates yields

1z
a1+
which is impossible for z € B(X). Q@

n=1,2,3,...),

n

The next theorem shows that a compact operator F: B,(X) — X in an infinite
dimensional space has even two eigenvalues (of different sign) if F is bounded away
from zero on the sphere S, (X).

Theorem 10.2. Let X be an infinite dimensional real Banach space, and let
F: B.(X) — X be a compact operator such that

inf |F(x)| > 0. (10.7)
Ixll=r

Then the set (10.4) contains some Ay > 0 and some ._ < 0.

Since Theorem 10.2 is a special case of Theorem 10.3 below, we drop the proof.
Instead, we make some remarks on its hypotheses.

First of all, the trivial example F(x1, x2) = (x2, —x1) shows that Theorem 10.2
is not true in finite dimensional spaces. Moreover, we point out that the requirement
(10.7) is so restrictive that it excludes linear operators! In fact, (10.7) for a compact
operator L € £(X) would imply that L~! exists and is bounded. On the other hand,
since X is infinite dimensional, we may find a sequence (e,), in S(X) such that
lles, — enll > 1/2 for m # n and (without loss of generality) (Le; ), being Cauchy, a
contradiction.

Finally, the operator F}, from Example 9.10 shows that one cannot drop the com-
pactness assumption in Theorem 10.2. Indeed, here we have

inf [[F,(x)|| =r" >0,

llxll=r



10.1 Classical eigenvalues 271

but the set A, (F)) = {rP~1} is a singleton.

We remark that it is not really important that the operator F' in Theorem 10.2 is
defined on a closed ball; the same is true for operators on the closure Q of some set
Q € OBE(X). Of course, the eigenvectors corresponding to the eigenvalues A4 and
A_ belong then to the boundary 9€2 of €.

We illustrate Theorem 10.2 by two examples.

Example 10.2. Let X be an infinite dimensional real Banach space, e € S(X) fixed,
and ¢: [0, 00) — [0, 00) a strictly increasing continuous function with ¢(0) = 0.
Then the compact operator F': X — X defined by

F(x) :==¢(x[De
satisfies
infr | F)| = e(r) >0,

Ixll=
@(r)
r 9

A (F) = {i
and so
op(F)z{:I:M:0<r<oo}.
r

In case ¢() = t we get the operator F' from Example 2.46 which clearly satisfies
A (F) = op(F) = {£1}. Q

Example 10.3. Let X = L;[0, 1]and F: B,(X) — X be given by

1
F(x)(s):/ (s> + t)x () dt. (10.8)
0

The compactness of F is an obvious consequence of the fact that the range R(F) of
F is two-dimensional. Now, for x € S, (X) we have

1 1
s2/ x(t)zdt-l-/ 2x () dt
0 0

= 572,

|F(x)(s)| =

hence || F(x)|| > rz/«/g. By Theorem 10.2, there exist numbers Ay > Oand A_ <0
such that

1
Aixy(s) = / (s2 + tH)xo (1) dt
0

for some functions x4, x_ € X with ||x4|| =r,and so A+ € A,(F).
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This can be made more explicit. To begin with, let us first take r = 1. It is
clear that O is not an eigenvalue of the operator (10.8). Every eigenfunction x which
corresponds to an eigenvalue A # 0 is necessarily of the form

2 1
S § 2. 0\2
= — -, = 1 t d t.
x(s) Tt § /0 x(1)

Evidently, £ > 0, since x(¢) = 0 is not an eigenfunction. Integrating A%x(r)? over
[0, 1] and using the fact that ||x|| = 1 yields

x2—1+25+§2 (10.9)
53 ’ '

while integrating A2¢%x (1)% over [0, 1] and using the definition of £ gives

=Ly Le. (10.10)
7 5 3

A straightforward calculation shows that there is precisely one é > 0 which satisfies
both equations (10.9) and (10.10). If 22 is the corresponding value, then A = |i| and
A_ = —|A|are precisely the eigenvalues whose existence is claimed in Theorem 10.2,
and there are no other eigenvalues with eigenvectors of norm 1. In other words, we
have shown that

A(F) = {hy, A} (10.11)

Now, since the operator (10.8) is 2-homogeneous, from (10.5) and (10.11) we conclude
that
Ar(F)={ar: e Ai(F)}={rry, rx_} (10.12)

Consequently, o, (F) = R\ {0}. Q

Theorem 10.3. Let X be an infinite dimensional real Banach space, and let
F: B, (X) — X be an operator such that [F]a < oo and

inf |Fx)| > r[Fla. (10.13)

llxll=r
Then the set (10.4) contains some 4 > 0 and some A_ < 0.

Proof. Asin (3.8), define F,: X — X by

Il p (H;—Hx) ifx £,

F-(x) := { (10.14)
0 ifx =0.

Then F; is 1-homogeneous, F; and F coincide on S;(X), and [F;]a = [F]a (see
Proposition 3.3). Moreover, (10.13) implies that

1 1
[Frlq = — liminf | F (570l = - ||,\i¢I||1£r IFCOI > [Fla = [Fr]la.  (10.15)

v |x||—>o0
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By Theorem 6.8 we find an element A € oq(F;), and so |A| > [F;]q > [Fr]a, by
(2.33) and (10.15). Moreover,

(A — Frla = |A] = [Fr]a > 0, (10.16)

by Proposition 2.4 (d).

Now we apply the homotopy property of k-epi operators (see Property 7.4 in
Section 7.1) to the identity Fp = I on Q2 = B?(X) and the homotopy H (x, ) :=
—tF,(x)/A. So consider the set

S:={x e B, (X): Ax =tF,(x) forsome t € [0, 1]},

and assume that S N S, (X) = @. Then the operator F| := Fo+ H(-,1) =1 — F, /A
is k-epi on B, (X) for any k < 1 — [F;]a/|X|, and so Al — F; is |A|k-epi on B, (X).
But this, together with (10.16), implies that A € pr(F;) € ppmv (F;), contradicting
the fact that A € oq(F;).

So we know that Ax; = ¢t F,(x4) for some x4 € S.(X) and ¢ € (0, 1]. Putting
this into (10.14) yields F(x4+) = Ay x4 with A := X/f. We may assume without loss
of generality (otherwise we change the notation) that A > 0, hence A > 0 as well.
On the other hand, the operator — F satisfies the same hypotheses as F', and so by the
same reasoning we get another eigenvalue A_ < O such that F(x_) = A_x_ for some
x_ € Sy(X). O

Since the right-hand side of (10.13) is zero for compact F', Theorem 10.3 contains
Theorem 10.2 as a special case. We give a simple example where Theorem 10.2 does
not apply, but Theorem 10.3 does.

Example 10.4. Let X be an infinite dimensional real Banach space. Fix y € X with
lyll > r, and consider the operator F: B,(X) — X defined by F(x) := x + y.
Clearly, [F]a = 1, and so F is not compact.

Now, it is easy to see that the eigenvalue equation F(x) = Ax has precisely two
solutions (A, x) € R x S,(X), namely

)\,+:1+M>O, X+:Ly
r vl
and
Ao=1- M y X— = —L}’
r vl
Consequently, we have A, (F) = {1 + ”f—”} and op(F) = R\ {1}. Q@

The operator F' in Example 10.4 illustrates again the importance of the condi-
tion (10.13). Indeed, if we choose || y|| = r instead of ||y|| > r, then the left-hand
side of (10.13) is zero and A, (F) = {0, 2}.
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We use the eigenvalue set (10.4) to introduce a special class of operators. For
F € ¢(X) and r > 0 we put

8- (F) :=sup{|A| : L € A, (F)} (10.17)
and
[Flso :=supinf 6,(F%), (10.18)
zex >0

where F,(x) := F(x) 4 z as in (2.24). (If the set on the right-hand side of (10.17) is
empty we put §,(F) := 0.) The number (10.18) will be called the s-quasinorm of F
in what follows, and we say that F is s-quasibounded if [F]sgo < oo. For example,
every quasibounded operator is also s-quasibounded with [Flsp < [Flg. In fact,
from the estimate

5.(F) < sup IFQI _ (o IF@I
T e Xl T e Nl

it follows that

F(x F(x
inf 8,(F,) < inf sup LT i qp IO 1
r>0 r>0 x> Xl Ixl—oo Xl
for each z € X, and this implies that also [F]sp < [F]g. In the next proposition we
show that the s-quasinorm of F' may be regarded as a certain “measure of surjectivity”
of the operator I — F.

Proposition 10.1. Let F: X — X be a-contractive, i.e.,[F]a < 1. Then the follow-
ing is true.

(@) Ifé6.(F) <1 forsomer > 0, then F has a fixed point in B, (X).

(b) If§,(F;) < 1forsomer > 0,thenz € (I — F)(Br(X)).

(c) If[Flsgp < 1,thenI — F is onto.

Proof. Fix r > 0 such that §.(F) < 1, and consider the radial retraction
p: X — B.(X) given by (2.20). Since pF: B,(X) — B,(X) satisfies [pF]a <

[p]a[Fla < [Fla < 1, Theorem 2.1 implies that there exists X € B,(X) with
X = p(F(X)). The assumption || F(x)|| > r leads to the equality

IF

F(x) = X=X
with A := ||[F(X)||/r > 1 and ||X|| = r, hence A € A,(F), contradicting the hy-
pothesis 8,(F) < 1. So we necessarily have ||F(X)|| < r. But this implies that
p(F (X)) = F(x), and so X € B,(X) is a fixed point of F, which proves (a).

From (a) it follows that the operator (2.24) has a fixed point X € B,(X), and so
(I — F)(x) = z which proves (b). Finally, the assertion (c) follows immediately from
the definition of [F]s¢o and from (b). O



10.2 Eigenvalue problems in cones 275

The estimate [Flsp < [F]q shows that Proposition 10.1 (c) extends Theorem 2.2.
The simple example L(x, x2) = (—x2,x1) on X = R2 shows that this is a proper
extension even for linear operators. Indeed, [L]sp < 1 = [L]q in this example. In
the following Example 10.5 we show how the hypotheses of Proposition 10.1 may be
easily checked in Hilbert spaces.

Example 10.5. Let H be a real Hilbert space with scalar product (-, -), and let
F: H — H be an operator satisfying

L<x—F(x),x> = 00. (10.19)

im
lell—o0 lx]|

We claim that there exists R > 0 such that §,(F) < 1 for all » > R. In fact,
otherwise there exist sequences (1,), with A, > 1 and (x;), with ||x,| = n such that
F(x,) = Apx,. Then

1

[l I

(X — F(xy), x2) =n(1 —21,) <0,

contradicting (10.19). So we find R > 0 such that §,(F) < 1 for r > R. But from
(10.19) it follows that also

1
im — (x — F,(x),x) =00
=00 {|x ]

for each z € X, and so Proposition 10.1 implies that I — F is surjective. V)

10.2 Eigenvalue problemsin cones

Sometimes one is interested in solutions of eigenvalue problems with additional prop-
erties. One of the most important examples is that of positive solutions; in this case
one usually works in spaces with cones. In this section we consider some existence
results for solutions of eigenvalue problems in Banach spaces with cones.

Let X be areal Banach space. A cone in X is a convex set K with the property that
tx € Kforeveryx € Kandt > 0,and K N (—K) = {#},i.e., x € K and —x € K is
possible only for x = . In every cone K one may find a point xo € K N S(X) and a
number y > 0 such that

lx + Axoll = ylxll  (x € K, 2 =0). (10.20)

The biggest constant y for which (10.20) holds is called the cone constant of K and
denoted by y (K). To calculate the constant y (K) for a given cone K is in general not
easy; a pleasant exception where this is possible is described in the following example.
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Example 10.6. Let H be a real Hilbert space with scalar product (-, ), and let K be
some cone in H. We claim that

y(K)=1. (10.21)
Without loss of generality we may assume that K is not contained in a proper subspace
of H. There exists a continuous linear functional £ € H™* such that |[£|| = 1 and

£(x) > 0 for any x € K. By Riesz’ representation theorem we have
Lx) =(y,x) (xe€K)

for some y € S(H). Now we distinguish the twocases y € K and y ¢ K.
Suppose first that y € K. Then we set xo := y and get forevery x € K and A > 0,
using the shortcut p := (x, xp),
Il + Axoll® = [l (x — pxo) + (h + x>
= lIx = wxoll* + (1 + 0?01 (10.22)
= [l — uxoll? + u?lxol® = flx]%,

i.e., (10.20) holds. On the other hand, suppose that y ¢ K, and denote by z the point
in K which is closest to y, i.e.,

ly — zll = dist(y, K).

It is easy to see that 0 < ||z|| < 1, since K is not contained in a proper subspace of
H. By definition of z, we further have

(y—z,x—2)<0 (xekK)
and (y — z, z) = 0. We therefore obtain
(y,x) <z, x) +(y —z.2) = (z,x).

So we may set xg := z/||z|| and repeat the above calculation. Putting A = 01in (10.22)
we see that y(K) = 1. Q@

Now we are going to study nonlinear operators in cones. Given a cone K in a
Banach space X, we put

OBC(X) :={QNK : Qe OBELX)}, (10.23)

where DB E(X) is the family of all open, bounded, connected subsets of X containing
6 (see Section 7.1). In this section we will always consider operators which are
defined on the closure of some set from OBCg (X) and take values in K. In order
to not overburden the notation, we simple write F': Q — K, where we identify
with € N K and Q means the relative closure (in K) of @ € OBCk (X). Similarly,
IN=0nNK \ © denotes the relative boundary (in K) of Q € OBCk (X).

Before stating our first existence result for eigenvectors in cones we need a technical
lemma.
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Lemma 10.1. Suppose that K is a cone in a real Banach space X, Q € OBk (X),
and G: Q2 — K is compact with

§:= inf ||G(x)| > sup ||x|| =:r. (10.24)
Xed2

xeQ
Then the operator I — G is not epi on Q.

Proof. Without loss of generality,_we may assume that |G(x)|| = § on 9Q2. Put
R = sup{|lx| + |G(x)|| : x € 2}, and choose & >_0 such that § > r 4+ ¢. Fix
y € K \ {6} with ||y|| < &, and define an operator T: 2\ {#} — Sg(X) N K by

Gx)+y

T(x):= R——2 "2
IG(x) + yll

(x€eQ, x #£0).
This operator is well defined and continuous, since G(x) +y 7# 6 on Q, by our choice
of ¢.

Now we use Property 7.4 of k-epi operators with Fp := I —G. Suppose that / — G
isepion €2, and define ahomotopy H: Q2x[0, 1] - Kby H(x,t) :=t[G(x)—T (x)].
Then our assumption § > r 4 ¢ implies that x — G (x) # [T (x) — G(x)] for¢ € [0, 1]
and x € 9€2, and so the set

S:={xeQ:x—Gx)+ H(x,t) =0 forsome ¢ € [0, 1]}

satisfies § N 9€2 = #. From Property 7.4 we conclude that the operator Fj :=
Fo+ H(-,1) =1—T isepion 2. So from Property 7.1 we further conclude that
the equation x — 7 (x) = 6 has a solution x € . But for this solution we get

R=IT®I =Xl =r <R,

a contradiction. So the operator I — G cannot be epi on £, and the lemma is proved.
O

We state now a theorem which not only provides eigenvectors in cones, but also a
lower estimate for the corresponding eigenvalues. First we make a simple but useful
remark. Suppose that F: Q@ — K satisfies

§:= inf |F(x)| > 0, (10.25)
x€a2

and r is defined as in (10.24). Then F cannot have eigenvalues A < §/r with corre-
sponding eigenvectors on the boundary of €2. In fact, taking norms in the eigenvalue
equation F(x) = Ax with x € 9Q2 yields

§ < [F)I = Allx|l < Ar,

and so every eigenvalue A necessarily belongs to the interval [§/r, 00). The next
theorem shows that this interval contains in fact an eigenvalue, at least for compact
operators.
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Theorem 10.4. Given Q € OBCk (X), let F: Q — K be a compact operator such
that (10.25) is true, and let r be defined as in (10.24). Then there exist x € 92 and
A > 8/r such that F(x) = Ax.

Proof. Assume that F(x) # Ax forallx € 3Q and A > 8/r. Then I — F is epi on 2,
as may be seen by applying Property 7.4 to Fy := I and H(x,t) := —tF(x). Indeed
H is a compact homotopy, and the assumption x — ¢ F'(x) = 6 for some ¢t € [0, 1] is
impossible for x € 92, by (10.24).

Define G: @ — K by G(x) := uF(x), where 18 > r. Then

inf |G| =wp inf ||Fx)| > 4 inf |[F(x)|| =r. (10.26)
x€dQ xX€dQ S xedQ

Moreover, our choice of i implies that x — F(x) # t[G(x) — F(x)] fort € [0, 1]
and x € Q2. So we may again apply Property 7.4 with Fy := 1 — F and H(x,t) :=
t[F(x) — G(x)] and conclude that the operator F| = [ — F + H(-,1) =1 — G is
epi on Q. On the other hand, the estimate (10.26) and Lemma 10.1 imply that I — G
is not epi on Q. This contradiction shows that our assumption was false, and so the
assertion is proved. O

The following example shows that the assumption (10.25) which has been also
important in Theorem 10.2, cannot be dropped in Theorem 10.4.

Example10.7. Let X = I, @ = B°(X), and L: Q — X be the linear operator
defined by
L(x1,x2,%3, X4, ...) 1= (0, x1, §x2, X3, ...).

Since Ley = er4+1/k, it is clear that inf{||Lx]| : ||x] = 1} = 0. In fact, we have
already seen in Example 1.5 (see (1.45)) that L has no eigenvalues. Y

We give now an extension of Theorem 10.4 from compact to «-Lipschitz operators
(Theorem 10.5). To this end, we need again a technical lemma .

Lemma 10.2. Suppose that K is ' a cone in a real Banach space X with cone constant
y(K), Q € OBCk(X), and G: 2 — K satisfies [G]a < 1 and

r
d:= inf |G — 10.27
Jnf 1G> K’ ( )

with r as in (10.24). Then the operator I — G is not epi on Q.

Proof. Fix xo € K N S(X) such that |x + Axg|| > y(K)| x| for all x € K and
A > 0. By the Hahn—Banach theorem we may choose ¢ € X* such that £(xg) = 1
and ||£]| = 1. Fix a number M such that

M > max { sup [£(G (x))]. sup x — G(x) + Z(G(x))x0||}. (10.28)

xeQ xeQ
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We define two operators by
F(x):=x —Gx), G():=[(G(x)) — Mlxo.

So we have to show that F = I — G is not epi on Q. Suppose that this is not true.
Then we apply Lemma 8.1 to the pair (', G). By Theorem 7.1 we have

vo(F) > [Flgla > 0,

and so
[Glgla =0 < va(F),

since G, having a one-dimensional range, is certainly compact. Finally,

sup [|G(x)[| = sup [£(G(x)) — M| > inf |lx — G(x)| = inf |F(x)].
X€0Q xedQ xX€9Q2 xR

So all hypotheses of Lemma 8.1 are satisfied, and thus the operator F+Gis epion Q.
In particular, we find some X € Q suchthat F(X) + G(X) = X — G(X) + £(G(X))xp —
Mxo = 6. But this implies that

M = M|xoll =[x — G(X) + £(G(X)xoll,

contradicting our choice (10.28) of M. So our assumption was false, and we see that
I — G is not epi on Q. O

We illustrate the importance of the estimate (10.27) by means of the following

Example10.8. Let X = b, Q = B°(X), and L: @ — X be the linear right shift
operator (1.38). Since ||Lx|| = ||x||, we have [uL]s = [|uL| = |u| for any u € R.
Moreover, since /5 is a Hilbert space, the usual cone K = {(x;,), €l : x, > 0 (n €
N)} has cone constant y(K) = 1, as we have seen in Example 10.6. So condition
(10.27) holds for G = u L precisely if |u| > 1.

In fact, for || < 1 the operator / — p L is a linear isomorphism, because o (L) =
[—1, 1] (see Example 1.4), and so I — L isepi on B(X) for || < 1. More precisely,
Example 7.2 shows that vge(xy(uL) = | uL | = |ul. V)

Theorem 10.5. Given Q € OBCk(X), let F: Q — K be an operator satisfying
[F]a < o0 and

. r
§:= inf |F@)| > m[F]A, (10.29)

where r is defined as in (10.24). Then there exist x € 02 and A > §/r such that
F(x) = Ax.
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Proof. Suppose that F(x) # Ax for A > §/r, and so for all A € R, by the remark
preceding Theorem 10.4. Define G: Q — K by G(x) := uF(x), where

_r <pu< L
sy(K) VT FIa
Then
[Gla = ulFla < 1. (10.30)

ie., G: Q — K is an a-contraction. Moreover,

r
inf |G =p inf ||F =pud > ——. 10.31

Jnf IGWII=p inf [FEO] = pns > (K) ( )

By Lemma 10.2, the operator I — G is not epi on Q. On the other hand, x —tG (x) # 6

forz € [0, 1] and x € 9€2, by our assumption, and so Property 7.4 (with Fp := I and

H(x,t) := —tG(x)) implies that I — G is epi on 2. This contradiction shows that

our assumption was false, and so we are done. O

10.3 A nonlinear Krgin—Rutman theorem

In this section we are going to present a theorem of Krejn—Rutman type for eigenvalues
of homogeneous nonlinear operators. Recall that the classical Krejn—Rutman theorem
may be stated as follows: given a real Banach space X with cone K and a compact
linear operator L: X — X with L(K) C K, the spectral radius r (L) of L is a simple
eigenvalue of L with eigenvector x in the interior of C.

Let X be a real Banach space with cone K. Then KX := K x [0, 00) is a cone in
the space X x R equipped with the norm || (x, 1) || := max{||x]|, |A|}.

Proposition 10.2. Let F: KX — K be compact with F(x, 0) = 0. Then the set
Yi={(x,2) e K:F(x, ) =x} (10.32)
contains an unbounded component C containing (6, 0).

Proof. Forn =1,2,3,... we set
By (K) :={(x,2) € X :|[(x, )| <n}

and
Sn(K) == ([Bn(X) N K] x {n}) U([S,(X) N K] x (0,n]).

Let C be the connected component of ¥ which contains (6, 0). We claim that C N

Sn(K) #£ @ for all n € N; this will of course imply the unboundedness of C.
Assume that this is false. Then there exist a number n and an open neighbourhood

U C B,(K)of(8,0)suchthatoUNYE = . Letw: B,(K) — [0, 1]be some Uryson
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function whichis 1 on X NU and 0 on B,(K)\ U. Define G: B, (K) — X x [0, 00)
by
Gx,A) = (Fx,m(x, Mn), m(x, A)n).

Then G is compact, because F is, and G(x, A) = (6, 0) for (x, A) € S, (K) and for
(x,A) € ([By(X) N K] x {0}). Therefore G has a fixed point (x,, 1,,) € B,(K), i.e.,

(Xn, An) = (F (xp, w(xp, Apdn), w(xp, Apn). (10.33)

Observe that (10.33) implies A, = 7 (x,, Ay)n € [0, n]. We distinguish two cases.
First, suppose that (x,, A,) € U. Then x,, = F(x,, A,), hence (x;, A,;) € X and
7 (x,, Ay) = 1. Consequently, A, = n and x,, = F(x,, n), and so (x,,n) € S,(K).
But this implies 7 (x,, A,,) = 0, a contradiction.

On the other hand, suppose that (x,, A,) ¢ U. Then w(x,, ;) = 0,andso X, =0
and x, = F(x,,0) = 6. But (8, 0) € C and thus 7 (8, 0) = 1, again a contradiction.
We conclude that the component C intersects S, (X), and so it is unbounded, since
this is true for any n € N. O

Before stating now a Krejn—Rutman type theorem for nonlinear operators, we
need two auxiliary lemmas. For the remaining part of this section we suppose that
F: K — K is 1-homogeneous, i.e., F(tx) = tF(x) fort > 0 and x € K. In this
case the characteristic (2.6) is simply

IF@I _

[Flg =
xz6 Xl xeS(X)

I1EColl,

while the measure of noncompactness (2.13) of F may be expressed simply by

a(F(M))

[Fla =SUP{ « (M)

M C SX), a(M) > 0}.

In the following two lemmas we use the abbreviation

r(F) := lim sup[ F"]/" (10.34)

n—oo
and call (10.34) the spectral radius of F. For linear operators this is of course com-

patible with the usual notion (1.8) of spectral radius.

Lemmal0.3. Let F: K — K be 1-homogeneous. Assume that there exist u €
S(X)N K and p < r(F) such that

B I F" )|
im sup ——— > 0. (10.35)

n—00 P

Then the sequence (||(WF)" (u)|), is unbounded for every u > 1/p.
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Proof. Since
IF" @)l
n

I F)" )l = w1 F* )| = (up)"

and wp > 1, the assertion follows. O

Lemma10.4. Let F: K — K be 1-homogeneous with

lim sup[ F"])" < 1. (10.36)

n—oo

Assume that there exists u € S(X) N K such that the sequence (|| F"(u)|), is un-
bounded. Then the sequence (v,), defined by

v, = & (10.37)
I F" )]

admits a convergent subsequence.
Proof. It is not hard to see that we may choose a subsequence (|| F"* (u)||)x such that
IF"T @)l < [F* @l (G =1,2,....,n = 1). (10.38)

Fix m € N such that [F™]s < 1, which is possible by our assumption (10.36). We
put
M ={v, :keN}, M, ={v, :np>m}.

Obviously, (M) = a(M,,). The set

Ny = {F"k_’"(w
|Fm ol

tng > m}
satisfies N, € S(X) N K and F™(N,,) = M,,. Consequently,
a(M) = a(My) < [F"]aa(Ny) < [F"]aa(S(X) N K).
Similarly, replacing m by m? we get
a(M) < [F"a(S(X) N K),
and, for general p € N,

a(M) < [Fm]fioz(S(X) NK).

But this implies that «(M) = 0, since [F"]a < 1. Consequently, the set M is
precompact, and so (v, )x contains a convergent subsequence. O
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Recall thatevery cone K inalinear space X induces a partial ordering < by defining
x X yify —x € K. Conversely, given a partial ordering < on X, the set K := {x €
X 16 < x}isaconein X. An operator F: K — K is called order preserving if
x < y implies F(x) < F(y). A linear operator L: X — X with L(K) C K is
always order preserving, since y — x € K implies Ly — Lx = L(y — x) € K. For
nonlinear operators F': K — K, however, this is an additional requirement.

Theorem 10.6. Let F: K — K be 1-homogeneous and order preserving with
[Fla <r(F), (10.39)

where r(F) is given by (10.34). Assume that there exist u € S(g() NK and p > 0
satisfying [Fla < p < r(F) ai}d (10.35). Then there exist A € [p,r(F)] and
x € S(X) N K such that F(x) = AX.

Proof. Define G: K — K by G(x) := uF(x), where

1 1

_ 10.40
p M T Pl (10.40)

Then the sequence (||G" (1) ||),, is unbounded, by Lemma 10.3. Moreover, there exists
a subsequence (|| F" (u)||)x of (|| F"(u)||)» such that

IE" @l

n

Fk
lim M = lim sup 0.

k—o00 ok n—o00

So by Lemma 10.4 we may assume, without loss of generality, that the sequence (v )k
defined by
F" (u)

[ E7% () |
converges to some v € S(X). For ¢ > 0, consider the equation
x=AGXx)+eG)]. (10.42)

Since [G]a = u[F]a < 1,byProposition 10.2 we find a connected branch of solutions
of (10.42) joining (6, 0) € KX = K x [0, co) with Sy, (K). From (10.42) we obtain
AG(x) < x and AeG (1) < x. Similarly, by induction we find A"'¢G" (1) < x, hence

G"(u) X
& < .
IG" @)l — G )]

n

Passing to the convergent subsequence (10.41) and observing that G (u) = u" F" (1)

we obtain
ny

X . 1 Pk x
WA | k() || (pd)™ || Fr(u) ||

v X
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We cannot have (pA)¥ — oo, since this would imply the contradiction sv < 6. So
uph < 1,ie, A < # < 1, by (10.40). We conclude that equation (10.42) has a
solution x, € S(X). Applying this reasoning to ¢ = 1/n yields sequences (x,), in
S(X) and (1), in [0, 1] such that

Xn = Ay [G(xn) + %G(u)] .

The set {x1,x2,x3,...}1s obvious}y precompact, and so we find x € S(X) and
A € [0, 1] such that x, — X, A, — A, and

£ =AGR) = urF(%). (10.43)

But A, o < 1, and so also )A»p,u < 1. Finally,

1
— = lim |F"@|"" < limsup[F"]y/" = r(F),
7 =00 n— 00

and so the proof is complete. O

The following example shows how crucial is the assumption (10.35) occurring in
Lemma 10.3 and Theorem 10.6.

Example 10.9. Consider the Cauchy problem for the functional-differential equation

’ _ 2 —1)2
{x (1) = uv/x(0)? + x(1 —1)?, (10.44)

x(0) =0,

where © # 0 is a real parameter. We study this problem in the space X = C[O0, 1] of
continuous functions with the usual norm and the cone K of nonnegative functions.
Defining F: X — X as usual by

F(x)(s) := '/: V@2 +x(1—02dr 0<s<1), (10.45)

we see that F is 1-homogeneous, compact, order preserving, and satisfies || F'(x)| <
V2 lx|l, so [Flg < V2. Moreover, every nonnegative solution x of the problem
(10.44) solves the eigenvalue problem F(x) = Ax withA =1/uand x € K.

We consider the operator (10.45) on the intersection B(X) N K of the unit ball and
the cone in X. It is not hard to see that inf{|| F'(x)|| : x € S(X)} = 0, so Theorem 10.2
does not apply. On the other hand, a cumbersome but straightforward calculation
shows that

n 1
r(F) = limsup[ F"]}/" =

=——>0 10.46
n—oo \/Elog(l + «/i) g ( )

and
5 1 F" (u)|
im —— >

n—o00 p”

0 (10.47)
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foru(¢) = land p = 1/ V2. So from Theorem 10.6 we conclude that there exist
A el1/v/2,r(F)land £ € S(X) N K such that F(£) = AX.

A scrutiny of problem (10.44) leads to the following alternative. On the one hand,
if & # +/21log(1 + +/2), the only solution of (10.44) is x(r) = 0, and so A = 1/ is
not an eigenvalue of the operator (10.45). On the other hand, for i = V2 log(1+ V2)
we get the nontrivial solution

@) = %sinh[zlog(uﬁ)tﬂog(—1+ﬁ)]+%_

It is easy to see that this solution belongs to S(X) N K. Since V2 log(1+ V2) < V2,
the eigenvalue A = 1/i belongs to the interval (1/\/5, r(F)]. Q

We will come back to Example 10.9 in Section 12.1 in connection with general
solvability results for nonlinear operator equations (see Example 12.1).

10.4 Other notions of eigenvalue

We already noticed several times why the notion of eigenvalue in the classical sense
of (10.1) or (10.2) is not appropriate. For this reason we considered other notions of
eigenvalues, namely the asymptotic point spectrum

_ AT )= F G|
oq(J,F)={reK: e -0 (10.48)

for some unbounded sequence (x,), }
the increasing point spectrum

og(J, F) = {» € K: [|AJ (xa) = F(x)| > 0

(10.49)
for some unbounded sequence (x,),},
the unbounded point spectrum
0
JJF)=MLeK:F =\
o, (J, F) ={A € (xn) (*xn) (10.50)
for some unbounded sequence (x,),},
and the point phantom
¢p(J,F) ={A € K: N(AJ — F) contains an (10.51)

unbounded connected set C with 8 € C}

which we already considered in (9.74). For J = I, the set (10.48) was introduced in
(2.29), the set (10.50) in (6.36), and the set (10.51) in (8.18). Since the set (10.49) is
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new, let us see what it becomes in the linear case. To this end, we first need a lemma.
In analogy to (2.4) and (9.45), for F € €(X, Y) let us put

[FIy = lim inf || F ()] (10.52)

x||—o00

Obviously, [F1° > [F ]q for general F, and it is very easy to find examples of operators
F for which [F ]8 > Obut[F]q = 0. For linear operators, however, this is impossible.

Lemma10.5. For L € £(X,Y), the following three statements are equivalent:
(@ [L]q > 0.

(b) [L]§ > 0.

(c) L isinjective with R(L) closed.

Proof. The implication (a) = (b) is a trivial consequence of the estimate [L]g > [L]q.
To prove (b) = (c), suppose that L is not injective. Then we find an unbounded
sequence (x,), such that Lx, = 6, and so [L]g = 0. So L must be injective. Now,

if R(L) is not closed, the inverse operator L~': R(L) — X cannot be continuous.
This means that we find a sequence (x,), in X and ¢ > 0 such that ||x,|| > ¢ and,
without loss of generality, ||Lx,| < 1/ n2. But then the sequence (nx,), satisfies
[nx,|| > ne — oo and |L(nx,)|| — 0, and so again [L]g =0.

It remains to show that (c) = (a). If (c) is true, then L: X — R(L) is a linear
isomorphism, and so [L_llR(L)]Q = |[L™!| < oo. But then [Llg = IL] =
IL~1~' > 0, by Proposition 2.2 (e), and so we are done. O

The equivalence of (a) and (c) in Lemma 10.5 has been already used implicitly in
Chapter 1, e.g., in the decomposition (1.53) or (1.55). Moreover, linearity is such a
rigid structure that a linear operator L can only satisfy either [L]g =0or [L]g = o0.

Now we introduce yet three other notions of eigenvalue and compare them. We
set

¢pp(J, F) = {A € K: N(AJ — F) contains an unbounded

. . (10.53)
pathwise connected set C with 6 € C},

¢pr(J, F) ={A € K: N(AJ — F) contains aray {rx : t > 0}}, (10.54)
and

¢ps(J, F) = {A € K: N(AJ — F) contains a nontrivial subspace of X}. (10.55)

We call each A € ¢pp(J, F) a pathwise connected eigenvalue, each A € ¢p(J, F)
a ray eigenvalue, and each A € ¢p5(J, F) a subspace eigenvalue of (J, F). As usual,
we simply write ¢pp(F), Ppr (F), and ¢ps(F) incase X =Y and J = 1.

For further use we collect some relations among all these eigenvalue sets in the
following proposition.
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Proposition 10.3. The inclusions

Gps(J, F) S bpe(J, F) S ¢pp(J, F)
€ ¢p(J, F) S0y (J, F) (10.56)
Co0l(J. F) Cog(J. F)

are true. Moreover,

¢ps(~], F) C (f)pr(‘]: F) = ¢pp(-], F)
= ¢p(J, F) =0, (J, F) (10.57)
C 0g(J, F) € 0q(J, F)

if F and J are t-homogeneous, and
Gps(L) = ¢pr(L) = ¢ppp(L) = ¢p(L) = GS(L) c Ug(L) =oq(L) (10.58)

if L is linear. Finally, ag(J, F) C op(J, F) in general, and og(J, F) =op(J, F) if
F and J are t-homogeneous.

Proof. The inclusions (10.56) and O'I()) (J, F) C op(J, F) are trivial. Let both F" and
J be T-homogeneous, and fix A € op(J, F) and x € X \ {0} such that F'(x) = AJ (x).
Then

F(tx) =t"F(x) = A" J(x) = AJ (tx),

andsotx € N(AJ — F) for all t > 0. This shows that A € ¢y (J, F), and so (10.57)
is true. Moreover, for L € £(X) the equality ¢ps(L) = ¢ (L) is again trivial, while
the equality ag(L) = oq(L) follows from Lemma 10.5. O

We summarize the statement of Proposition 10.3 in the following table for the
point spectra op(J, F), (IS(J, F), 0q(J, F), and o((l)(J, F). Here the general case is
represented on the left, the case of T-homogeneous operators F and J in the middle,
and the linear case (for J = I) on the right.

Table 10.1
og(J,F) S od(J, F) of(J,F) S od(J, F) op(L) < od(L)
N N Il N I I
Up(Ja F) ‘Tq(J, F) Up(Ja F) C Uq(J, F) Up(L) - Uq(L)

We have seen in Chapter 6 that the inclusion O’I?(L) - ag(L) in (10.58) (equiva-
lently, the inclusion o, (L) € oq(L) in (6.34)) may be strict. We illustrate the other
inclusions by a series of examples.
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Example 10.10. Let F : R — R be defined by

F(x) :=/|x| (10.59)

(see Example 3.16). A straightforward calculation shows that

¢ps(F) = ¢pr(F) = ¢pp(F) = ¢p(F) = UI?(F) = Ué)(F) =0,
oq(F) ={0}, op(F) =R\ {0},

in this example. <
Example 10.11. Let F: R — R be defined by

—X ifx <0,
F(x):={2x ifo<x <1, (10.60)

x+ 1 ifx> 1

Again, an easy calculation shows that

¢ps(F) =0, ¢pr(F) = ¢pp(F) = ¢p(F) = US(F) = {_1}1
crc?(F) =o0q(F) ={£1}, op(F)={-1}U(1,2].

in this example. @

Example10.12. In X =L over K = C, let F: X — X be defined by
Fxp, x2,x3,...) == (llx]l, x1, x2,...) (10.61)

and J = /. Obviously, F is 1-homogeneous. We already know from Example 9.11
that

0p(F) = 0, (F) = ¢p(F) = 0q(F) = 0 (F) = ¢pq(F) =S 5,
and so

¢pr(F) = ¢pp(F) = Sﬁ

as well, by (10.57). Moreover, we have seen that x; = AL ATZ A3, ) isan
eigenvector for F' with respect to A € o}, (F), and the same is true for every positive
multiple of x;. However, this is not true for negative (let alone complex) multiples of
X, and s0 @ps(F) = 0. Q@

In case X = R it is possible to describe the topological structure of some of the
above eigenvalue sets. For example, op,(F') is always an interval or a union of two
intervals, while US(F ) may be empty, finite, an interval, or a union of two intervals.
In case dim X > 2 such a simple description is not possible. The following example
shows that all point spectra and phantoms may be uncountable, even if F is compact.
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Example 10.13. Let ¢ : R? — R be defined in polar coordinates by
p(rcost,rsint) :=|sint|] (r>0,0<t <2m),

and define F: R?> — R? by
F(x) = ¢(x)x. (10.62)

We have seen in Example 8.4 that ¢, (F) = [0, 1]. But it is easy to see that
Gps (F) = ¢pr(F) = ¢pp(F) = ¢pp(F) = GS(F) = U(?(F) =o0q(F) =0op(F) =10, 1]
for all point spectra and phantoms, because N(Al —F) = {x € R? : ¢(x) = A}U{0}.©

Example 10.14. Let ¢: [0, 1) x R — R be defined by

0 if x; =0and [x2] <1,
(a1, 1) = | sin 3= — xa] x1 (1 — x1) if x; > 0and |x2| <1,
’ ) [x2] — 1 if x; =0 and |x2| > 1,

2] — 1+ |sinxil —x2lx1(1 =x1) ifx; > 0and |x2| > 1,

and extend ¢ periodically in the first argument to the whole real line. Define
F:R? > R2 as in (10.62). Then we have

N(F) = Ik} x [=1, 1) U{(t + k,sin 1) : 0 < £ < 1}],
keZ

and this set is connected, but contains no unbounded pathwise connected subset. This
means that A = 0 is a connected eigenvalue of F, but not a pathwise connected
eigenvalue, and so the inclusion ¢y, (F) € ¢, (F) may be strict. Q@

Example 10.15. Let F: R? — R? be defined by
F(x1,x2) := (x1 cosxy, |x2]| cosxy). (10.63)

For A € R fixed, the function f(¢) := Amw + (2t 4+ m)cost has a zero fg, since f
is continuous and assumes positive and negative values. Hence, (AJ — F)(fp, 0) =
(AJ — F)(ty + 7, 0). Using the shortcut

Ny = {(x1,x2) 1 cosx; = A, xo > 0} U{(0,0)},
we have

Ny U{(x1,x2) 1 x1 =0, xp <0} ifA=—1,
NAJ — F) =1 N; U{(x1,x2) : cosx; =0} if A =0,
N, otherwise.
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Consequently, we obtain the relations

$ps(F) =0,  pe(F) = {£1},
bpp(F) = ¢p(F) = 0 (F) = 60 (F) = 0¢(F) = 0p(F) = [—1,1]

in this example. Q

Example 10.16. Let X = R?, and let x; = (1, k) (k € Z). Denote by Cy that part of
the line through 6 and x; which starts at x; and lies opposite of 6. Put A; := k + 1 for
k=0,1,2,... and Ay := —1/k fork = —1, -2, =3, .... We define a continuous
function ¢ : R — R in the following way. On Cy, we put ¢(x) = A. Since the union
of all sets Cy, is closed and A > O for all k € Z, we may extend ¢ to a continuous
and strictly positive function on R? which we still denote by ¢. (One may use an
abstract extension theorem to see this, but one may also give an explicit formula for
such an extension in our particular situation.) Now we define F: R? — R? again as
in (10.62). Then F(#) = 6 and F(x) = Arx on Cy. In particular, each scalar A is a
ray eigenvalue of F and thus all point spectra and phantoms in (10.56) are unbounded.
Moreover, they all have 0 as an accumulation point, but do not contain 0, because
@(x) # 0 on R%. Thus, neither of the point spectra or phantoms introduced above is
closed here. ©

The most important and appropriate notion of point spectrum seems to be the point
phantom (10.51). We will study this set more systematically in Section 10.5 below.

Let us return now to the problem of finding eigenvalues with corresponding eigen-
vectors in a given subset M C X. Consider the “constrained” eigenvalue sets

op(F, M) :={A € K: F(x) = Ax for some x € M \ {0}}, (10.64)
oq(F, M) := {A eK: —”’\x"”;f”(x”)” — 0
(10.65)
for some sequence (x,), in M \ {9}},
and
o(?(F, M):={reK: |Ax, — F(xp)| — 0 (10.66)

for some sequence (x,), in M \ {6}}.

Obviously, op(F, X) = 0p(F), oq(F, X) 2 0q(F), and 6 (F, X) 2 0 (F). The set
op(F, Sy (X)) is of course nothing else but the eigenvalue set A, (F') we introduced in
(10.4).
It is easy to establish some simple relations for the sets (10.64)—(10.66). For
example, one has
op(F,MUN) = op(F, M) Uo,(F,N)
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and
op(F,MNN) C op(F, M) Nop(F,N),

and similarly for oq(F, M) and cr(?(F, M). Moreover,
op(F. M) C o) (F, M). (10.67)

Example 10.10 with M = [—1, 1] shows that the inclusion a((l)(F, M) C oq(F, M)
is not always true. The next proposition shows how the properties of the set M
determine the structure of the eigenvalue sets o}, (F, M), oq(F, M), and oq?(F , M).

Proposition 10.4. The sets (10.64)—(10.66) have the following properties.
(@) The set oq(F, M) is always closed.
(b) If M is bounded then ac(l)(F, M) is closed.

(¢c) If M is bounded away from zero then o(?(F, M) C oq(F, M).
(d) If M is bounded then oq(F, M) C o{(F, M).
(e) If F(0) =0 and 0 is an accumulation point of M then O'(?(F, M) =K.
() If M is compact with 6 ¢ M then
op(F. M) = 0)(F, M) = oq(F, M). (10.68)

Proof. (a) Let (Ar)x be a sequence in ogq(F, M) with Ay — A (k — 00). Fore > 0
and each k we choose (x, k), in M \ {6} such that || F (x, k) — AkXn k|l < €llxn k| for
n > n(e, k). Then the “diagonal sequence” x,, := X, n(¢,n) Satisfies

I1F (xn) = Axpll < 1F (xn) = AnXnll + A = Al llxn |l < (& 4 [An = AD X,

and so A € oq(F, M).
(b) Choosing (x, k)n With || F(x, k) — Axxnkll < € and x, = x, , as above we
obtain

1 F(xp) = Axpll < 1F(xn) — Apxnll + |2n — Al [|xn]l < &+ [Ap — A] sup [x].
xeM

(c) Given A € ao?(F, M) and ¢ > 0, let (x,), be a sequence in M \ {#} such that
| F(x) — Axp|| < e forn > n(e). Then

1 &€
1F(xn) = Axnll < ————— (n > n(e)),
(B infyepm [x|l
hence A € oq(F, M).
(d) Given A € oq(F, M) and ¢ > 0, let (x,), be a sequence in M \ {6} such that
| F(xn) — Axy || < ellx,| for per n > n(e). Then

1 F(xn) — Axnll < sup [xlle  (n = n(e)),
xeM



292 10 Nonlinear Eigenvalue Problems

hence A € ac(l)(F, M).
(e) Given x,, € M\ {0} with x,, — 0, we have F (x,) — F(0) = 6, by continuity.
Consequently,
1 F(xn) = Axnll < [1F ()l + [A] | X0 | — O

for any A € K.
(f) The relation (10.67) and properties (c) and (d) imply that

op(F. M) C 0y (F. M) = oq(F, M)

for compact M with & ¢ M. Now, for A € oc(l) (F, M) we may find (x,), in M with
| F(xp) — Axy]| = 0 asn — oo. Since M is compact, there exists a subsequence
(X, )k such that x,, — x € M, and so

I F () —=Ax|| < [1F(x)=F Q)1+ F (xn) = Axp, | +[A] 1 x0, —x ]| = 0 (k — 00),
which shows that A € op(F, M). O

The next proposition shows how the properties of the operator F' determine the
structure of the eigenvalue sets o, (F, M), oq(F, M), and at?(F, M).

Proposition 10.5. The following is true.

(a) IfFisl-homogeneousthenop(F,tM) = op,(F, M) foreveryt > 0, and similarly
for oq(F, M) and oé)(F, M).

(b) If M is closed and bounded with 6 ¢ M, and F is compact then (10.68) holds.

(c) If M is bounded and bounded away from zero, and F is bounded then oq(F, M)
and G(? (F, M) are compact.

Proof. (a) Fixt > 0, A € op(F,M) and x € M \ {0} with F(x) = Ax. Then
F(tx) =tF(x) = tAx,hence A € op(F, tM). The proof for oq(F, M) and cr((])(F, M)
is analogous.

(b) As before it suffices to show thatoc?(F, M) C op(F, M). Given) € a(?(F, M)\
{0}, choose a sequence (x;), in M such that || F(x,) — Ax,|| — 0 asn — oo. Since
F is compact we may suppose, without loss of generality that the sequence (F (xy)),
converges. The estimate

A Nxm = Xn |l < I1Axm — F ) | + 1 F () — F Q) || + I1F () — Axnll = 0,

as m,n — oo, implies that (x,), is a Cauchy sequence, and so x, — x for some
x € M\ {0}. Consequently, F'(x) = Ax,ie., A € op(F, M).

(c) We already know that o(?(F, M) = oq(F, M)isclosed. Suppose that or(?(F, M)
is unbounded. Then we find A € ac(l)(F , M) such that

|A] inf [lx|| > sup [|F(x)]|.
xeM

xeM
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Moreover, we may choose a sequence (x;), in M \ {6} such that || F (x,) — Ax,| — O
as n — 00. On the other hand,

Axn — F(x)|l = |A] inf |lx]| — sup [|F(x)]l > 0,
xeM

xeM
a contradiction. Consequently, Jg(F , M) is bounded as claimed. O

To illustrate Proposition 10.5, we collect the spectral sets op(F, M), oq(F, M),
and cré)(F, M), for M = B(X) and M = S(X) and F as in Examples 10.10, 10.11,
and 10.12, in the following table.

Table 10.1

’ H Example 10.10 ‘ Example 10.11 ‘Example 10.12

op(F, B(X)) R\ (=1,1) {-1,2} S»
op(F, S(X)) {(£1} {-1,2} Sy
oq(F, B(X)) R\ (-1, 1) {—1,2) Sys
oq(F, S(X)) {(£1} {—1,2) Sz
oy (F, B(X)) R R C
o (F, S(X)) {(£1} {—1,2} Sz

The first column in Table 10.2 shows that o}, (F, M), oq(F, M) and cr(?(F, M) are

not necessarily bounded for bounded M, and that the set GS(F , M) may be strictly
larger than the sets o}, (F, M) and oq(F, M) if M is compactbut 6 € M.

We close this section with another example which shows that the assumptions in
Propositions 10.4 and 10.5 are necessary even for linear operators.

Example 10.17. In X = I, over K = RR, consider the compact linear operator
L(x1,x2,x3,...) 1= (x1, 32, 3x3,...) (10.69)
which we already considered in (1.41). An easy calculation shows then that
op(F, B(X)) = 0p(F, S(X)) ={1.5.3....}. od(F.B(X))=R, (10.70)
and

0q(F, B(X)) = 0q(F, S(X)) = 0J(F, S(X)) = {0. 1, }. 1, ...}. (10.71)

The equalities (10.70) and (10.71) show that oy, (F, M) may be not closed even if M
is both bounded and bounded away from zero, and so Proposition 10.5 (c) is not true
for op(F, M). Moreover, Proposition 10.5 (b) fails if M is closed and bounded, but
0eM. <
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10.5 Connected eigenvalues

Among all notions of eigenvalues discussed so far, the set of connected eigenvalues
(10.51) seems to be the most natural. This may be seen, for instance, by Theorem 10.8
below which is completely analogous to the linear case. First we state a boundedness
result for the point phantom. Recall that by DB (X) we denote the family of all open
bounded connected subsets of X containing 6.

Theorem 10.7. Suppose that

d = dist(®, J(ORQ) = inf [J(x)| >0 (10.72)
xeof2
and
M = sup ||F(x)| < o0 (10.73)
xeof

for some Q € OBE(X). Then the point phantom ¢, (J, F) is bounded by M /d.

Proof. Let . € ¢p(J, F), and let C € N(AJ — F) be an unbounded connected set
with & € C. Then ¥ # Q¢ = QN C # C. Since Q¢ is open in C and C is
connected, it cannot be closed in C. Consequently, the boundary d¢ (€2¢) of Q¢ with
respect to C contains some point z which does not belong to Q2¢. Then z € 92 and
z€ CC NAJ — F),and so

(Md = A inf )] = AT @)l = [IF@I = sup [F)] = M,

x€I

which proves the assertion. O

Theorem 10.8. Suppose that F: X — X is a compact operator. Then the set
¢p(F)U{0} is compact. If X is finite dimensional then even the set ¢, (F) is compact.

Proof. By Theorem 10.7, the point phantom ¢, (F') is bounded by
M = sup{||F(x)| : x € B(X)}}.

Moreover, from Proposition 8.5 we know that the approximate point phantom ¢ (F')
is closed, while in Theorem 8.8 we have proved that ¢q(F) \ {0} = ¢p(F) \ {0} for
compact F'. Combining these two results gives the compactness of the set ¢, (F) U{0}.
If X is finite dimensional, Theorem 8.8 shows that even ¢ (F)) = ¢, (F'), whichimplies
the second statement. O

It is a striking fact that an analogue to Theorem 10.8 for the set (10.53) of pathwise
connected eigenvalues is not true! This shows that the definition (10.51) of the point
phantom is quite subtle. To see this, we consider a modification of Example 10.14.
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Example 10.18. Let ¢: [0, 1) x R — R be defined by

0 ifx; = 0and x| < 1,
oL, 2p) m |sin% — Xx2] X1 ifx; >0and |x2] <1,
B FTN ifx; = 0and [xa] > 1,

1

|x2|—1+|sinx—l—x2|x1 if x;1 > 0and |x2| > 1,

and extend ¢ periodically in the first argument to the whole real line. Define
F:R?> - R%asin (10.62).

Forany A > 0, we find two continuous unbounded paths starting from (1, £(1+2))
on which ¢(x) = A. Indeed, for x; > 0 we have ¢(1 + x1, x2) = A if and only if one
of the following cases occurs:

(1) |x2| <1 and either xp = c(x1) or xo = c_(x1),
(2) xp > land x3 =d(x1),0r
(3) xp < —land xp = d_(x1).

Here we have used the abbreviation

1 A rsinl + (1 +2)
f):=sin-+-=, di(t):= —— .
cx(1) sin — & = +(1) T

Moreover, the equation d4 (x1) > 1 is equivalent to x; < A 4 x sin 1/x; which in
turn is equivalent to ¢4 (x1) > 1. Similarly, d4 (x1) < 1 is equivalent to ¢4 (x1) < 1.
Observe that ¢4 (x;) > —1, and that the set {x| : dy+(x1) = 1} = {x1 : cx(x1) = 1}
has no accumulation points. Thus, putting

di(t) ift>0andd(t) > 1,
er(t) == Fcy(t) ift>0andcy(r) <1,
1+A ift=0,

we get a continuous function e : [0, 00) — R which satisfies o (1 +x1, ey (x1)) = A.
Similarly, the function e_: [0, c0) — R given by

d_(t) ift >0andd_(r) <1,
e_(t):=3c_(1) ift >0andc_(r) > 1,
—(1+x) iftr=0,

is continuous with ¢(1 + x1, e_(x1)) = A. The desired unbounded paths are thus
givenby ¢t — (1 +t,e4(t)) for0 <t < oo.

Now, let G C R? be a Jordan domain whose border is the line from (1, —2) to
(0, 0), the line from (0, 0) to (1, 2), and a curve joining (1, 2) and (1, —2) which
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lies to the left of the two lines. On dG define ¢(x) = 1. By the Tietze—Uryson
lemma, we may extend ¢ to a continuous function on X = R2. On the lines (¢, ct)
(0 < t < 1) with |c] < 2 we redefine ¢ by putting ¢((z, ct)) := 0 for |c¢| < 1, and
o((t,ct)) ;== |c|] —1for1 < |c| < 2. Then ¢: X — R is continuous on X \ {A}.
Moreover, ¢ is locally bounded at 8, and so the operator F (x) = ¢(x)x is continuous
on X with F(0) = 0. A straightforward calculation shows that

NI —F)={xeX:ox) =rU{8).

Thus, for 0 < A < 1, the set N(Al — F) contains, by construction, a continuous
unbounded path starting from 6 (even two paths: one passing through (1, 1 4+ 1) and
another one passing through (1, —(1 4 1))). Consequently, A is a pathwise connected
eigenvalue. On the other hand, 0 is not a pathwise connected eigenvalue. Indeed, the
set

N:=NF)N{(x1,x2) x> 1} = ({1} x [-L, 1D U{(1 +2,sin1) : ¢ > 0}

does not contain an unbounded path which starts at the border {1} x [—1, 1] of N. But
each unbounded path in N (F') starting at & would have to contain such a path, since
N(F)NaG = {6}, by construction.

Altogether, we have shown that (0, 1] € ¢pp(F), but 0 ¢ ¢pp(F), and so Theo-
rem 10.8 fails for ¢, (F) replaced with ¢p, (F). Q@

10.6 Notes, remarksand references

In contrast to nonlinear spectral theory, nonlinear eigenvalue has a long history. As
a matter of fact, in the early work on this subject which started with the fundamental
contributions of Nemytskij [202], [203], Krasnosel’skij [160], [161], and Vajnberg
[256]-[258], the term “spectrum” always referred to the eigenvalue set (10.2). A
completely new aspect came up in 1969 when Kachurovskij[156] and Neuberger [204]
independently started studying spectral values which are not necessarily eigenvalues.
This may be viewed as the beginning of nonlinear spectral theory as treated in this
book.

Two basic techniques which are used throughout nonlinear analysis have turned
out to be useful for studying nonlinear eigenvalue problems, viz., topological meth-
ods (fixed point theorems, degree theory) and variational methods (critical points,
nonlinear functionals). The first technique is described in detail, together with many
illuminating examples, in the (unpublished) manuscript [252], the second one in the
survey [222]. Of course, one may also consult classical books on nonlinear analysis
like [73], [163], [286].

The existence results for two eigenvalues of opposite sign contained in Theo-
rems 10.1, 10.2 and 10.3 are now classical. Theorem 10.2 is usually referred to as the
Birkhoff—Kellogg Theorem in the literature. We point out that one may prove such the-
orems also with the help of topological degree (see Section 3.5). A degree-theoretic
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proof of Theorem 10.2 for general Q € OBE(X) may be found, for example, in
[72]. Theorem 10.2 and Theorem 10.3 both use the crucial assumption that F (d£2)
be bounded away from zero, see (10.7) and (10.25). One might wonder why Theo-
rem 10.4 gives only one eigenvalue, while Theorem 10.2 guarantees the existence of
two eigenvalues. The reason is, of course, that we have the additional information that
A > 0and x € K in Theorem 10.4.

Interestingly, one may prove Theorem 2.5 as consequence of the generalized
Birkhoff—Kellogg Theorem 10.3. Infact, (10.13) clearly holds for F': S, (X) — S,(X)
satisfying [F]ao < 1. If A4 is the positive eigenvalue whose existence is guaranteed
by Theorem 10.3, then the equality

r=FEapll = A4l llxpll =7

implies that A, = 1, and so x is a fixed point of F. Similarly, if A_ is the negative
eigenvalue of F' from Theorem 10.3, then the equality

r=Fa)ll=a-|llx-|l =7

implies that A_ = —1, and so F has not only a fixed point, but also an “antipodal
point”.

Actually, one can prove more. Fix a complex number ¢/ € S. Replacing the
operator F in Theorem 10.3 by e~/ F we see that

Nl FEll > rle™ Flg o0la,

x||=r
i.e., (10.13) holds for the operator e~!*F as well. From Theorem 10.3 we deduce that
there exist Ay > 0 and x; € S,(X) such that F(xy) = A, e/®x,. This means that
F has “eigenvalues in each direction”, i.e., for each complex number A € S one has
pA € op(F) for a suitable scalar p > 0.

The following result from [103] shows again that an operator F' with F(6) # 0
has “many” eigenvalues: Let F € A(X) with F(0) # 6, and suppose that A € K
satisfies || > [F]a and A & op(F). Then for each r > 0 there exists some A, with
|Ar| > |A| and X, € A,(F). This shows, in particular, that every operator F' € A(X)
with F(0) # 6 has an unbounded point spectrum. It should be noted, however, that
the eigenvalues A, in the above result do not necessarily tend to infinity as r — oo. In
fact, if F is in addition asymptotically linear with asymptotic derivative F’(c0), then
Arxy = F'(00)xr + R(x,), where [R]lq = [F — F’(00)]g = 0, and for each ¢ > 0
we can find r(g) > such that |A,| < | F/(c0)|| + & for r > r(¢).

The definition of the s-quasinorm (10.18) and Proposition 10.1 are due to Pejsa-
chowicz and Vignoli [213]. In [213, Cor. 2.1] it is shown that, if F: H — H satisfies
[F]a < 1and

B |(F(x), x)|
imsup ———>—

1, (10.74)
lx]|— 00 ”x”2

then I — F is surjective. It is not hard to see that (10.74) implies condition (10.19) in
Example 10.5 (which is taken from [82]), and so Example 10.5 improves Corollary 2.1
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in [213]. To see that these conditions are not equivalent, it suffices to take F' = —al
for a > 1 and to observe that

1
lim —{x— F(x),x)= lim (1+a)|x] = o0,
llxll—>o0 [|x]| llx[—o00
out (F(), x)]
lim sup x—,zx =a>1
lx]|— 00 flx|]

Much material from Sections 10.2 and 10.3 may be found in the paper [183] which,
unfortunately, contains many errors. A more recent and correct version is the survey
article [113] which also treats the case of multivalued operators. Example 10.9 is
also taken from [113], [183]. The classical Krejn—Rutman theorem is contained in the
survey article [165], a nice elementary proof may be found in [246]. A generalization
to noncompact 1-homogeneous operators, together with applications to very general
elliptic boundary value problems, is given in [185].

In the beginning of the theory of normed spaces with cones, a cone K satisfying
condition (10.20) for some xg € K N S(X) and y > 0 was called quasinormal. Later
it turned out [169] that every cone in a Banach space is quasinormal, and so there is no
need to keep a special name for this property. Some other constants which are related
to the cone constant y (K') and describe some “degree of normality” of a cone K have
been considered in [76]. Such constants arise from the study of nonlinear operator
equations in ordered spaces and from fixed point theory.

The very natural definition of spectral radius (10.34) is due to Bonsall [43]. How-
ever, there are many other possibilities to define a spectral radius for nonlinear oper-
ators in cones, a comparative study of such spectral radii may be found in the recent
survey [182].

Sometimes one is interested in eigenvectors which are not just positive (i.e., belong
to some cone), but have additional properties; here the following special construction
may be helpful [63]. Let X be a real Banach space with cone K and corresponding
ordering <, and F: K — K some (nonlinear) operator. Suppose that there exist some
fixed element ¢ € K \ {6} and functions «, 8: K — R such that

a(x)e 2 F(x) 2 B(x)e (x € K).
Then the authors of [63] introduce the special norm
Ixlle :=inf{y : y >0, —ye Zx < ye}
and compare the spectral properties of F with that of the operator F, defined by

2 X :
x||FF(—=5) ifx #80,
Fo(x) = I IEF () . 7&9

Ix =4u.

The operator F, coincides with F' on the unit sphere S,(X) with respect to the norm
Il - lle and is (2 — 7)-homogeneous if F is T-homogeneous; compare this with the
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1-homogeneous extension (3.10). We remark that the norm || - ||, is related to the
so-called part metric (also called Birkhoff metric or Thompson metric) which is very
useful for studying nonlinear problems in spaces with cones [247].

Sometimes one is interested in “localizing” positive eigenvectors more precisely.
Forexample, in [290], [291] the author gives sufficient conditions on a positive operator
F under which there exists a positive eigenvalue with corresponding eigenvector in
the portion K, g = {x € K : r < ||x|| < R} of the cone. The concept of “cone
compressing operators” is used in [95] to derive the existence of positive eigenvalues
with eigenvectors of prescribed norm in a cone, i.e., in a set of the form K N S, (X).
Finally, Filin [112] considers operators F': K — K with the property thatx > y > 6
implies F(x) < F(y), called “antitone operators”. For such operators he proves the
existence of a continuum of positive eigenvalues under suitable hypotheses.

A systematic investigation of the various concepts of eigenvalues discussed in
Section 10.4 may be found in [232]. Lemma 10.5 seems to be new but is, of course,
elementary. In [122] the authors remark that there are examples of bounded linear
operators L which are injective but satisfy [L]q = 0. Examples of such operators are
easily found; by Lemma 10.5, they cannot have a closed range.

The sets (10.64)—(10.66) of eigenvalues with “constraints” have been considered
for the first time by Burysek [50], [51], but they have not found yet applications to
nonlinear problems. Our discussion in Section 10.5 shows that indeed the concept
of connected eigenvalue, which leads to the point phantom and approximate point
phantom, seems to be the most natural one in nonlinear spectral theory. We are con-
vinced that this concept should give interesting new applications to specific nonlinear
problems.

We point out that there is a vast literature on nonlinear operator equations of the
type

F(x) = AJ (x), (10.75)

and even on the more general equation
F(x) = J(&,x). (10.76)

Equation (10.76) gives rise to the so-called bifurcation theory which is one of the most
important fields of nonlinear functional analysis and is intimately related to nonlinear
eigenvalue problems. In [133] the authors develop a bifurcation theory for nonlinear
eigenvalue problems connected to variational inequalities. We will consider a very
special case of bifurcation problems in Section 12.4 below. Here we restrict ourselves
to some biographical remarks for the interested reader.

A general discussion of equation (10.76) may be found in Berger’s early work
[371, [38], a detailed account of more recent results in the book [178] and in the
survey [157]. The article [210] studies (10.75) in the spirit of the monograph [116],
but proposes a different approach based on a new topological degree.

Even if the left-hand sides of the equations (10.75) and (10.76) are linear, i.e.,
have the form

Lx =XJ(x) (10.77)
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and
Lx = J(A, x), (10.78)

respectively, these equations have an enormous range of applications. There are es-
sentially two kinds of problems where spectral methods apply successfully to these
equations.

The first kind concerns nonlinear elliptic differential equations. Here in most
cases the operator L is the Laplace operator, i.e., the problem (10.77) has the form

—Au(x) =Af(x,ux)) (x€q), (10.79)

where G C R” is some sufficiently smooth domain, and the solutions u are supposed to
satisfy some additional condition on dG (usually, the Dirichlet condition u(x) = 0).
(Here we write u(x) instead of x(¢) for the unknown function, as is common use
in partial differential equations.) For example, this problem has been studied with
variational techniques in [292] and in spaces with cones in [96]. The particular cases
f(x,u) = g(x)h(u) and f(x,u) = g(x)uh(u) are treated in [99], [100], where G is
unbounded and some asymptotic condition on u is imposed.
A case which has received particular attention is that of polynomial nonlinearities.
Thus, the author of [62] studies the eigenvalue problem
— -2 '
:—Au(x) —au(x) =a(x)|ux)|’P"*u(x) inG, (10.80)
ux)=0 on dG.

The solutions of this eigenvalue problem may be equivalently obtained as critical
points of the nonlinear functional W, defined by

2
V,(u) = —/ a(x)|u(x)|? dx.
PJa

We remark, however, that the problem (10.80) may appear somewhat artificial, inas-
much as the left-hand side of (10.80) is linear (in particular, 1-homogeneous), while
the right-hand side is (p — 1)-homogeneous. As one could expect, more satisfactory
results may be obtained if both sides of the eigenvalue equation have the same de-
gree of homogeneity. The by far most prominent example of such an equation is the
p-Laplace equation which we will study in Section 12.5 below.

The second kind of applications concerns Hammerstein integral equations. A clas-
sical reference is here [140]-[142], where the following type of results are obtained.
Assume that F': X — X is a compact operator which maps 6 into itself and admits
a Fréchet derivative F’(9) at zero and in addition satisfies the coercivity condition
[F]q = o0o. Then the operator Al — F is surjective for all A € K which are not in the
point spectrum o, (F'(9)). In other words, for A & o (F'(6)) the equation

Mx—Fx)=y (10.81)
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has a solution for every y € X. Since Fréchet derivatives of Hammerstein operators
may be calculated rather easily (see Section 4.3), such existence results may be applied
successfully to Hammerstein integral equations. Similarly, in [245] one may find
conditions on the spectrum of the linear operator F’(9) under which the equation
(10.81) has at least two solutions, together with applications again to Hammerstein
equations. Finally, the author of [289] studies the eigenvalue equation Ax = F(x) for
compact F under the “double coercivity condition”

I El . IFG
im = lim —— =00
Ixf—oc0  |lx]| lxl—0 |lx|]

and applies this to Hammerstein integral equations. Applications of eigenvalue prob-
lems to nonlinear integral equations of Hammerstein—Volterra type may be found in
[22].

Surprisingly, there exist also results in which eigenvalues of nonlinear operators
may be obtained from regular values of linear operators. For instance [278], if an
operator L € £(X) has a so-called “approximate inverse”, then all A € p(L) are
eigenvalues of a nonlinear compact perturbation of L.

Equation (10.78) is of course much more complicated than equation (10.77), since
the dependence of J on A need not be linear. Here the existence of “connected
branches” of solutions are of particular interest (see, e.g. [98]). This problem is
related to the notion of connected eigenvalue which we studied in Section 10.5.

If one replaces the nonlinear operators F and J in the equation

Fx)+XJ(x)=y ((yevY) (10.82)
by nonlinear functionals ®, ¥: X — R, one ends up with the problem
Px)+A¥(x)=r (€R). (10.83)

In [227] it is shown that, under suitable semicontinuity conditions on ® and W, for
each r in some real interval one can find A > 0 and x € X which solve (10.83).
The usefulness of such results lies in the usual “duality” of operators and (sufficiently
regular) functionals which establishes a one-to-one correspondence between critical
points of functionals and zeros of operators.

Still another type of equation, viz.,

M — Lx = F(x),

where L is a linear compact selfadjoint operator in a Hilbert space, and F is a nonlinear
compact 1-homogeneous gradient operator, has been studied by Chiappinelli in [64].
This type of equation arises often in applications to problems like (10.79), and it is
therefore interesting to compare the eigenvalues of operators L and L + F.

To conclude, we mention the special nonlinear eigenvalue problem

FMz=0 (z=(z1,...,22) € C"),
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where F': A — £(C") is aholomorphic matrix function defined on some domain A C
C. This problem is analyzed in [139], with a particular emphasis on the derivatives of
the map A — F() ™Y (w) for fixed w = (wy, ..., w,) € C".



Chapter 11
Numerical Ranges of Nonlinear Operators

In this chapter we study some concepts of numerical range for both linear and nonlinear
operators in Hilbert and Banach spaces. As in the linear case, numerical ranges provide
apowerful tool for localizing the spectrum, but have also other interesting applications.
In particular, it turns out that the Kachurovskij spectrum (5.9) of a Lipschitz continuous
operator is contained in the convex closure of the numerical range. For special classes
of spaces and operators, such as compact or differentiable operators, this may be
slightly improved, as we shall show in the last section.

11.1 Linear operatorsin Hilbert spaces

Recall that the numerical range of a bounded linear operator L in a complex Hilbert
space H with scalar product (-, -) is defined by

(Lx, x)
llx1

W(L):{ :x €H, x#@}:{(Lx,x):xeS(H)}. (11.1)

This definition goes essentially back to Toeplitz. We survey some fundamental prop-
erties of W (L) in the following proposition. Since we are not primarily interested in
linear operators, we drop the proof.

Proposition 11.1. The numerical range (11.1) has the following properties (L, M €
L(H), a, B, 1 € K):

(a) Wl +BL)={a+Br:re W(L)}.

(b) W(L*) ={r:1e W(L)}.

(¢) WU*LU) = W(L) for any unitary operator U .
(d WL+ M) W(L)+ WM).

(e) W) ={A}lifandonlyif L = AI.

&) W(L) is convex.

(g) Incase H=C", W(L) is compact.

(h) Incase H = C?, W(L) is the convex hull of an ellipse whose foci are the two
complex eigenvalues of L; if there is only one eigenvalue A, the ellipse is a circle
with center A and radius ||\ — L|| /2.
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(i) The inclusion
coo(L) C W(L) (11.2)

is true.

() If L is normal, then
coo(L) = W(L). (11.3)

(k) If L is normal and W (L) is closed, the extremal points of W (L) are eigenvalues
of L.

(1) L is selfadjoint if and only if W(L) C R.

(m) If dist(x, W(L)) > O, then the resolvent operator R(A; L) = (A1 -y ' H >
H is bounded by
1

R D) € ——m—. 11.4
IR L) = dStOL W) (11.4)
We remark that Proposition 11.1 (m) implies that the spectrum o (L) is always
contained in the closure of the numerical range W (L), and so one may “localize” the
spectrum in the complex plane by means of the numerical range. This is important be-
cause often one does not know the spectrum explicitly. Moreover, taking into account
that the boundary do (L) of the spectrum o (L) is contained in the approximate point

spectrum oq (L) (see Proposition 1.4 (a)), from (11.2) one may deduce the inclusion

oq(L) S W(L). (11.5)

In fact, from do (L) € oq(L) and the convexity of W (L) we see that (11.2) and (11.5)
are actually equivalent.

Simple examples show that the spectrum o (L + M) of the sum of two operators has
in general nothing to do with the set o (L) 4o (M). In contrast, by Proposition 11.1 (d)
we have

o(L+M)C W(L+M)C< W)+ WWM),

and so W (L) and W (M) may be very well used to localize o (L + M).

We point out that the numerical range W (L) of a bounded linear operator may be
essentially larger than the convex closure of the spectrum, as we show in the following
Example 11.1. By Proposition 11.1 (j), such an operator cannot be normal. Afterwards
we show in Example 11.2 that, in contrast to the spectrum, the numerical range need
not be closed.

Example11.1. Let H = C? be the two-dimensional complex Hilbert space and
L € £(H) be defined by
L(z, w) = (0, 2az),

where a € C is fixed. A trivial calculation shows that o (L) = {0}, and so from
Proposition 11.1 (h) we know that

W(L) =Djy = {1 € C: |A| < al}.
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Since we may choose |a| arbitrarily large, the boundary of W (L) can be as far as we
want from the spectrum o (L). Q@

Example 11.2. Let H = I, be the space of all square-summable complex sequences,
and let L € £(H) be the left shift operator (1.35). We already know that ||L|| = 1
and o (L) = D (see (1.36)). For x = (x1, x2, x3, ...), where x; # 0, without loss of
generality, we get

[(Lx, x)| < |x1]|lx2] + [x2] [x3] + |x3] [xa] + ...
< %[lelz+2|x2|2—|—2|X3|2—|-...] (11.6)
< ilp-mP<,
2
(Incase x| = xp = --- = x; = 0 and x;, | # O we replace 2 — |x1|2 by 2 — |x341/?

in (11.6).) This shows that W (L) is contained in the open complex unit disc D.
We claim that actually W (L) = D, and so the closure in (11.3) cannot be removed.
To see this, fix z € D, i.e., z = re'* with0 < r < 1 and 0 < « < 2. The sequence

x = (V1 =12, 11— 27 p 21 — r2e 2 131 — 273 )

has then the norm

I = 1=r2+ 20 =D +r* A=) +r%0 =)+ = (1 —r%irz" =1
k=0
Furthermore,
(Lx,x) =r(1 =r)e* + (1 = e + (1 = r?)e'* + .- =z,
and so z € W (L) as claimed. Q@
Given L € £(H), we call the nonnegative real number defined by
w(L) := sup{|A| : A € W(L)} (11.7)

the numerical radius of L. This number plays a prominent role in the study of bounded
linear operators. The most important property of (11.7) is that it defines an equivalent
norm on £(H), since

1
SILI = w(L) = [IL]l. (11.8)

We survey some other properties of the numerical radius in the following Proposi-
tion 11.2.
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Proposition 11.2. The numerical radius (11.7) has the following properties (L, M €
L(H), n € K).

(@ w(L)=0ifandonlyif L = ©®.

(b) wL+M)=<w(l)+wM).

(© w(uL) = |plw(L).

(d) r(L) < w(L), where r(L) denotes the spectral radius (1.8).
(e) r(L) =w(L) =||L|if L is normal.

) w(L") < w(L)" for everyn € N.

Proof. The properties (a)—(c) are elementary. The bilateral estimate (11.8) implies,
together with (f) and the Gel’fand formula (1.9), that

r(L) = lim Y|L"] < lim J2w(L") < lim {2w(L)" = w(L)
n— oo n—odo n—odo

which proves (d). Alternatively, we could have used the inclusion (11.2) to deduce
(d). Since r(L) = ||L|| for normal operators (see Theorem 1.1 (e)), we get (e) from
(d). Only the proof of (f) is more complicated.

First of all, by (c) it suffices to assume that w(L) < 1 and to prove that w(L") < 1.
To this end, we recall the algebraic identity

27rtj/n it

1 — e (L"x Z I5l[1 = g5 | e s,
j
for any t € R, where we have used the shortcut

n
[T a- ezmk/”L))x (G=1,2,...,n).

k=1, k#j

Since w(L) < 1, the real part of each term on the right-hand side of this identity is
nonnegative, so that Re(1 — ¢'"* (L"x, x)) > 0. But this is true for all real t, and thus
[{L"x, x)| < 1. O

Observe that, by (11.8) and (1.9), the spectral radius of a bounded linear operator
may be calculated through the numerical radius of its iterates, namely,

r(L) = lim /w(L").

We also point out that property (f) in Proposition 11.2 is relevant because the more
general property w(LM) < w(L)w(M) may be not true even if L and M commute
(see Example 11.14 below for a counterexample).

We close this section with a general example which again illustrates the “geometric
position” of the numerical range.



11.2 Linear operators in Banach spaces 307

Example 11.3. Let H = I, over C, (a,), a bounded sequence of complex numbers,
and A := {a, : n € N}. Consider in H the linear operator L defined by

L(x1, x2, x3,...) = (a1x1, azxy, azxs, ...). (11.9)

We know from Example 1.2 that

o(L)y=A (11.10)
in this case. We claim that
cOACW(L)C W(L)=co A (11.11)
and
w(L) =r(L) =||L| = sup{la,| : n € N}. (11.12)

In fact, from the definition (11.1) it follows that 1 € C belongs to W (L) if and only if
o0

x:Zaan (11.13)
n=1

for some x = (x,), € S(b). Fixap,,...,a,, € Aand puy, ..., wy € [0, 1] with
Mm1+ -+ um = 1, and consider the element

m

x =Y Juken, = 0.....0, /u1.0,....0, /1. 0. ..., 0, /sim. 0,0,0,...),

k=1

with ,/uy at the ng-th position (k = 1,...,m). We then have |x| = 1
and piay, + -+ 4+ puman, € W(L), by (11.13). This proves the first inclusion in
(11.11). The second inclusion is trivial, and the equality follows from (11.10) and
Proposition 11.1 (j), since L is normal. Finally, the equality (11.12) is also a conse-
quence of the normality of L and Proposition 11.2 (e). ©

Choosing in Example 11.3, in particular, a, := 1/n we see again that W (L)
need not be closed. In fact, in this case we get 6(L) = {1/n : n € N} U {0} and
W(L) = (0, 1].

11.2 Linear operatorsin Banach spaces

Defining the numerical range of a bounded linear operator in a Banach space requires
some more definitions. Given a Banach space X with dual X*, we use the notation
(x, £) to denote the value of £ € X™* at x € X; this is compatible with the usual scalar
product if X is Hilbert. Recall that the duality map D: X — X* is defined by

D(x) = {lr € X*: (x, &) = x|, el = lIx[l}  (x € X). (11.14)
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Clearly, this is a 1-homogeneous multivalued map; if D is singlevalued, the space X
is called smooth. For example, every Hilbert space is smooth with

D(x) = {{-, x)}. (11.15)

The following relation between the duality map (11.14) and special functionals from
X* is important in geometry of Banach spaces. If we denote by X7  the set of all
functionals £ € X™* which attain their norm in the unit sphere S(X) of X, then

Xr = U D(x). (11.16)

xeX

Given L € £(X), the numerical range of L in the sense of Bauer is defined by

{(Lx,ﬂx)

llc 112

we(L) =

1l ee’D(x)}. (11.17)
xX#6

By (11.15), this gives precisely the definition (11.1) in the Hilbert space case. We
remark that there are many important smooth Banach spaces which are not Hilbert.
Two of them are discussed in the following example.

Example 11.4. First, the sequence space X = [, is smooth for I < p < oo with
D(x) = {£,}, where

o
(v, £y) == D xalP e (x €1, \ {0}y € 1)
n=1

x| =2

Consequently, A € C belongs to Wg(L) if and only if

o0
D xal P (Lx), = Allx||”.

n=1

Similarly, the corresponding function space X = L,[0,1] is also smooth for
1 < p < oo with D(x) = {£,}, where

1
[l l1P=2

1 —
(¥, bx) = /0 x(OIP2x@y () dt (x € Ly \ {0}, y € Lp).

Consequently, A € C belongs to Wg(L) if and only if
1
f X @O1P 2@ (Lx) (@) di = i1,
0

In case p = 1 or p = o0, neither [, nor L,[0, 1] are smooth, and the formulas for the
duality map become more complicated. ©
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We state now some elementary properties of the numerical range (11.17). In
analogy to (11.7), we call the number

wp(L) = sup{|r| : » € Wp(L)} (11.18)
the numerical radius of L in the sense of Bauer.

Proposition 11.3. The numerical range (11.17) has the following properties (K, L €
L£(X), u € C).

(@ Wp(K + L) S Wp(K)+ Wg(L).

(b) We(uL) = uWg(L).

() We(ul — L) ={u}— Ws(L).

(d) Wg(L) is bounded with wg (L) < ||L]||.

We do not give the elementary proof of Proposition 11.3, because we will prove
a more general result (see Proposition 11.4) in the next section. Instead, we discuss
an alternative approach to numerical ranges in Banach spaces which is based on the
concept of semi-inner products.

Given a linear space X over K,amap [-, -]: X x X — K is called semi-inner
product if it has the following properties (x, y,z € X, «, 8 € K):

(a) [x, x] > O if and only if x # 6.

®) [x +y,z] =[x, 2] + [y, z].

(©) [ax, y] = alx, y].

@ [x, Byl = Blx, yl.

(@ |bx, y1I* < [x, x]- [y, y1.

Now, if [ -, -] is a semi-inner product on X, one may define a norm on X putting

x|l := +/[x, x]. (11.19)

Conversely, on every normed linear space one may define a semi-inner product by
means of the duality map (11.14) in the following way. For any selection £ of the
multivalued map D (i.e., £, € D(x) for all x € X) we put

[x, y] ==y, &x) (v € X). (11.20)

It is not hard to see that (11.20) has all properties of a semi-inner product, and that
[x, x] = ||x||?, by (11.14).

Obviously, in general there are many ways to define a semi-inner product by means
of a given norm on X, at least if X is non-smooth. In what follows, we write sip(X)
for the set of all semi-inner products on X which generate the given norm by (11.19).

The definition (11.20) shows how to associate to each selection of the duality map
a semi-inner product. Vice versa, one may recover the duality map of a normed space
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by means of the collection of all semi-inner products on this space. In fact, this follows
from the important formula

Dx)={[-,x]:[-, -]esip(X)} (xeX) (11.21)
which generalizes (11.15), inasmuch as in a Hilbert space H we simply have
sip(H) = {(-, -)}. (11.22)
The calculations in Example 11.4 imply, together with (11.20), that

R o
5 >l T (el \(8),y €1y)
n=1

D=0

is the unique element from sip(/,), and

1
[l (172

1 —
[y, x] /0 @O x(@y@)di (x € Ly \ {0}, y € L))

is the unique element in sip(L ) for 1 < p < oo.

The preceding remarks show that there is an intimate relation between normed
linear spaces and semi-inner product space. For example, a normed linear space X
is smooth if and only if sip(X) is a singleton; in particular, the scalar product on a
Hilbert space is the only semi-inner product on this space. In general, the duality map
on X and the set sip(X) are connected by (11.21). So it is natural to define a numerical
range on a Banach space alternatively by means of semi-inner products. Following
Lumer, we define a numerical range for a fixed semi-inner product [ -, -] € sip(X)
and L € £(X) by

Lx,
[||j§||;] XeX, x 759} ={[Lx,x]: x| =1}. (11.23)

WL(L;[-, -] = {
Our preceding discussion shows then that the numerical range

WL(L) := U WL(L; [+, -] (11.24)
[-,-]esip(X)

coincides with Bauer’s numerical range (11.17), by (11.20) and (11.21). In particular,
all properties of Proposition 11.3 hold true for Wg (L) replaced with Wi, (L). In what
follows, we will use the unifying notation Wgp (L) to denote either the numerical
range (11.17) or (11.24).

We point out that some of the properties stated in Proposition 11.1 get lost when
passing from Hilbert to Banach spaces. For instance, the numerical range Wgy (L)
need not be convex, as the following example shows.
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Example 11.5. For 1 < p < oo, we write X, for the Banach space C?, equipped
with the norm [|(z, w) |, := (Iz|” + [w|?)!/P. Let L € £(X,) be defined by

L(z,w) = (iz+w,—z —iw).

Here the dual space is X* = X, i.e., C? with the conjugate norm || - ||, (% + % =1).

A trivial calculation shows that o (L) = {£i+/2}. Moreover, it is not hard to show
that WL (L) = {yi : —1 <y < 1} in case p = 2. We claim that the numerical range
WgL (L) is not convex in case p # 2.

Given (z, w) € S(X,), it is easy to see that (¢, w) = (Z|z|?~2, w|w|P~2) is the
unique element in §(X) satisfying z¢{ + ww = 1. Therefore

WaL(L) = {ilz|” — i|w|P + wZ|z|P > — Wz|w|” 72 : (z, w) € S(Xp))}.

Taking polar coordinates z = re'® and w = se'? with r? 4+ sP = 1, this may be
rewritten in the form

WgL(L) = {rs(}“”_2 — sP72) cos(B — a)
+ilr? = sP 4+ rs(rP72 4+ sP72)sin(B — )] :
r? +sP =1, O§a,,8<2n}.
It follows that
pw=max{Rei: A € WaL(L)} = max{rs(rP2 —sP72) : P + 5P = 1}
and

v:=max{A : A € WpL(L) NR}
= max {rs(rp*2 — Py cos(B—a) 1P + 5P =1,

0<a,B <2m, r? —sP —|—rs(rp*2 —|—sp72) :0}_

~~~~~

n= f§(f”‘2 — 877, v=FEFP? =57 cos(B — @)

incase p # 2 we obtain 4 > O and v < uunlesscos(ﬁ—a) =1,ie.,a _,8 But
since F§(FP~2 + §P~2) s1n(,3 —a) =0, we have ¥ = 5 if cos(,B —a) = 0, giving
B = 0. Thus ;> v unless p = 2.

We conclude that the maximum p is attained above and below the real axis, and
so WgL (L) cannot be convex in case p # 2. Q@

We remark that the set Wpr (L) is always connected in case of a complex Banach
space, although it may be non-convex, by the preceding example. On the other hand,
Lumer’s numerical range (11.23) which depends on the particular choice of the semi-
inner product may even be disconnected, as the following example shows.



312 11 Numerical Ranges of Nonlinear Operators

Example 11.6. Slightly modifying the preceding Example 11.5, let X, denote the
Banach space C? equipped with the norm ||(z, w)|leoc = max{|z|, |w|}. This norm is
generated, for example, by the semi-inner product

20 if ] = o,
[@w), o ={° T (11.25)
wo if ] < |o].
Indeed,
2 2 .
Zl* =z, w if |z| > |wl,
(o0, (e w = |2 = NG IR el = o
lwl= = ll(z, w5 iflz] < [w].
Define L € £(X) by L(z, w) := (z, 0). Then for (z, w) € S(X«) we have
1 ifjz] =1,
L 9 9 9 :=
[L(z, w), (z, w)] {0 el < 1.
and so wr (L; [+, -]) = {0, 1} for the semi-inner product (11.25). @

The following Theorem 11.1 gives a fundamental relation between the spectrum
of a bounded linear operator in a Banach space and its numerical range in the sense
of (11.17) or (11.24). In what follows, we will discuss several “nonlinear analogues”
of this.

Theorem 11.1. Let X be a Banach space and L € £(X). Then
o (L) C WgL(L). (11.26)

Proof. Suppose that A € K\ WpL(L). Then 0 ¢ WgrL (Al — L), by Proposi-
tion 11.3 (¢), and so from Proposition 2.1 (a) it follows that R(A; L) = (Al — L)~!
exists and is bounded on R(AI — L) with

1

. -
IR L) G-yl < ST D)
It remains to show that A/ — L is onto. As before, denote by X% the subset of all
functionals £ € X™* which obtain their norm in the unit sphere S(X) of X. Since this
set is dense in X*, for fixed £ € S(X*) we may find a sequence (£,), in X%  such that
1€, = 1foralln € Nand ¢, — £ asn — oo. By (11.16) and (11.21), there exist a
sequence (x,), in S(X) and a sequence of semi-inner products [ -, - ], in sip(X) such
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that (x, £,) = [x, x,], for all x € X. Consequently,
AT — L) || = lim ||[(A — L)*¢,||
n—oo
> lim sup || {x,, (A — L)*¢,) ||

n—odo

= limsup || (A1 — L)(xn), £n) |l

n—oo

= limsup |[[(A] — L)(x5), Xn1n|l

n—oo

> dist(A, WgL(L)) > O.

Thus ||[(A] — L)*€]| > 0 for all £ € S(X*) and it follows that (Al — L)* is injective.
By well-known results on bounded linear operators and their adjoints, this implies that
Al — L is onto, and so the proof is complete. O

11.3 Numerical ranges of nonlinear operators

The first definition of a numerical range for nonlinear operators seems to be due to
Zarantonello and goes as follows. Let H be a Hilbert space and F: H — H be
bounded and continuous. Put

(F(x) = F(y),x —y)
lx — yl?

WZ(F)={ :x,yeH,x;éy}. (11.27)
Obviously, this definition coincides with (11.1) in the linear case. By the continuity
of F, the set Wz(F) is always connected. As in the linear case, Wz(F') need not be
closed.
Now let F: H — H be Lipschitz continuous and & ¢ Wz(F). Then the operator
A — F: H — H is a lipeomorphism, i.e., \] — F € £ip(H) and W[ — F)~! ¢
Lip(H). In other words, for the Kachurovskij spectrum ok (F') defined in (5.9) we
have the important inclusion
ok (F) € Wz(F) (11.28)

which is of course analogous to (11.3). As a matter of fact, this can be made more
precise. To see this, we first need a sufficient condition on a nonlinear operator to be
a homeomorphism in a Hilbert space which is similar to Lemma 9.5.

Lemmall.l. Let H be a Hilbert space, and suppose that F: H — H satisfies
F(©) =6 and
[(Fx = Fy,x —y)| = d|lx — y|* (11.29)

for some d > 0. Then F is a homeomorphism in H whose inverse is Lipschitz
continuous with [F’l]Lip <1/d.
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Proof. The hypothesis (11.29) implies that [F];, > d, and so Proposition 2.1 (a)
shows that F is closed and injective, and F~': R(F) — H is Lipschitz continuous
with [F~1 R(F)ILip < 1/d. Itis the surjectivity of F which requires a careful analysis
and is based on the fact that, if F': B, (R") — R" is continuous and satisfies F'(f) = 0
and (11.29), then F is one-to-one and R(F) 2 B,4(R™).

Lety € H be fixed with ||y|| = R, and putr := R/d. Denote by P; the projection
of H onto the subspace generated by y, and let x; € B,(H) be the solution of the
equation Pj F'(x) = P;y which exists by what we have just observed. Further, denote
by P, the projection of H onto the subspace generated by y and F(x;) — y, and let
X7 € B,(H) be the solution of the equation P, F(x) = P,y. Continuing this way we
may construct a sequence (x, ), in B, (H) which converges, without loss of generality,
weakly to some x, € B,(H). Now, for n > m we have, by (11.29) and the fact that
F(xy) — y is orthogonal to x; fork = 1,2, ..., m,

< (F(xn) — F(Xm), Xn — Xm)|
< Fxn) =y, Xn — Xm) |+ [(F(Xm) — ¥, Xn — Xm)|
= [(F(xm) — ¥, xn)|.

Letting first n — oo we obtain

2
d|lx, — xp||

dl|lxe — x> < dlimsup [[x, — x> < [(F(xm) — ¥, X1,
n—oo

and afterwards for m — oo we arrive at the estimate

d lim sup [[x, — X [|* < lim sup [(F (x) — ¥, x4)| = 0.
m-— 00 m—00

This shows that the sequence (x;,),, is actually strongly convergent to x,.. By continuity,
this implies that F(x,) — F(x4) asn — oo. We claim that
F(x,) =y (n— o0). (11.30)

Denote by Hy = span{y, F(x1)—y, F(x2)—y, F(x3)—Yy, ...} the subspace generated
by y and all elements F(x,) —y. Then (F(x,) —y, z) — Oforevery z € Hp, and thus
(11.30) follows. Since strong and weak convergence are compatible, we conclude that
F(x,) = y,and so F is onto as claimed. O

Lemma 11.1 immediately implies the following Theorem 11.2 which in turn yields
(11.28).

Theorem 11.2. Let H be a Hilbert space, F: H — H Lipschitz continuous with
F@) =06,and A € Kwith

dy :=dist(A, Wz(F)) > 0.
Then Ml — F: H — H is a lipeomorphism with

[R(A; F)lLip = [ — F)™'Lip < (11.31)

d_)" .
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Now we pass to numerical ranges of nonlinear operators in Banach spaces. Passing
from Hilbert to Banach spaces goes exactly as in the linear case, either by means of the
duality map or using semi-inner products. So let X be a Banach space with dual X*,
and consider the duality map (11.14). Let F': X — X be bounded and continuous.
Following Rhodius, we define a numerical range for F by

Wr(F) = J FOO=FObmy) o —yt. (11.32)
ot Ilx =yl g

A comparison of (11.15), (11.27) and (11.32) shows that the numerical ranges in
Zarantonello’s and Rhodius’ sense coincide in the Hilbert case, and so the latter is an
extension of the former. As before, we call the number

wr(F) :=sup{|r] : L € WR(F)} (11.33)

the numerical radius of F in the sense of Rhodius. The following proposition contains
Proposition 11.3 as a special case.

Proposition 11.4. The numerical range (11.32) has the following properties
(F,G: X — X continuous and bounded, . € K):

(@) WR(F + G) € Wr(F) + Wr(G).

(b) Wr(WF) = pWr(F).

() WR(F;) = WR(F), where F,(x) = F(x) + z.

(d) Wr(ul — F) ={u} — Wr(F).

() WR(F) is bounded for F € Lip(X) with wr (F) < [F]Lip.

Proof. The assertions (a) and (b) follow from the linearity of each functional £,_, €
D(x — y), while (c) follows from the fact that we consider differences in (11.32).

To prove (d), fix A € WRr(uul — F). Then for some £,y € D(x —y), withx # y,
we get

(mx —y) = Fx) + F(y), £x—y)

A=
lx — yII?
_ M(x —Vibay)  (F(x) = F(y), bx—y)
lx = yII2 lx — yI1?
_ o {FO) = F(), bx—y)
Il — yl2 ’

by definition of D(x — y), and so u — A € WR(F).
Finally, for F' € Lip(X), x # y,and £,_, € D(x — y) we obtain
[(F) = FO), beyd| _ 1FG) = FOI
lx —ylI? lx =yl
which proves (e). O

= [FlLip, (11.34)
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A certain simplification of the numerical range (11.32) for continuous operators
F in a Banach space X was defined by Feng, namely

{ (F(x), £x)

112

We(F) =

Uy € JD(x)} U {0}, (11.35)
x#60

together with the corresponding numerical radius
wr(F) := sup{|A| : L € Wg(F)}. (11.36)
Of course, the inclusion
WEg(F) € WRr(F) (11.37)

holds in case F(#) = 6. The following theorem relates the numerical range (11.35)
to the Feng spectrum which we studied in detail in Chapter 7.

Theorem 11.3. Let X be a Banach space and F € A(X). Fix A € op(F) with
M| > [F]a, where op(F) denotes the Feng spectrum (7.19). Then A € co Wgr(F).

Proof. Suppose that |A| > [F]a and dist(x,co Wgr(F)) > 0; we show that then
A € pr(F) (see (7.18)).

First of all, from |A| > [F]a it follows that A & o,(F), by Proposition 2.5. Next,
forx € X \ {f} and £, € D(x) we get

0 < dist(A, co Wg(F))
<‘_W@lﬁ

x2
(A 6) — (F(), £)]
HE
(= F(x), £)]
HE
_ I — F)

[lx1l

which implies that A & oy (F).
It remains to show that A & o, (F), i.e., v(Al — F) > 0 (see (7.3) and (7.21)).
Consider the set

S={xeX:Ax —tF(x) =0 forsomet € [0, 1]}.
Clearly, 8 € S. Given x € S\ {#} we have Ax = ¢ F (x) for some ¢ € (0, 1], hence

(Fe.6)  nlxl? A
2 R G e PO
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But this implies that
_(F@). L)

e € co Wg(F),

a contradiction. So we have proved that S = {6}. By Property 7.4 of k-epi operators,
applied to Fo = AJ and H(-,t) = —tF, we conclude that A/ — F is k-epi on S for
any Q € OBE(X)and 0 < k < |A| — [F]a. This means that v(Al — F) > 0, and we
are done. O

We remark that the corresponding definition of a numerical range for F' building
on semi-inner products, namely

Wm(F) = U Wm(F:[-, - D, (11.38)
[-,-]esip(X)
where
Wan(F: [ 1) = {[F(")“_xi(ﬁl’zx i yex xp y}, (11.39)

is essentially due to Martin. Of course, the numerical range (11.38) is the same as
(11.32). In what follows, we will use the unifying notation Wyr (F) to denote either
the numerical range (11.32) or (11.38).

We establish now a fundamental link between the numerical range Wyr (F), on
the one hand, and the Kachurovskij spectrum for Lipschitz continuous operators, on
the other. To this end, we first need two lemmas.

Lemmall.2. Let X be a Banach space and F € Lip(X). Suppose that
dy :=dist(L, Wyr(F)) >0 (11.40)

for some A € K. Then Ml — F: X — X is injective, R(AI — F) is closed, and
R(x; F) = (W — F)~': R(\I — F) — X is Lipschitz continuous with (11.31).

Proof. The assertion is an immediate consequence of Proposition 2.1 (a) and is proved
as Theorem 11.2 by means of Lemma 11.1. O

Lemma11.3. Let X be a Banach space, | -, -] € sip(X), and F € Lip(X). Suppose
that there is a number B > 0 such that

Re[F(x) — F(y),x —y

N X IT) (11.41)
=yl

Then F is a lipeomorphism, i.e., F is a bijection with F~! € £ip(X).
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Proof. Since (11.41) implies (11.40) for A = 0, we know from Lemma 11.2 that F
is injective, R(F') is closed, and F “L.R(F) - X is Lipschitz continuous. So it
remains to show that R(F) = X. Since Wyr(F;) = WMr(F) for every z € X, it
obviously suffices to prove that 0 € R(F).

Fix h > 0 with h < 1/[F]Lip; then (I — hF)~! e gip(X), by Proposition 5.1.
The algebraic identity

#a—hm”>41=%U—a—hmup4ﬁr1=Fa—hm”

shows that we only have to prove that there exists some z € X suchthat (I —hF) -1 (2)—
z=06,ie,z=U—-hF)(2).

From Proposition 11.4 (b), (d) we know that Wyr (I — hF) = {1} — hWyr(F),
and so (11.41) implies that

inf{ReA: A € Wyr(I —hF)} > 1+ hp.

Consequently, for x # y and [ -, -] € sip(X) we have

|(I —hF)(x)— I —hF)(y)| > Re[(I —hF)(x)— (I —hF)(y),x —y]

lx — ¥l
> supf{|lx — yll Re A : 2 € Wwr(I — hF))
> (1 +hp)llx — yll.
This is easily seen to imply that
I —hF)y N < 1,
[( ) ]Llp_1+hﬂ<
and so from Proposition 5.1 we conclude thatd € R(I — (I — hF)~hH = X. O

We are now in a position to prove the announced relation between the Kachurovskij
spectrum of a Lipschitz continuous operator and its numerical range in the sense of
Rhodius or Martin. In the linear case, this gives precisely (11.26).

Theorem 11.4. Let X be a Banach space and F € £ip(X). Then
ok (F) € co Wur (F). (11.42)
Proof. Suppose that A ¢ co Wyr(F). Clearly, it suffices to show that there is an

o € Kwith |¢| = 1 such that (Al — F): X — X is a lipeomorphism. To this end
we use Lemma 11.3 with F replaced by (Al — F). Now, for fixed [ -, -] € sip(X)
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we have
_{[a()»l —F)(x)—all = F)(y),x —y] }
co X FEY
lx — ylI2
__{ (A — F)(x)— I — F)(y),x —y] }
=coju X FEY
lx — ylI2
Zaﬁ<m_{[F(x)—F<y),x—y]:x#y})
lx — 2
ﬂ(m_%{[F(x)—F(y),x—y]:x#y})_
lx — ylI?
Since

0¢{A}_m{[F(x)—F(y),x—y] :x#y}’

lx = yI2

it suffices to show that, if A C Kis compact and convex with0 ¢ A, wefindana € K
with |o| = 1 such that Re(aA) < Oforall A € A. This is trivial if K = R. Identifying
C with R?, a geometric reasoning shows that there is a line L in C containing 0
which does not meet A. By choosing & € S in such a way that oL coincides with
the imaginary axis, it is clear that either ¢ A or —a A lies entirely in the open left
half-plane. This completes the proof. O

In view of (11.28) one could expect that (11.42) may be replaced by the stronger
inclusion
ok (F) € Wmr (F). (11.43)

The following theorem gives several additional conditions on X or F under which
this is in fact true. Let us first make a general observation. Recall that we defined the
subspectrum oy;p (F) in (2.28) by

olip(F) = {A e K: [A] — Fljjp = 0},

with [ F]jip being the lower Lipschitz constant (2.2). Now, if X is a Banach space and
F € Lip(X), then it is not hard to see that

alip(F) S Wmr(F). (11.44)
In fact, suppose that A € K satisfies (11.40). By Lemma 11.1 we know then that
(3 — F(x) = &y + F (), Le—y)| = dallx — 1>

forx # yand £;_y € D(x — y). Since |[£x—y| = 1, this implies that [A] — Fljp >
dy > 0,ie, ) & O]ip(F).

Theorem 11.5. Let X be a Banach space and F € £ip(X). Then (11.43) holds true
provided that one of the following conditions is satisfied:
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(a) X is areal Banach space.
(b) X is finite dimensional.
(c) X is a Hilbert space.

(d) F is compact.

(e) F belongs to €1 (X).

Proof. The assertion (a) is almost trivial, since the numerical range Wyr (F) is always
an interval in the real case, while the statements (b) and (c) are consequences of
Theorem 11.2.

To prove (d), suppose that F' is compact. Then from Proposition 5.3 we know that
ok (F) = o1jp(F) which together with (11.44) immediately implies (11.43).

The only nontrivial condition which has to be checked is (e). So suppose that F'
is continuously Fréchet differentiable on X, and let A € ok (F)). Theorem 4.2 implies
that then either A € o (F’(xp)) for some xg € X, or Al — F is not proper.

Suppose that A € o (F’(xg)); we show that

WMr (F'(x0)) € WMR (F). (11.45)
Fix[-, -] €sip(X)and u € Wmr (F'(x0); [+, - 1) = wL(F'(x0); [ -, - 1) (see (11.39)

and (11.23)), i.e., u = [F'(xg)h, h] for some h € S(X). Choose a positive sequence
(Ty)n such that

El

1
T—IIF(h + wh) — F(h) — F'(x0)(mh) || <

S| =

and define .
Wn o= I—[F(h + 1,h) — F(h),h] (n eN).

n

Since ||(h + t,h) — h|| = ||tuh]| = T, it follows that u,, € Wuyr(F; [ -, -]) for all
n € N. Moreover,

_|[Fth+1uh) = F(h), h]  [F'(x0)(tah), h]

ln — | =
T, T,
_ tFG +wh) — F(h) — F'(x0)(t,h), h]|
Tn
< | F(h + tyh) — F(h) — F'(x0)(z,h)|| < 1'
T n

Since the semi-inner product [ -, -] was arbitrary, we conclude that © € Wyr(F),
and so (11.45) holds true.

Suppose now that Al — F is not proper. Then A € Wyr(F), since otherwise
Al — F would be proper, by Lemma 11.2. O
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We illustrate the inclusions (11.42)—(11.44) by means of an operator which we
already considered several times before.

Example11.7. For 1 < p < oo, let X be the complex sequence space /), and let
F e Lip(X) be defined by

F(x1,x2,x3,...) = (|x]l, x1, x2, .. .).
We already know from Example 5.3 that
ok (F) =Dyp = {1 € C: |2 <2'/7}
and
Olip(F) =Dy \D= {1 € C: 1< a <27},

Forx # 6, denote by £, the functional from Example 11.4 which is the unique element
in D(x). Fora € Dand x := (@, 0, (1 — |al?)!/7,0,0,...) € X we have |x|| = 1
and F(x) = (1,a,0, (1 —|a|?)1/P,0,...). Calculating ¢, at this element we obtain

o0
(F(x), €)=Y [xal? % F(x)n = lal’ a,
n=1
and so we see that .
WMr(F) 2 {lalP~a : |a| < 1} =D. (11.46)

But from (11.44) and (11.46) we may conclude that even
DU Dy, \ D) € Wunr (F).

So the inclusion (11.43) holds true, although none of the hypotheses (a)—(e) from
Theorem 11.5 is satisfied for F' in this example. Q

Now we discuss yet another numerical range which was introduced by Furi,
Martelli and Vignoli in connection with the FMV-spectrum (see Chapter 6) in Hilbert
spaces.

Let H be areal or complex Hilbert space and F: H — H continuous and bounded
with F () = 6. We associate with F another operator F-: H — H defined by

FH(x) := ¢F (x)x, (11.47)
where )
D3 f x £ 6
x) =1 P ’ 11.48
o) {0 ifx = 0. (149

Since F(#) = 6, by assumption, the operator F is also continuous and bounded.
Moreover, if F is tT-homogeneous (see (7.29)), then F + is also T-homogeneous.
However, neither the linearity nor the compactness of F carry over to F1, as the
following simple example shows.
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Example11.8. In H = I, let L € £(H) be the projection on the first coordinate,
1.€.,
L(x1,x3,x3,...):=(x1,0,0,...).

Then L is certainly compact, but

2
1 1]
L~(x1,x2,%3,...) 1=

L _(xlv X2, X3, ... )'
12

is not. In fact, L+ maps the element e + ey, with ey = (8¢ ), denoting the k-th basis
sequence, into the element (e] + ) /2. Q@

Of course, the reason for the noncompactness of L+ in Example 11.8 is that the
identity is never compact in an infinite dimensional space. Consequently, the operator
F+ can be compact only if (F(x), x) # 0 at most on a finite dimensional subspace of
H.

For further reference we collect now some properties of the operator (11.47) in
the following

Lemmall4. For F,G € €(H) and A € K, the following is true.
(@ Ftt=Ft

) (F+G)t=Ft+Gh

(c) (AF): =iFt.

(d) F* = Fifand only if F(x) = @(x)x for some continuous function ¢: H — K
with ¢(0) = 0.

() [Ftlg <I[Flo.
() [Ftlq <[Flq

Proof. The properties (a)—(d) are easy to verify, while the estimate

Ft F
| F~(x)l — lor)| < | F o)l
x|l x|l

implies both (e) and (f). O

Following Furi, Martelli and Vignoli, we define a numerical range for F' € €(H)
by
Wemv (F) := 0(F1), (11.49)

where oq denotes the spectral set (2.29). In other words, we have

Wrmv(F) = {d € K : ¢Fr(x,) — X for some unbounded sequence (x,),}. (11.50)
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To illustrate this definition, let us check what (11.49) means for L € £(H). In this
case LT is 1-homogeneous and we get

Wemvy (L) = aq(LT)

ax — Lt
={AeK:liminfM=0}

llcl— o0 llx]I

= {k eK: inf ||ax — Lt(x)| = O}
llxl=1

= {x eK: inf |A — (Lx,x)] =0}
lx[=1

= W(L),

with W (L) given by (11.1). So, for linear operators we get, up to closure, the familiar
definition of numerical range. Putting as before

wemy (F) := sup{[A| : A € Wrmv (F)}, (11.51)

we have the following properties which are parallel to Proposition 11.4.

Proposition 11.5. The numerical range (11.49) has the following properties
(F,G: X — X continuous and bounded, i € K):

@) Wemv(F 4+ G) € Wemv(F) + Wemv(G) if [F*]q < oo.

(®) Wemv(rF) = pWemv (F).

(©) Wrmv(F;) = Wemv (F), where F,(x) = F(x) + z.

(d) Wemv(nl — F) = {u} — Wemv (F).

(e) Wemv (F) is bounded for F* € Q(X), with wpmy (F) < [F+]o.

Proof. (a)GivenA € Wpmy (F+G) = oq(F L4+ G1), choose an unbounded sequence
(xn)n in H suchthat o r (x,) +@g(x,) = X asn — oo. Since the sequence (¢F (x,))x
is bounded, by our hypothesis [F l]Q < 00, we may assume that o (x,) — u € K,
passing to a subsequence if necessary. Consequently, ¢ (x,) — A — u. By (11.50),
this means precisely that u € Wrpmv (F) and A — u € Wrmv (G).

The assertion (b) follows from the equality ¢, = we@p, while (c) follows from

the equality

(F(x) + 2. x) (z, x)
= +
x| ere e

and the fact that the last term tends to zero as ||x|| — oo. Finally, the equality
oui—F(x) = — @r(x) implies (d), and (e) is a direct consequence of the definition
of Wemv (F) and (2.33). O

¢F,(x) =

Observe that from Lemma 11.4 (b), (c) and (f) we may deduce that

A — Fg = [ — F) g < M — Flg,
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and so
oq(F) € Wemv (F)

which is analogous to (11.5) and (11.44). The following Theorem 11.6 gives some
information on the topological structure of the numerical range (11.49).

Theorem 11.6. Let H be a complex Hilbert space, and suppose that F € €(H)
satisfies [ F J']Q < 00. Then the set Wpvv (F) is nonempty, connected, and compact.

Proof. We claim that

Wemv (F) = ﬂ or(H \ B,(H)). (11.52)
neN

Indeed, for A € Wgmv(F) we find a sequence (x,), in H with ||x,|| > n and
or(xp) > A asn — oo. Now, if A &€ or(H \ B, (H)) for some m € N, we
may find a neighbourhood U, of A such that U, Ngr(H \ B,(H)) = #forn > m. On
the other hand, pfr(x,) € ¢r(H \ B, (H)), because ||x,|| > n, and so ¢r(x,) & Uy,
contradicting the fact that ¢ (x,) — A.

Conversely, if A belongs to the intersection in (11.52), we may find a sequence
(x5)n With ||x, || > n and ¢F(x,) — . This implies that A € O'q(FJ‘), and so (11.52)
is proved.

Now, the assumption [F J-]Q < oo implies that the set o (H \ B, (H)) is bounded
for sufficiently large n € N. Moreover, H \ B, (H) is nonempty and connected, and
sois ¢ (H \ B, (H)). Thus, the assertion follows from the representation (11.52) and
the fact that a decreasing sequence of nonempty, connected, and compact sets is also
nonempty, connected, and compact. O

Let us compare now the numerical ranges (11.27) and (11.49).  Since
Wz(L) = W(L) for L € £(H), but Wemv(L) = W(L), we have the strict in-
clusion Wz(L) C Wgmv (L) for the operator L from Example 11.2, and so Wepmy (F)
need not be contained in Wz (F'). The following example shows that Wz(F') need not
be contained in Wgnmv (F) either.

Example 11.9. Let F: R — R be defined by

Fo) x| if|x[ <1,
X) =
Vx| if x| > 1.

Since F is Lipschitz continuous with F(0) = 0, both Wz(F) and Wgyv (F) are
defined. Clearly,
signx if |x| <1,
pr(x) = sign x
Vx|

if |x]| > 1
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in this case, and so

Wiy (F) = | 1im S8 _ oy
= 1m = .

FMV e TR

On the other hand, the set

(F(x) —F()x —y)
lx —y? ’

Wz(F)={ x#y}=[—1,1]

is strictly larger than Wepv (F). Q

Let us briefly illustrate an application of the numerical range (11.49) to complex
systems of differential equations. In the following proposition we denote by C_ the
left half-plane of all z € C with Rez < 0.

Proposition 11.6. Let F: C" — C" be continuous with [FL]Q < 00. Assume that
there exists a linear isomorphism L: C" — C" such that Wemv(LFL™!) € C_.
Then all solutions z = z(t) of the autonomous system of differential equations

z2=F(2) (11.53)
are bounded as t — oo.
Proof. Putting w := Lz, the system (11.53) is transformed into the system
w=LFL ' (w) = G(w). (11.54)

Therefore it suffices to show that all solutions w = w(#) of (11.54) remain bounded
as t — oo. Since the numerical range Wrymy(G) is compact, by Theorem 11.6,
and contained in C_, by assumption, we find a § > 0 such that ReA < —p8 for
all A € Wgmv(G). On the other hand, from the definition of the numerical range
Wemv (G) = orq(GJ-) it follows that there exists R > 0 such that

Re(G(w), w) < —Bllwl*  (lw] = R).

Now, for any solution w = w(¢) of (11.54) we have

d
EIIW(I)II2 = (@), w®)) + (w), w)) = 2Re(G(w)(®), w(®)).

The last term in this equality is negative if ||w(¢)|| > R, and this certainly implies that
w = w(t) is bounded. O

For the remaining part of this section, we discuss a certain analogue to the nu-
merical range (11.49) for Banach spaces. Let X be a Banach space with duality map
(11.14), and consider the multivalued map ¢r: X \ {8} — 2K defined by

(F(x), £x)
112

pr(x) = { Uy € ;’D(x)} . (11.55)
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The numerical range in the sense of Conti and De Pascale is then defined by

Wep(F) = () ¢r (B-(X) \ {6]) (11.56)

r>0

In other words, we have A € Wcp(F) if and only if there exist sequences (x;), in
X\ {6} and (¢,), in X* such that x, — 6, £, € D(x,), and

(F(xn), €n)

— A (n—> 00).
[EAE

If X = H is a Hilbert space, we have of course (F(x), £,) = (F(x), x), and so the
Conti—De Pascale numerical range (11.56) may be considered as a “local analogue”
to the “asymptotic” Furi-Martelli—Vignoli numerical range (11.50).

Theorem 11.7. Let X be a real Banach space with dim X > 2 and F: X — X be
continuous and bounded. Then the set Wcp (F) is nonempty, connected and compact.

Proof. By construction, the closure of the set (B, (X) \ {8}) is a closed interval
for all ¥ > 0. On the other hand, the boundedness of F implies that the map (11.55)
is bounded on X \ {#}. So it remains to observe that the numerical range (11.56) is
representable as a decreasing family of nonempty compact intervals. O

It seems somewhat strange that Theorem 11.6 is formulated in complex Hilbert
spaces, while Theorem 11.7 is formulated in real Banach spaces. The following
example shows that, surprisingly, Theorem 11.7 is in fact false even for X = C.

Example 11.10. Let F: C — C be defined by

0 ifz =0,
2

F(x)=F(x+iy) = {7 if [yl < |z1¥/2,
2 . . Y .
o = Il ix(signy + ) if Iyl > P2

Then F is continuous on the whole complex plane, and

0 ifz =0,
0F(2) = pr(x +iy) = { 772 if |y| < 1272,
3z i signy if [y| > |Z|3/2-

By considering sequences z; := iy, one sees that =i € Wcp(F). More precisely,
one can show that Wcp (F) consists precisely of the two horizontal lines Im z = %1,
and so it is neither compact nor connected. Q
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11.4 Numerical ranges and Jordan domains

The question arises whether or not (11.43) may be sharpened for other operators than
those stated in Theorem 11.5. To study this problem, we need a further definition.
Recall that a closed set J C C is called Jordan domain if C \ J is connected.
Observe that an analogous definition in R is not interesting, since a bounded nonempty
subset of R has never a connected complement.
Given a bounded set M C C, we call the set

joM := ﬂ{] :M C J c C, Jclosed Jordan domain} (11.57)

the Jordan hull of M.

Lemma 11.5. The Jordan hull (11.57) has the following properties:
(&) M = joM implies that M is a Jordan domain.

(b) M C N implies thatjoM < joN.

(c) MCjoM CcoM.

Proof. The assertions (a) and (b) are immediate. The first inclusion in (c) follows
from the fact that we only consider closed Jordan domains in (11.57), while the second
inclusion is a consequence of the fact that every compact convex subset of the complex
plane is a Jordan domain. O

It is easy to find examples for strict inclusion in (c). Thus, the following result is,
at least theoretically, an improvement of Theorem 11.4.

Theorem 11.8. Let X be a Banach space and F € £ip(X). Then
ok (F) € jo Wmr (F). (11.58)

Proof. Suppose that there exists a A € og (F) \ jo Wur(F). Fix p € C\ [ox (F) U
jo WMmr (F)]. Being connected and open, the set C\ jo Wr (F) is pathwise connected,
and hence we may find a continuous map y: [0, 1] — C \ jo Wpmr(F) such that
y(0) = A and y(1) = . Butsince A € og(F) and u ¢ og(F), there is some
T € (0,1) such that v := y(t) € dog(F). From (5.13) and (11.44) it follows that
v € Wumr(F) C jo Wmr (F), a contradiction. ]

We conclude this section with a series of further examples which we already
considered before.

Example 11.11. Let X = C? and F(z, w) = (W, —Z). Then ok (F) = #, since the
operator

W — F) 'z, w) = (Az+w Aw_z)

A2 417 A2 +1
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is a lipeomorphism for each A € C. On the other hand,
Wz(F) = WMmr (F) = Wemv (F) = Wep(F) = {0},

as one sees by a direct calculation. Note that (F(z, w), (z, w)) = 0 in this example. ©

Example11.12. Let X = C? and F(z, w) = (W, i7). Then ox (F) = @, as we have
seen in Example 3.18. On the other hand,

Wz(F) = WMr(F) = Wemv(F) = Wep(F)
={(1+Dzw: |z + |w* = 1}
={LeC: A <1/v2}

again by a direct calculation. V%

Example 11.13. Let H be an infinite dimensional Hilbert space, ¢ € S(H), and
F(x) := |lx|le. Then
ok (F) = D. (11.59)

To see this, observe that the operator A/ — F is not onto for || < 1. Infact, fixz L e,
and suppose that the equation Ax — F(x) = z has a solution X. Scalar multiplication
by (-, e) yields then A(x, e¢) — || || = 0, and so

X1 = 1AL, e)] < AL 1IXI,

a contradiction. So D C ok (F); since [F]Lip < 1 and ok (F) is closed, we have
proved equality (11.59).

Moreover, from Theorem 11.5 (c) or (d) we know that Wz(F) = Wyr (F) 2 D.
But one may show easily that

[0l — 1yl

W2 (F) = War (F) = { e A y} _D,
<es xn) ™
Wemv(F) =31 e C: ” — A for some ||x,|| > cot =D,
Xn
and
<e9 xn) Py
Wep(F) =312 €C: ” — A for some ||x,|| — 0} =D,
Xn

and so all numerical ranges coincide. Q
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11.5 Notes, remarksand references

Numerical ranges and radii for linear operators have applications in matrix theory,
numerical analysis, operator theory, system theory and even quantum mechanics.
There are not only useful for “localizing” the spectrum, as mentioned above, but
also for studying the convergence of iterative processes (see, e.g., [104] for a recent
example of such an application). Now there exist many definitions of numerical ranges
for linear and nonlinear operators; we try to describe some of them in what follows.

As remarked in Section 11.1, the first definition (11.1) of a numerical range for
bounded linear operators in Hilbert spaces is due to Toeplitz [251]. We intentionally
have confined ourselves to complex Hilbert spaces in Section 11.1, because in the real
case many of the elementary properties of the numerical range are not true. Moreover,
the structure of the numerical range W (L) is rather poor in real Hilbert spaces: it is
always an interval whose endpoints are inf{(Lx, x) : ||x|| = 1} and sup{(Lx, x) :
llxll = 1}.

The properties of W (L) stated in Proposition 11.1 (f), (h), (j) and (k) have been
proved in [251], [80], [243], and [190], respectively, the other properties are rather
elementary. The properties of the numerical radius w(L) given in Proposition 11.2
may be found in [212], together with an elementary proof of the algebraic identity
which we used for the assertion (f). The paper [212] also contains the following
interesting counterexample to the natural conjecture w(LM) < w(L)w(M).

Example11.14. Let L: R* — R* be defined by
Lx,y,u,v):=Q+4+u+v,u+v,v,0).

Then L, L%, and L3 correspond to the (nilpotent) matrices

01 1 1 001 2 000 1
_lo 0o 11 » o o 01 ; oo oo
L=1o 00 1]" “=loooo|l" “=loo oo

0000 0000 0000

A straightforward calculation shows that w(L) < 1 and w(l?) = w(l?) = 1/2.
Consequently, putting M = L? we have w(LM) > w(L)w(M). Q@

From Proposition 11.2 it follows that w(L") = w(L)" ifand only if w(L) = r(L).
Clearly, the operator L in Example 11.14 has spectral radius zero.

We remark that Németh [201] defines some kind of Dini derivative for nonlinear
operators in the Euclidean space R" which seems to be related to Toeplitz’ numerical
range. Given a continuous operator F: R” — R", the limits

F(x) := lim sup (F(x) — F(y),zx —y)
o Ilx = Il
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and

FY(x) := lim inf (F(x) = F(y),zx —y)
o Ix =yl

are called the upper and lower scalar derivative, respectively, of F at x. This derivative
allows one to get information on the “monotonicity behaviour” of ' on convex subsets
of R". Moreover, if F is Fréchet differentiable at x with derivative L := F’(x), then

F/(x) = sup W(L) = max{|A| : A € o (3(L + L*))}
and

FY(x) = inf W(L) = min{|A| : » € o (J(L + L*))}.

There are several books and monographs on numerical ranges, mainly for bounded
linear operators in Hilbert or Banach spaces. Among them we mention the classical
books [45], [46], [146] and the more recent monograph [143].

Toeplitz’ definition was extended to the Banach space case by Bauer [34], again
for bounded linear operators, by means of the duality map (11.14). We remark that in
the thesis [82], from which we have taken some results and examples in this chapter,
the duality map of a Banach space X is defined by

D(x) = {lr € SX*) 2 (x, £x) =[x} (x #6). (11.60)

By the classical Hahn—Banach theorem, the set !lﬁ(x) is nonempty for every x € X.
The usual duality map (11.14) is of course related to the map (11.60) by

D(x) = ol ) (x £ 6).

llxll

A Banach space X is smooth if and only if its norm is Gateaux differentiable on X \ {6};
this is sometimes taken as definition of smoothness. For example, the spaces /,, and
L, are smooth for 1 < p < oo, but not smooth for p = 1 or p = oo. Similarly, the
spaces c of convergent sequences and C of continuous functions are also non-smooth.
A useful sufficient condition states that a space X is smooth if its dual X* is strictly
convex. This and much more information on continuity properties of duality maps
may be found in the monograph [77].

Semi-inner products on linear spaces have been introduced and studied by Lumer
[179]; in our presentation we followed Martin’s book [184]. Lumer’s original defi-
nition (11.23) of the numerical range W (L; [ -, -]), which was announced in [180],
dependson|-, -] € sip(X). However, in [179] Lumer proved the remarkable formula

supfRe A : A € WL(L; [+, -} = M[L],

where M[L] denotes the logarithmic norm (5.45) of L in the sense of Dahlquist [69].
From this formula it follows in particular that the set co Wy (L; [ -, -]) is actually
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independent of the choice of a semi-inner product [ -, -] on X. The numerical range
in the sense of our definition (11.24), i.e.,

wurny = |J wusil, D

[+, lesip(X)
was apparently considered first by Williams [276]; he also proved that
o(L) € WL(L; [+, -] (11.61)

for all [-, -] € sip(X), which of course implies our Theorem 11.1. Zenger [288]
proved independently the inclusion

coo(L) € Wg(L) (11.62)

for Bauer’s numerical range (11.17); this is analogous to the inclusion (11.2) for
Toeplitz’ numerical range. However, in contrast to the numerical range W (L) in
Hilbert spaces, Bauer’s and Lumer’s numerical ranges need not be convex, as we
have seen in Example 11.5 which is Example 1 in Section 11 of the book [45]. An
analogous example in the space X (see Example 11.6) was given earlier by Nirschl
and Schneider [207]. On the other hand, it was shown in [44] that the numerical range
WgL(L) is always connected. Example 11.6 which shows that this is not true for the
numerical range (11.23) is also taken from [44]. The fundamental Theorem 11.1 is
Theorem II1.7.2 in the book [184].

The first one who defined a numerical range for nonlinear operators in Hilbert
spaces seems to be Zarantonello [282], this explains the subscript in our definition
(11.27). He also announced and proved Theorem 11.1 in [282], [283]. In these papers
one may also find a certain “local” version of (11.27), namely

WR(F) = () Wz (F:r), (11.63)

r>0

where

(F(x) = F(y),x —y)
lx = ylI2

This local numerical range seems to be of interest for some nonlinear problems and

was considered first, apparently, by Minty. As definition (11.56) shows, the numerical

range Wcp (F) introduced by Conti and De Pascale is also of local nature. Lemma 11.1

and Theorem 11.2 are taken from [282].

It is difficult to say who was the first to define a numerical range for nonlinear
operators in Banach spaces through the duality map (11.14); our definition (11.32) is
close to that given by Rhodius [223] for locally convex spaces. The definition (11.38)
which builds on semi-inner products is taken from the book [184]. We remark that
Verma [264]—[267] replaces (11.38) by

[Fx.x]1+[F(y) = FQ).y —zl
lxl1Z + [ly — zlI? tx #0,y #z} (11.64)

WZ(F;r)::{ :O<||x—y||§r}.

Wy(F;[-, -] 22{
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forafixed [ -, -] € sip(X) and repeats many results from the book [184] for (11.64).
For instance, he proves in [266] that

ok (F) ScoWy(F;[-, -] (11.65)

forevery [ -, -] € sip(X). Our Lemmas 11.2 and 11.3, as well as Theorem 11.4, may
be found in [184]. Theorem 11.5 gives various sufficient conditions for the inclusion
(11.43) which is apparently stronger than (11.42). In particular, condition (e) was
considered by Edmunds in [101] in case of reflexive complex spaces. The general
case is Proposition IV.1.4 in the book [184]; our proof is based on Theorem 4.2.
Theorem 11.5 (d) and Example 11.7 are taken from Dorfner’s thesis [82].

One of the earliest papers on numerical ranges for nonlinear operators on spheres
in Banach spaces is [44]. The authors of [44] first introduce another duality map on
S(X) by

Be) :={l € S(X*):(e,t) =1} (e € SX)). (11.66)
Given a continuous operator F': S(X) — X, they define then a numerical range by
Waes(F) = U {(F(e),?) : £ € B(X)}. (11.67)
eeS(X)

This numerical range is related to Feng’s numerical range (11.35) in the following
way. If Fj: X — X denotes the 1-homogeneous extension (6.7) of F: S(X) — X,
i.e.,

I F () ifx #06,

6 ifx =86,

then (F1(x), €) = [lx[I{(F (x/[lx])), £), hence

Fl(x)=:

B(py) = L€ SKXM 1 (x, 0 = |Ix]l} = D) x|

flxll

Consequently,
Fi(x), ¢
We(r) = | {M e :D(x)uxu}

16 llx 1l

-U {(F(ﬁ),ﬁ) le JB(ﬁ)} (11.68)
xX#0

= U {(F(e),2): € e Ble)} = Wpcs(F).
eeS(X)

The numerical range (11.50) was introduced in the Hilbert space case by Furi,
Martelli and Vignoli in [122], where one may also find Theorem 11.6 and the appli-
cation to differential equations which we stated as Proposition 11.6. It is well known
that all solutions z = z(¢) of the linear differential equation

z=Az, (AeLC")
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are bounded as t — oo if 6(A) € C_. However, this condition does not imply
that W(A) € C_. On the other hand, the following useful result is proved in [122]:
for any open set U 2 coo (A) there exists an isomorphism L € £(C") such that
W(LAL Y cU.

The extension (11.56) of the numerical range of Furi, Martelli and Vignoli was
proposed by Conti and De Pascale [66], even for multivalued operators F. The relation

Wep(F1) = Wees(F) (11.69)

for an operator F: S(X) — X and its 1-homogeneous extension F] is analogous to
(11.68).

We may summarize our discussion on numerical ranges in the hierarchy contained
in the following table.

Table 11.1
’ H F linear \ F nonlinear ‘
X Hilbert space Toeplitz (1918) | Zarantonello (1964)
X Hilbert space Furi—-Martelli—Vignoli (1978)
(asymptotic range)
X Banach space Bauer (1962) |Rhodius (1976)
(via duality map) Dorfner (1996)
Feng (1997)
X Banach space Lumer (1961) | Martin (1976)
(via semi-inner products) Verma (1991)
X Banach space Conti—De Pascale (1978)
(local range)

Moreover, the following tables (for linear operators) and (for nonlinear operators)
contain the most important topological properties of the numerical ranges discussed
so far.

Table 11.2
’ H closed \ convex \ connected
W(L) no (a) yes yes
WL(L; [, -]) | no (a) no (b) no (c)
WgL(L) no (a) no (b) yes (d)
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Table 11.3
’ H closed \ connected
Wz (F) no (a) yes
Wwr (F) no (a) yes (d)
Wg(F) no (a) no
Wy (F;[-, -] |no (a)
Wacs(F) no (a) yes (d)
Wemv (F) yes (f) yes (f)
Wep (F) yes (d)/(e) yes (d)/(e)

(a) see Example 11.2; (b) see Example 11.5; (c) see Example 11.6;
(d) unless X =R; (e) if K=R; (f) ifK=C.

All definitions and results in Section 11.4 are taken from Dorfner’s paper [81], see
also [10]. To see that Theorem 11.8 is a proper extension of Theorem 11.4, one should
find a Banach space X and an operator F: X — X such that

WMR (F) C ok (F) = jo Wmr (F) C €0 Wmr (F). (11.70)

By Theorem 11.5, in such an example X cannot be Hilbert, real, or finite dimensional,
and F cannot be differentiable or compact. Moreover, (11.44) implies that the strict
inclusion o3, (F) C ok (F) must hold for such an operator. We do not know of any
such example, and probably this is a hard problem.

On the other hand, we do not know either if (11.43) is true for every F' € Lip(X)
in a smooth Banach space X. Dorfner has shown in [82] that the set of all operators
F e Lipy(X) satisfying (11.43) is a closed subset of L£ipy(X). Itis not clear, however,
whether or not this set is also open in £ip(X), and hence coincides with Lip(X).

Numerical ranges have been generalized in various directions. For example,
Williams [276] has proved the following theorem for “pairs” of operators.

Theorem 11.9. Let H be a complex Hilbert space, F : H — H bounded and contin-
uous, and G € Lip(H) with 0 & Wz(G). Suppose that ) € C satisfies

¢ {% e Wa(F),v e WZ(G)}.

Then the operator \l — FG™': H — H is a lipeomorphism.

Theorem 11.9 implies that

ok (FG~Y) C {% e Wi(F),ve WZ(G)}.
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Of course, putting G = I in Theorem 11.9 we get for F' € L£ip(H) again the inclusion
(11.28) which states that A/ — F is a lipeomorphism for A & Wz(F).

As soon as one defines numerical ranges in a Banach space X through duality maps,
one has to take into account the dual space X*. This was a motivation for Canavati
[59] to introduce a very general numerical range for operators F: X x X* — X in
the spirit of [122] and [66]. To this end, Canavati replaces the auxiliary maps (11.48)
and (11.55) by the map ¢r: X x X* — K defined by

er(x,0) = HEW, 5 (xeX, LeX.
Il €l
Finally, we mention that Pietschmann and Rhodius [220], [223]-[226] have defined
and studied numerical ranges also in locally convex spaces; we briefly describe their
construction. Let E be alocally convex space with a generating family 4 of seminorms
p: E — K,andlet F: E — E be continuous and bounded. For each p € &, denote
by N(p) the set of all x € E such that p(x) = 0, and consider the duality map

Dp(x) :=1{lx € E*: {x, &) = L, [(y, &) < p(»)/p(x) y € )} (1L.71)

for x € E\ N(p). Using this duality map, Rhodius defines a p-dependent numerical
range by

WR,p(F) = U {(F(x) — F(y), ex—y) : Zx—y € oer(x - (11.72)
px=y)#0
Of course, in a Banach space X with p(x) = ||x|| the map (11.71) simply becomes
Dy ) :={€ € S(X*): (e, £) =1} = B(e) (e € S(X)),

which connects (11.72) to the numerical range (11.67) of Bonsall-Cain—Schneider.
Interestingly, the numerical range (11.72) is related to the Rhodius spectrum og (F)
for continuous operators F which we discussed in detail in Chapter 4. In fact, Rhodius
[225] proves that

oR(F)\ or(FInp)) € Wrp(F) (peP),

where N(p) = {x € E : p(x) = 0} as above. Finally, we remark that applications of
numerical ranges to the geometry of Banach and locally convex spaces may be found
in [220].



Chapter 12
Some Applications

In this chapter we discuss some selected applications of various nonlinear spectra,
with a particular emphasis on the Furi-Martelli—Vignoli spectrum and the Feng spec-
trum. In the first two sections we consider general solvability results for equations
involving a single nonlinear operator, or a “semilinear pair” of operators. Afterwards
we illustrate the applicability of such results to boundary value problems. Bifurcation
and asymptotic bifurcation points of nonlinear operators are treated in the following
section. Finally, we show how the spectral theory for homogeneous nonlinear opera-
tors from Section 9.6 can be applied to derive a nonlinear Fredholm type alternative
which in turn gives an existence and perturbation theorem for the eigenvalue problem
of a nonlinear elliptic equation involving the p-Laplace operator.

12.1 Solvability of nonlinear equations

As we have seen in Chapter 2, the spectral sets (2.28)—(2.31) have a natural meaning
in the linear case. Thus, the three sets o;,(L), 0, (L) and o (L) all coincide with the
approximate point spectrum (1.50), while the set o, (L) coincides with the “left Fred-
holm spectrum” from (1.65). For L € £(X), these subspectra give precise information
on the solvability of the linear equation

Aax—Lx=y (yeX). (12.1)

So one could ask to what extent the spectral sets (2.28)—(2.31) also provide information
on the solvability of the nonlinear equation

MM—Fx)=y (yeX). (12.2)

We already know that A € oy;,(F) implies that the operator Al — F' is injective
(Proposition 2.1 (a)), and hence that the equation (12.2) has at most one solution for
fixed y. On the other hand, none of the relations A € oy (F), A € op(F),0r A € 0g(F)
implies the surjectivity of A/ — F even in the linear case, as is shown by the right-shift
operator (1.38). Nevertheless, we may give a positive result for all scalars which are
“far enough” from each of these spectral sets. As before, for a nonempty compact
subset ¥ € C we denote by coo[ 2] the unbounded connected component of C \ X.

Theorem 12.1. Suppose that F € A(X) and put [F]a =: p. Then equation (12.2)
has a solution for all y € X provided that one of the following 6 conditions on F and
A is satisfied:
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(@ FeQX)and: € coolog(F)UD,].

(b) F e R&X)NQX)and : € coolog(F) U {0}].

() F eB(X)and: € coolop(F)UD,].

(d) FeKX)NB(X)and X € coolop(F) U {0}].

(e) F e Lip(X)and ) € cooloip(F)UD,].

() F e A(X) N Lip(X) and A € coolonp(F) U {0}].

Proof. The statement (a) has already been proved by degree-theoretical methods in
Theorem 3.7, and (b) is of course a special case of (a). The statements (c)—(f) are

proved similarly, taking into account that og (F') is the smallest of the three subspectra
(2.28)—(2.30). O

As we have seen in Chapter 9, to enlarge the applicability of spectral theory one
has to replace the identity in (12.2) by some “well-behaved” nonlinear operator J.
Consequently, we consider now the more general problem

M) —Fx)=y (yeY), (12.3)
where F and J are continuous nonlinear operators between two Banach spaces X and
Y satisfying some additional conditions to be specified below.

Theorem 12.2. Suppose that F € A(X,Y), and J: X — Y satisfies v(J) > 0. Fix
A € Kwith [ Mv(J) > [Fla, and let
S={xeX:A(x)=tF(x) forsomet € (0, 1]}. (12.4)

Then either S is unbounded, or the operator AJ — F is k-epi on Q for some Q €
OBE(X) and every k < |A|v(J) — [F]a.

Proof. We apply Property 7.4 of k-epi operators to the operator Fy := AJ and the
homotopy H(x, t) := —tF(x). For M C Q we get the estimates

a(HM x [0, 1])) < a(co(F(M) U{0}) = a(F(M)) < [Flaa(M).

So, if the set (12.4) is bounded, we may find Q2 € DBE(X) such that SN IN = @.
From Property 7.4 we conclude that the operator Fo + H(-, 1) = AJ — F is k-epi on
Qfor0 <k < |Alv(J) — [F]a as claimed. |

Observe that we could have also used the Rouché type estimate (7.17) for the proof
of Theorem 12.2. This would require to show that

[A] sup ()| < inf [[F(x)l

x€dQ x€0Q2
for some Q € OBE(X), but without using the set S in (12.4). The following gives a
parallel result for stably solvable operators and may be proved as a direct consequence
of the Rouché type estimate (6.6).
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Theorem 12.3. Suppose that F € A(X,Y) N Q(X,Y), and J: X — Y satisfies
w(J) > 0. Fix , € Kwith |A|pn(J) > max{[F]a, [Flq}. Then the operator AJ — F
is k-stably solvable for every k < |A|w(J)—max{[F]a, [Flq}. Inparticular, equation
(12.3) has a solution x € X for everyy € Y.

We illustrate Theorems 12.2 and 12.3 by means of an application to nonlinear
integral equations. We start with a Hammerstein integral equation of the form

1
Ax(s) —f k(s,0) f(t,x(1))dt = y(s) (0 =<s=<1). (12.5)
0

The nonlinear Hammerstein operator

1
H(x)(s) =/ k(s,t) f(t,x(2))dt (12.6)
0

defined by the right-hand side of (12.5) may be viewed as composition H = K F of
the nonlinear Nemytskij operator

F(x) (1) = f(z, x(1)) (12.7)

generated by the nonlinearity f and the linear integral operator

1
Ky(s) =f0 k(s,t)y(t)dt (12.8)

generated by the kernel function k. We suppose that k: [0, 1] x [0, 1] — R is
continuous and f: [0, 1] x R — R satisfies a Carathéodory condition. Moreover, we
assume that f satisfies a growth condition of the form

|f(t,u)] <a@)+b@)|lul O0O<t=<1, uekR), (12.9)

with two functions a, b € L{[0, 1]. In what follows, we write ||x||; for the L{-norm
and ||x|| o for the C-norm of a function x. Moreover, we define a scalar function x by

k() == 0max1 lk(s, )] (O0<t<1). (12.10)

<s<

Observe that, by well-known formulas for the norm of a linear integral operator, the
norm ||« || is then precisely the operator norm of the linear operator (12.8) in the space
Cl0, 1].

Proposition 12.1. Suppose that |A| > ||kb||1, where k(t) is given by (12.10) and b
is from (12.9). Then the equation (12.5) has a solution x € CI[0, 1] for y(s) = 0.
Moreover, if a(t) = 0 in (12.9), then equation (12.5) has a solution x € C|[0, 1] for
everyy € C[0, 1].
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Proof. We apply Theorem 12.2 in X = Y = C[0, 1] with J = I. Since the operator
(12.6) is compact in X, we see that [A] — H], = |A| > 0. Now we distinguish two
cases for A.

Suppose first that A & op(H), i.e., [\l — H]p > 0. Consider the set

S={xeX:Ax =tH(x) for some t € (0, 1]}. (12.11)
By assumption, for x € S we have

Al lIx]loo < 1H () lloo < llcallt + lkbl1]Ix]l oo,

hence
llcally

XMoo < 77—
|Al = lIkDll1

which shows that the set (12.11) is bounded. From Theorem 12.2 we conclude that
the operator Al — H is k-epi on X for k < |A|, i.e., v(Al — H) > 0. Together with
our assumption [A] — H]p > O this implies that A € pr(H), and so the equation
H(x) = Ax has a solution.

Suppose now that A € oy(H), i.e., [Al — H]p = 0. Then we may find a sequence
(x)n in X such that

1
lAxp — H(xp)lloo < ;”xn”oo

and thus

1
IAH1xnlloo = llealls = llkbllilxalloo = —ll¥nlloo,

hence

1
(I?\I — liebllr = ;) [xnlloo < llkalli.

This shows that the sequence (x;), is bounded, because |A| > ||«b|;. Consequently,
IAx;, — H(xp)|loo = 0 asn — oo. Denoting M := {x1, x2, x3, ...}, from

(A — Hlaa(M) < a((M — H)(M)) =0

we see that (x,), has a convergent subsequence, and the limit of this subsequence is
certainly a solution of the equation H (x) = Ax.

To prove the last assertion, assume that a(z) = 0. Then the Feng spectral radius
(7.22) satisfies the estimate

H 00
re(H) < max{[H]a, [H]g} = sup TH ) oo < ll«bll1,

x20  |1Xlloo

and so A € pp(H) for |A| > ||kD]. O
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As second example let us consider the Uryson integral equation of second kind

1
Ax(s) — / k(s,t,x()dt =0 (0<s<1). (12.12)
0

We are going to study the nonlinear Uryson operator

1
U(x)(s):/ k(s,t,x(t))dt (12.13)
0

generated by (12.12) in the space L,[0, 1]. To this end, we make the following
assumptions on the (continuous) nonlinear kernel function k: [0, 1] x [0, 1] xR — R:

1
sup |k(s,t,u)| < Br(s,t), M, := sup / Br(s,t)dt < o0, (12.14)
0

lul<r 0<s<l1

1
sup |k(s,t,u) —k(o,t,u)| < yr(s,o,t), lim / yr(s,0,t)dt =0, (12.15)
S—>0 0

lul<r

and

1
lk(s, t,w)| < w(s, )1+ u)), M:= // Vs, )2 dtds < oo. (12.16)
0

Proposition 12.2. Suppose that ||> > 4M. Then the equation (12.12) has a solution
x € Ly[0, 1].

Proof. We apply Theorem 12.21in X =Y = L;[0, 1] with J = [I. It is well known
that, under our assumptions (12.14)—(12.16), the operator (12.13) is compact in X.
Moreover, for any x € X one has the estimates

2

1
U6 < (/ k(s,t,x(t))dt)
0

1
< (/ w(s,z)<1+|x(z>|>dz>
0
1 1
< (f ¢<s,t)2dr> (f <1+|x(t)|>2dt)
0 0

1
<4 </ x/f(s,z>2dr) (1+ [1x%),
0

where in the last step we used the fact that (a + b)? < 27(a? + b?) fora, b > 0 and
p > 1. Consequently,

2

1
IU@)|* <4 (// W (s, 1) dt ds) (14 x?) < 4M + ||Ix||?).
0
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We now distinguish again the two cases [Al — U]y, > 0 and [Al — U]y, = 0. In the
first case the set

S={xeX:Ax =tU(x) forsomer € (0, 1]}.
is again bounded, because every x € § satisfies
AP X0 < 10 @)1 < 4M (1 + |1,
hence

aM
Ix|> < ———.
A2 —4M

By Theorem 12.2, the operator Al — U is k-epi for k < |A|, and so A € pr(U) as
before.

Assume now that [A./ — U], = 0. Then we may find a sequence (x,), in X such
that

1
[Axn = Uxn)|l < ;lenll-

We claim that the sequence (x,), is bounded. In fact, the estimate

1
lxall = AT IxA = 1D Gl = 1A x| = 2V M VT + AR

implies that

1 2
A —2vM ( + 1) <-.
[l 112 n
Letting n — oo, the unboundedness of (x,), would give |A| < 2V M, contradicting
our choice of A.
So we have proved that the sequence (x,), is bounded. The remaining part of the
proof goes as in Proposition 12.1. O

12.2 Solvability of semilinear equations

Now we are going to discuss some applications of the spectral theory for semilinear
pairs (L, F) introduced in Sections 9.1 and 9.2. Solet X and Y be two Banach spaces,
L: X — Y alinear Fredholm operator of index 0, and F: X — Y nonlinear. We will
be interested in solvability results for the equation

AMx—Fx)=y (yevY). (12.17)

We use the same terminology as in Chapter 9. So we consider the decompositions
X=N(L)®XoandY =Y9® R(L),anddenoteby P: X - N(L)and Q: Y — Yy
the corresponding projections. Moreover, we write Lp := L|x,: Xo — R(L) and
Kpg = L;l(l— 0): Y — Xp,anddenote by I1: ¥ — Y/R(L) the natural quotient
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mapandby A: Y/R(L) — N(L) the natural isomorphism induced by L. Of course, if
L is a bijection between X and Y, we simply have Xg = X, Yy = {0}, Px = Qy =0,
and Kpg = L=

Recall that we have called F: X — Y an (L, o)-Lipschitz operator (and used
the notation ' € A, (X, Y)) if [KpoF]a < oo. In particular, F is called (L, a)-
contractive if [Kpp F]a < 1, and L-compact if [Kpg F]a = 0. Asin Section 9.1 we
associate with L and F the map &, (L, F): X — X defined by

D) (L, F)(x) =A(I — P)x — (Al + Kpg)F(x) (A €K). (12.18)

In case of a bijection L this operator simply reduces to ®; (L, F) = Al — L™'F.
Before stating the first theorem, let us recall that the semilinear Feng spectrum is
defined as union

op(L, F)=0,(L, F)Uo,(L, F)Uow(L, F),

where A € o, (L, F) if ®,(L, F) is strictly epi, A € o,(L, F) if [®, (L, F)]a = 0,
and A € oy (L, F) if [®,(L, F)]p = 0. Moreover, A belongs to the point spectrum
(9.14) of the pair (L, F) if and only if the equation (12.17) has a nontrivial solution
x € Xfory=20.

Similarly, the semilinear FMV-spectrum is defined as union

where A € os(L, F) if ®;,(L, F) is not stably solvable, and A € og(L, F) if
[®, (L, F)]lq = 0. Every element in oq(L, F) is called an asymptotic eigenvalue
of the pair (L, F).

The following two theorems show that “in the direction of every sufficiently large
spectral value” one may find an eigenvalue of the pair (L, F) (in a sense to be made
precise).

Theorem 12.4. Suppose that F € 41 (X, Y) is 1-homogeneous. Let . € op(L, F)
with|A| > [Kpg Fla. Thenthere exists some v € (0, 1] suchthat A/t is an eigenvalue
of the pair (L, (I — Q)F).

Proof. Fix & € K with [A| > [KpgF]a, and suppose first that L € o,(Py(L, F)).
Then without loss of generality we may choose a sequence (e;,);, in S(X) such that

1
lAe, — APe, — (AIT+ Kpg)F(e,)| < - n=1,2,3,...).

From |A| > [KpgF]a it follows that [®, (L, F)], > 0. Consequently, the sequence
(en)n has a convergent subsequence, say e,;,, — e € S(X) as k — oo. By continuity,
we have ©, (L, F)(e) = 0, and so from the equivalence of the equations (9.5) and
(9.6) we conclude that

AMe=F(e)=QF(e)+ (I — Q)F(e).
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From F(e) € R(L), hence QF(e) = 0, we see that A € o,(L, (I — Q)F), and so we
may choose T = 1 in this case.
Now suppose that & & o,(D, (L, F)),ie., [P,(L, F)], > 0. Consider the set

S:={xeX:Ax —tAPx =t(AIl + Kpp)F(x) forsome ¢ € [0, 1]}. (12.19)

We distinguish two cases. First, assume that the set (12.19) is unbounded, and choose
a sequence (x,), in S with ||x, || — oo as n — oo. Putting e, := x,/||x,|| and using
the 1-homogeneity of F' we obtain

Aen — tyhPey — 1, (ATl + Kpo) F(e,) = 0 (12.20)

for some sequence (#,), in [0, 1]. Without loss of generality we may suppose that
t, — 1t € [0, 1] as n — oo. From (12.20) it follows that

|A|
sup —— =< AP+ IIATT+ Kpoll sup [[F(x)]| < oo,
n |

n lxlI=1

which means that the sequence (%), is bounded away from zero, and so 7 > 0. From
(12.20) we also deduce that

rey—TAPe,—T(ATI+Kpg)F(ey) = (ty—T)APey+(t,—1)(AII+Kpo) F(ey) — 0
asn — 00. Sothe set M := {e, e2, €3, ...} C S(X) satisfies
(M —tAP —t(ATI+Kpg) Flaa(M) < a((AM —tAP —t(ATI+Kpg)F)(M)) = 0.
From |A| > [Kpg F]a and the compactness of P and AIT we conclude that

[Al —TAP —t(AIl+ Kpp)Fla > 0,

and so (M) = 0. This means thate,, — e, as k — 0o, for some subsequence (e, )x
and e € S(X), and so

re —TAPe — (Al + Kpg)F(e) =0.
Since |le]| = 1 and A # 0 we get T # 0; moreover,
A — P)e —tKpoF(e) =tAPe— APe+ tAIlF(e) € N(L).
This means nothing else but
0 =ALe—ALPe—1tLKpgF(e)=ALe—1t(I — Q)F(e),

ie., A/t € op(L, (I — Q)F), and so the assertion is proved in case the set (12.19) is
unbounded.
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Finally, suppose that the set (12.19) is bounded, and choose R > O sufficiently
large such that § is contained in the open ball B (X). Then for every x € Sg(X) and
0 <t <1 we have

Ax — tAPx — t(ATI 4+ Kpg) F (x) # 6.

From Property 7.4 of epi operators we conclude that the operator (12.18) is strictly
epi on Bg(X). Moreover, our assumption [®; (L, F)]p > 0 and the 1-homogeneity
of F imply that ®, (L, F) is strictly epi on every ball B,(X). So we have shown that
A € pr(L, F), contradicting our assumption A € or(L, F). The proof is complete. O

Theorem 12.5. Suppose that F € (X, Y) satisfies [KpoFlg < oo. Let 1 €
ormv (L, F) with |X| > [KpoF1a. Then there exists some t € (0, 1] such that 1./t
is an asymptotic eigenvalue of the pair (L, (I — Q)F).

Proof. Fix A € Kwith |A| > [KpgF]a, and suppose that A & oq(L, (I — Q)F), i.e.,

. NALx — (I — Q)F(x)||
nf >

llxl}—o0 llxl

0. (12.21)

We claim that this implies that

®, (L, F
fiminf 1 2L DO (12.22)

llx]l—o00 llxl

as well, where @, (L, F) is the operator (12.18). In fact, if (12.22) is false, we may
find an unbounded sequence (x;), such that

[ @ (L, Bl _

1AL — P)xn — (ATT+ Kpo) F(xn)ll _

lim lim 0,
n—>00 (B n—00 (B
and so also
. AL — P)xp — L(ATL + Kpo) F (xn)||
lim =0.
n—00 (B

But
AL(I — P)— L(ATT+ Kpg)F =AL — (I — Q)F,
which yields a contradiction to (12.21). So we see that (12.21) implies (12.22), i.e.,
Aeog(L, F).
Given any operator G: X — Y with [G]a = [G]g = 0, we define a homotopy
Hg: X x[0,1] — Y by

Hg(x, 1) := t[APx + (ATl + Kpo) F(x) + G(x)].

Obviously, Hg(x,0) = 0 and Hg(x, 1) = Ax + G(x) — &, (L, F)(x). We define a
set Sg by
S ={x € X:Ax = Hg(x,t) forsome t € [0, 1]}
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and distinguish two cases. Assume first that Sg is bounded for all G with [G]p =
[Glo = 0. Then (AI)(Sg) is also bounded for all such G, and hence the equation
Ax = Hg(x, 1) has a solution X € X, by Proposition 6.2. But this means that

D, (L, F)(x) =Ax — Hg(x, 1) + G(¥) = "G(X).

It follows that ®, (L, F) is stably solvable, and so we have A € ppmv(L, F), a
contradiction.

Suppose now that the set Sg is unbounded for some G with [G]a = [G]lg = 0.
Then we may find sequences (x,), in X and (¢,), in [0, 1] such that ||x, || — oo and
Ax, = Hg(xy, t,). As in the proof of Theorem 12.4 we may suppose that t, — t for
some 7 € (0, 1]. The equality

AML—(U—-Q)F=L®,(L,F)=AL—LHg(-,1)+ LG
and the fact that t Hg (x, 1) = Hg(x, t) imply that
I — Q)F(xn) = LHG (X, ta) — ta LG (x) = ALxp — 1, LG (xp).
So we have

ALxy —t(I — Q)F(xy)
=ALxp —tn(I — Q)F(xp) — t,G(xp) + (tn — U — Q) F (xp) + 1, G (x)
=ty — 1)U — Q) F(x) + 1,G(x).

Taking norms and dividing by ||x, || yields

ALx, —t(I — Q)F(x, F G
IALxn —T(I — Q)F (xn) |l <l — |1 - Ol | F (xn) |l e G (xp)l S0
[l I (B lln I
as n — oo, because t, — 7, [Flg < o0, and [G]g = 0. This shows that
[A\L —t(I — Q)F]q =0,andso A/t € oq(L, (I — Q)F) as claimed. O

In the following example we consider again the boundary value problem (10.44)
from the viewpoint of Theorem 12.4.

Example12.1. In X = CJ0, 1], consider the 1-homogeneous compact operator F
defined by

F(x)(s) = fy Va2 4+ x(1 —1)2 dr. (12.23)
0

Itis evident that | F (x)|| < V2 |lx|| and F preserves the order < induced by the natural
cone of nonnegative functions in X.
We put L = I and claim that

or(F) 2 opmv(F) 2 [—1/+/2,1/v/2]. (12.24)
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To see this, we first show that A/ — F is not onto for 0 < A < 1/ \/§ In fact,
otherwise the equation Ax — F(x) = Ae, with e(t) = 1, would have a solution x € X.
From A(x(z) — 1) = F(x)(¢t) > 0 it follows that x(¢) > 1, i.e., ¢ < X, and so also
F"(e) < F"(x) foralln € N.

Estimating the integrand in (12.23) one may easily show that

F'(e)(t) =

1

t (n=1,2,3,...). (12.25)
(V2)"
From F(Xx) < Ax it follows that F"(x) < A"x for each n € N. Combining these
estimates we obtain

F'(e) < F"(%) =< "X,
and thus
0 < (V2)"F'(e) < (W2)"\'s —> 0 (n > o),

contradicting (12.25). We conclude that there exists no such x, and so Al — F is not
surjective for 0 < A < 1/+/2.

Similarly, A/ — F is not surjective for —1/+/2 < A < 0. In fact, this is an easy
consequence of what we have just proved and the fact that F is even, i.e., F(—x) =
F(x). Since both the FMV-spectrum and the Feng spectrum are closed, (12.24)
follows.

By Theorem 12.4, the operator (12.23) has an eigenvalue A > 1/ /2 and another
eigenvalue A_ < —1/+/2. Moreover, Theorem 7.7 implies that
lim inf[ F"13/" > 1
n—oo

V2
compare this with (10.46). <

We point out again that Theorem 10.2 does not apply to the operator (12.23) since

1
inf{||F(x)| : x € S(X)} = inf {/ \/x(t)2 +x(1 —6)2dt :max|x(t)| = 1} =0.
0

As already observed at the end of Section 10.3, the only positive eigenvalue of (12.23)
is Ay = 1/4/210og(1 + +/2), and A4 > 1/+/2, since 1 + /2 < e. Since the operator
(12.23)iseven, A_ = —A, < —1/+/2 s the other eigenvalue whose existence is guar-
anteed by Theorem 10.2. Observe that the inclusion (12.24) shows that Theorem 7.8
is not true if we drop the oddness assumption on F.

Now we apply the spectral theory discussed in Section 9.1 more systematically to
prove three existence results for semilinear operator equations. In particular, we will
be interested in the semilinear equation

ALx = F(x), (12.26)

which is of course a special case of (12.17). Recall that OB (X) denotes the family
of all bounded open connected subsets of X containing 6. Given a linear Fredholm
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operator L: X — Y of index zero, we write as before 2y (X, Y) for the set of all
operators F': X — Y such that [Kpp F]a < 00, where Kpg = L|§;(I - 0).

Theorem 12.6. Let F,G € A (X,Y), where G is odd and 1-homogeneous with
N(AL — G) = {0} for some A € K satisfying |A| > [KpoGla. Suppose that

ALx #(1 —=1))G(x)+tF(x) (x€dQ,0=<tr<1), (12.27)

where Q € OBE(X) is fixed. Then the equation (12.26) has at least one solution in
Q, provided that 2[KpgGla + [Kpo Fla < |Al.

Proof. Since N(AL — G) = {6}, we see that A is not an eigenvalue of the pair
(L,G), ie., A € op(L, G). By Theorem 9.2, this implies that A ¢ og(L, G). In
particular, the operator ® (L, G) = A(I — P) — (ATl + Kpp)G is ko-epi on Q for
0<ko <|A|—[KpoGla. ByLemma9.2 (e) we know that then AL — G is (L, ko)-epi
on Q.

Define a homotopy H: Q x [0, 1] — Y by

H(x,t) . =t(G(x) — F(x)).
Obviously, H(x,0) =6 and
a(HM x [0,1])) < ([KpoFla +[KpoGla)a(M) (M C Q).

Moreover, ALx — G(x) + H(x,t) # 6 forall x € 02 and ¢t € [0, 1], by (12.27).
By Property 9.4 of (L, k)-epi operators, A\L — G + H(-,1) = AL — F is kj-epi on
Qfor0 < ki < |x| —2[KpoGla — [KpgFla. Thus there exists £ € € such that
ALx = F(x) as claimed. O

Theorem 12.7. Suppose that F € 21 (X, Y) is asymptotically linear with asymptotic
derivative F'(00). Let A € K with |\| > 3[F]1a/[Lla. Then equation (12.26) has a
solution provided A & op(L, F'(00)).

Proof. Suppose that A is not an eigenvalue of the pair (L, F’(c0)). By Lemma 4.2
and our assumption on A we have

1
[F'(00)]a < [Fla < gl?nl [Lla < [Al[L]as (12.28)

So Ly := AL — F’(0c0) is a Fredholm operator of index zero, and [Loo]a > 0, by
Proposition 2.4 (d). Let P: X — N(L) be the projection of X onto the nullspace
of Lo, and A: Y/R(Leo) — N(Ls) and h: Y/R(Ls) — Yp canonical linear
isomorphisms as in Section 9.1, where Y is now of course a complementary subspace
of Y to the range R(Lo,). Denote by R the remainder term of the derivative F’(00),
ie.,

R(x) := F(x) — F'(00)x, (12.29)
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and consider the set
S:={x € X :Loox —hA " '"Px +t[hA"'Px — R(x)] = 6 for some ¢ € [0, 1]}.

We claim that the set S is bounded. In fact, assume that there exist x, € S with
|x,]| = coasn — oo. Pute, = x,,/||x,|| and choose ¢, € [0, 1] such that

Locen —hA"'Pe, + tyh A" Pep, = t,R(ey) — 0, (n — 00).

As hA~'P is compact, we can assume that hA~'Pe, — ty,hA~ ' Pe, — yo for
some yo € Yy. Then Looe, — yo. Since [A| > [F'(00)]a/[L]a, by (12.28), we
obtain [Lso]y > 0 and so (M) = 0, where M := {ey, e2, e3, ... }. This shows that
e, — e, as k — oo, for some subsequence (e, ) and e € S(X). By continuity,
ALen, — yo + F'(00)e and Loce = yo € R(Loo). Since R(L) NYy = {6},
this ensures that ALe — F/(c0)e = Looe = 6, and so A is an eigenvalue of the pair
(L, F'(00)), contradicting our assumption.
So we have shown that the set S is indeed bounded. Fix R > 0 such that

Loox —hA7'Px +t[hA7'Px —Rx] #£6 (x € Sg(X), 1 € [0, 1]).

Since Lo, — hA~!P is one-to-one and h A~ P is a compact linear operator, by The-
orem 9.2 we know that 1 € pp(Loo, AA~!'P). In particular, the operator

®(Loo, hA"'"P) =1 — P — (AT + Kpo)hA™'P

is strictly epi. So, by Lemma 9.2 (e), the operator Lo, — hA~'P is (Lo, k)-epi for
sufficiently small & > 0.
Define a homotopy H: X x [0, 1] — Y by

H(x,t) = t[hA" ' Px — R(x)],

with R asin (12.29), and observe that H (x, 0) = 6 anda(H (M x [0, 1])) < a(R(M))
for any bounded set M C X. Since |A| > 3[F]a/[L]a, by assumption, we further get
from (12.28)

[Rla = [F — F'(00)]a < 2[Fla < M [Lla—[Fla < |A [L]a—=[F'(00)]a < [Loola-
Consequently, we have
a(HM x [0, 1])) < a(R(M)) < [R]laa(M) < [Loclar(M)

for any bounded set M C X. Now fix kg < 1 with [LyJako > [R]a. Then
Loo — hA™!Pis (Lo, ko)-epi on Br(X). Applying Property 9.4 of (L, k)-epi oper-
ators to Fy := Loo — hA~!P and H as in (12.28) we obtain that the operator

Fo+H(-,1)=Loo—hA'P+hA"'P—R=Low—R=AL—F

is (Lo, k1)-epi for some k; > 0 on Bgr(X). So there exists x € Bgr(X) such that
ALx — F(x) = 0, and we are done. O
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Theorem 12.8. Let F € A, (X,Y) and T € &(X,Y). Moreover, given a convex
domain Q € OBE(X), suppose that G: Q@ — Y is L-compact with G(9Q2) C
(AL —T)(RQ) and N(AL — T) = {6} for some A € K. Finally assume that

—ALx+ (1 =-)Tx—-Gx)+tFx)#60 (xeod, 0<t<l). (12.30)
Then equation (12.26) has a solution in Q providedthat [Kpo FIA+2[KpoT]a < |A[.

Proof. The condition N(AL—T)={0}impliesthatA & or(L, T),since[KppT]a <1.
So the linear operator AL — T is (L, k)-epi for 0 < k < [®,(L, T)]a, where
O (L,T) =Ar(I — P) — (ATl + Kpo)T and [®, (L, T)]a < |A| = [KpoT]a > 0.
Consider the homotopy H(x,t) := —tG(x). Clearly, H: Q x[0,1] = Y is an
L-compact operator. Assume that there exists X € 9€2 such that

AMX —Tx —1tG(x) =0
for some 7 € [0, 1]. Then
ALY —Tx =1G(x) =1(AL — T)X,
where £ € €, by our assumption G(92) € (AL — T)(2). Thus X = 7%, contradicting
the convexity of 2. So forany x € 02 and ¢ € [0, 1] we have Lx + Tx # tG(x). By
Property 9.4, we conclude that

AL—T+H(-,)=AL—-T—-G

is (L, k)-epi on Q for every k < [Py (L, T)]a-
Now we introduce still another homotopy H : Q x [0, 1] — Y defined by

H(x,t) :=t(Tx + G(x) — F(x)).
Then I:I(x, 0) =6 and
a((KpgH)M x [0,1])) < ([KpoFla +[KpoT]a)a(M)
for every M C Q (recall that [KpoGla = 0). Moreover, [KpgFla + [KpgT]a <
Al = [KpoTla < [®a(L,T)la. Again Property 9.4 and (12.30) imply that the
operator

AM—-T—-G+H(-,)=A~-T—-G+T+G—-F=A—F

is (L, €)-epi on Q for some ¢ > 0. Hence there exists £ €  which is a solution of
equation (12.26), and we are done. |
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12.3 Applicationsto boundary value problems

In this section we start our application of spectral methods to boundary value problems
for ordinary differential equations. We start with the problem

i) — A@x(1) = sg(t, x(1)) (0 <1<T), } (12.31)

Lx =86.

Here A: [0, T] — R™*" is continuous matrix valued function, g: [0, T] x R"” — R”
is a Carathéodory function, L: C([0, T], R") — R" is a bounded linear operator
which associates to each continuous function x : [0, T] — R" a vector Lx € R”, and
¢ # 0 is a scalar parameter.

Putting

Dx(t) = 2—): — Alt)x (12.32)

and
Gx)(t) = g(t, x(1)), (12.33)

we may write (12.31) concisely as operator equation Dx = ¢G(x) in the Banach
space
X={xeC(0,1,R") : Lx = 6}.

In what follows, we write ||x||; for the norm of a function x in L([0, 1], R"), and
lx|lco for its norm in C ([0, 1], R*). By U(t, s) we denote the Cauchy function of the
operator family A(¢), i.e., the unique solution of the linear Volterra integral equation

t
U,s)=1 —{—/ AD)U(r,s)dt (0<t,s <T), (12.34)

and by
t
Ez(t) = / U,s)z(s)ds 0<t<T) (12.35)
0

the associated evolution operator. A well-known fact from the theory of linear differ-
ential equations asserts that DE = [, i.e., the operator (12.35) is the right inverse to
the differential operator (12.32).

Assume now that the composition Ly := LUy of the boundary operator L in
(12.31) and the operator Uy : R" — C([0, T'], R") defined by

Upx)(#) :=U(t,0)x (x eR"

is an isomorphism in R". This assumption seems to be quite restrictive, but is fulfilled
in many applications.
We claim that the nonlinear operator F defined by

F(x):= (I —UpLy'L)EG(x) (12.36)
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maps the Banach space X into itself. In fact, for any x € X we have
LF(x)=LEG(x)— LUoLﬁlLEG(x) =LEG(x)—LEG(x) =20,

and so F(x) € X. Finally, we put

M= sup |U(,s)| (12.37)
0<t,s<T
and we denote by
nG(r) = sup |G| (12.38)
llxli=<r

the so-called growth function of the Nemytskij operator (12.33).

Proposition 12.3. Suppose that the nonlinearity g: [0, T] x R" — R" satisfies a
growth condition

lgt, W) <a()+b@®)ul (0O<t<T,ucR") (12.39)
for some a,b € L1([0, T]). Define a scalar function ¢: (0, c0) — (0, co) by
@(r) = M2||L{;1|| ILlinG@r) (r>0),

with M given by (12.37) and 11 (r) given by (12.38). Then the problem (12.1) admits a
solutionx € X ifand onlyif 1/¢ belongs to the point spectrum of the operator (12.36).
Moreover, the asymptotic point spectrum of this operator satisfies the inclusion

@(r) } .

oq(F) C {x €R:hexp(=MIlbl1/3) < lim == (12.40)

Proof. We put A := 1/¢. The fact that every solution of the boundary value problem
(12.31) solves the eigenvalue equation F(x) = Ax, and vice versa, is well known. So
we only have to prove the inclusion (12.40).

Let x € X be a solution of the equation (12.2) for some A > 0 and y € X. Then

M X)) < [y0] + EG@) ()] + ULy LEG (x)(0)]

t
< |y@®)| + Mllal + M/o b(s)|x(s)|ds + ML NILI g, x ()],

and so Mo
IX(I)ISCr-i-T/O b(s)|x()lds  ([[xlloc < 1), (12.41)

where we have put

1 _
cr = X[”Y”oo + Mlalls + ML L] G ()]
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Applying Gronwall’s lemma to (12.41) yields
x| < ¢ expM||DI[1/2)  (xlleo < 7)),

hence

crh Mx — F(x M|a r
s exp(_Mbl /) < S 4 X = @I Mialh o)
llx [l 0o llx oo lxllo XMoo

for 0 < |x[lec < r. Passing to the limit » — 0o we conclude that [A] — F]q > O for
any A such that

lim 20

im —— < Aexp(—M||b||1/1), (12.42)
r—0o0 r

and this is precisely what we have claimed. O

The hypothesis (12.42) seems to be rather technical and hard to verify. In some
cases, however, it is easily checked.

Example 12.2. Suppose that g(¢, u) = a(t)+b(t)u witha, b € L[0, T]. Obviously,
the growth function in this case satisfies the trivial estimate

nG(r) < llaliy + lIbllr,

and so condition (12.42) becomes
B 1
ML L Bl < ~ exp(=Me|blly). (12.43)

Putting M||b|l1e =: n and w(n) := 1/ne", one may rewrite (12.43) as w(n) >
M||L51 [l lI1L]]. But the function w : (0, c0) — (0, 0o) is strictly decreasing, hence
invertible, with
Iim w(p) =oc0, lim w(n) =0.
n—0+ n—00
Consequently, condition (12.43) is valid precisely for

w '\ MILGHILI

0<e<
MI||blly

Passing to A := 1/¢, this gives an explicit bound of type (12.40) for the asymptotic
point spectrum oq (F). ©

Example 12.3. Suppose we are interested in finding solutions of the periodic problem

ii(t) + a?u(t) = eh(t,u(t),u(t)) (0 <t <m),
u(0) = u(m), (12.44)
1(0) = u(m),
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where « and ¢ are positive parameters. We may write this problem in the form (12.31).
Indeed, puttingn =2, T =, and

u 0 1
) ()
_ 0 x1\ _ (Ax;
8, x) = (h(t,x)) » L <x2> - (Ax2> ’

with Az = z(;r) — z(0), the problem (12.44) has exactly the form (12.31). Now, the
operator U (¢, 0) is here given by

Ut.0) = cosat ésinat
»77 7 \—asinat  cosat

and the operator Ly by

a1\ _( (e=Dxi+ ix
U\xy) T \—asx1 + (c = Dxp )
respectively, where we have used the shortcut s = sinam and ¢ = cosam. So in this
case Ly : R? — R? is a linear isomorphism if and only if o ¢ 27Z.
A simple calculation shows that M = max{«, 1/a} and ||L|| = 2. The norm

I L(_]1 || may be calculated as usual from the square root of the largest eigenvalue A of
the selfadjoint matrix Ly L7;. As aresult, we obtain

2 s2 9 1 s 2 s 1 o 4 1
A=(C—1) +? o +a—2 +5 4(6'—1) o +$—2 + s o —y—z s

with s = sinaw and ¢ = cos o as above. The growth condition (12.39) is valid for
our choice of g if

|h(t,u,v)| < a(t) +b)Vu?+v: (a,be L]0, n]).

Of course, for verifying the inequality (12.42) one has to know the nonlinearity % in
(12.44). For example, if

h(t,u,v) = tu + 2/|vl, (12.45)

then ug(r) = h(l, u,, v.), where v, is the unique positive solution of the cubic
equation v + v? = 2, and u, = /r? — v2. On the other hand, if

h(t,u,v) =tu+log(l+ |v|), (12.46)

then ug(r) = h(1, u,, v;), where v, is the smallest positive solution of the fourth
order equation v* + 2v3 +2v? =2, and u, = /r2 — v2. QO
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Now we consider another type of boundary value problems to show how the results
of Section 12.1 apply. Consider the second order differential equation

X)) +g@)f(x@) =0, (12.47)
subject to either the condition
x(0) =0, x(1)=ax(n)), (12.48)
or the condition
x(0) =0, x(1)=oax(n), (12.49)

where n € (0, 1) is fixed. The problems (12.47)/(12.48) and (12.47)/(12.49) are
usually referred to as three point boundary value problems, inasmuch as they involve
conditions on x (or x) at the three arguments 0, 1, and 1. Many existence results have
been obtained for such problems; in particular, it is known that, when an # 1in(12.48)
or « # 1 in (12.49), these boundary value problems may be written equivalently as
Hammerstein integral equation

1
x(s) = f k(s, Dg(0) f (x(1)) dt (12.50)
0

where the kernel function k depends on the boundary condition (12.48) or (12.49).
More precisely, the kernel (Green’s function) k& of (12.50) in case of the boundary
condition (12.48) is given by

1—1t¢
ks =0 i e, (12.51)
1—an
where
%—Fs—t if t < min{n, s},
as(=1) fs <1 <
(s, 1; n) = I—an 1 s<t=<n,
s —1 ifn<t<s,
0 if + > max{n, s}.

Similarly, the kernel (Green’s function) k of (12.50) in case of the boundary condition
(12.49) is given by

1—1¢
k(s7 t) = E - m(S7 Lo, 77)7 (1252)

where

ain_;t) +s—1t ift <min{ny,s),
a(n—t)
m(s, t;a,n) ={ ¢ i
s —t lfn <t=<s,

ifs <t <n,

0 if t > max{n, s}.



12.3 Applications to boundary value problems 355

Let us show how to apply Proposition 12.1 to the three point boundary value problems
(12.47)/(12.48) and (12.47)/(12.49) in the spaces L{[0, 1] and L,[0, 1]. Again, we
write ||x||; for the norm of x in the space L[0, 1], ||x||2 for its norm in L>[0, 1], and
|x|lco for its norm in L[0, 1]. We define the function « as in (12.10), and suppose
as before that ||kg|l; < oo, where g is the function in (12.47). The function f in
(12.47) is assumed to be continuous and positive and to satisfy the growth condition
(12.9), where we may suppose without loss of generality that the functions a and b
are constant, 1.e.,

|f ()] < a—+ blul. (12.53)

By what we have observed before, solving the three point boundary value problems
(12.47)/(12.48) and (12.47)/(12.49) may be reduced to solving equation (12.5) with
A=1and y(s) =0.

Proposition 12.4. Suppose that an # 1, and f: R — R is a Carathéodory func-
tion which satisfies the growth condition (12.53). Then the boundary value problem
(12.47)/(12.48) has at least one solution provided that

A= ifan <0,
lbglli < § 2 jf0 < an < 1, (12.54)
=D ifan > 1,
or
Ban o <0
lbgllz < § Y= i) < gy < 1, (12.55)
—m%”*l) ifan > 1,

Proof. Calculating the kernel function (12.51) and the corresponding majorant (12.10)
in explicit form we distinguish three cases. First, suppose that an < 0. Then

—a
k(t) = t(1—1),
1 —an
hence
el = e % e = 22
Kl = ———, K = - .
2 V301 —an *© 41 —an

By Holder’s inequality, we have ||kbg||; < 1 if either ||bgl|l1 < 1/|lk]lxo OF ||bgll2 <
1/|l«||l2. This leads to the estimates

4(1 —an) V/30(1 —an)
lbglh < o Ibgl, < ————

1l -«
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which are the first conditions in (12.54) and (12.55).
Second, suppose that 0 < an < 1. Then

1
K(l) — %l(l — l),
1—an
hence
<l 1 max{a, 1} el 1 max{c, 1}
= —, K =
w2 V30 1—an *© Ty 1 —an

The same reasoning as above leads then to the second conditions in (12.54) and (12.55).
Finally, suppose that «n > 1. Then

K(t) = t(1—1),
an —1
hence
el = —=—— liclloo = ~
J30an —1’ T 4an—-1
and we arrive at the third conditions in (12.54) and (12.55). O

Proposition 12.5. Suppose that « # 1, and f: R — R is a Carathéodory func-
tion which satisfies the growth condition (12.53). Then the boundary value problem
(12.47)/(12.49) has at least one solution provided that

1 ifa <0,
lbglh <{1—a if0<a<l, (12.56)
“T_l ifa > 1,
or
V3 ifa <0,
Ibglla < §v/3(1 —a) f0<a <1, (12.57)
@ ifa > 1.

Proof. The proof goes exactly as that of Proposition 12.4, taking into account the fact
that

k) =1-1, ||K||2=%, liclloo = 1
in case a < 0,
(=0, = = —
l—« V31—« l—«
incase 0 < o < 1, and
(=200, lkl= =% o = 2
a—1 J3a—1 a—1

incase o > 1. a
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To conclude this section, we briefly sketch how to apply Theorem 12.4 in a very
simple situation. Suppose that f: [0, 1] x R x R — R is continuous and satisfies the
homogeneity condition

f@,cu,cv)=cf(t,u,v) O<t<1;u,veR). (12.58)
Consider the quasilinear three point boundary value problem

() = pf @, x(@t), x(1) + y(@), }

x(0)=0, x(1)=ax(n), (12.59)

where y € C[0, 1] is given and i # 0. We are interested in solutions x of (12.59)
in the Sobolev space le [0, 1] of all absolutely continuous functions x such that x is
also absolutely continuous and X € L{[0, 1].

Proposition 12.6. Let an # 1. Then the following alternative holds.

(a) Either the boundary value problem (12.59) has a solution for u = 1 and any
function y € L1[0, 1];

(b) or there exists some p < 1 such that the boundary value problem (12.59) has a
nontrivial solution for y(t) = 0.

Proof. We apply Theorem 12.4 for the space
X={x¢e WIZ[O, 1]1:x0) =0, x(1) = ax(n)},

equipped with the norm || x| x := max{||x||1, |X]1}, the space ¥ = L{[0, 1], and the
operators Lx = X and

Fx)@) = ft, x@),x() (xeX). (12.60)

From the existence of the Green’s function for L one may deduce that the operator
L: X — Y is invertible. More precisely, (12.51) shows that the inverse to L is given
explicitly in the form

L™'y(s) = / (s—0)y(0) dt+ / (n—t)y(t)dt——/ (I=t)y()dr.

(12.61)
Moreover, it follows from classical imbedding theorems that the nonlinear operator
(12.60) is L-compact.

Suppose that 1 € pr(L, F). Then the operator L — F is epi on every ball, and so
the problem (12.59) has a solution for 4 = 1 and each y € L{[0, 1]. On the other
hand, suppose that 1 € og(L, F). Since [KpgF] < 1, Theorem 12.4 implies then
that there exists some u € (0, 1] such that 1/u € op(L, (I — Q)F) = op(L, F).
Consequently, the equation

Lx(t) — pF(x)(t) = X(1) — pf (1, x(1), x(1)) = 0

has some nontrivial solution x € W12 [0, 1] which satisfies the boundary conditions
x(0) =0and x(1) = ax(n). O
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Of course, a similar alternative holds for the three point boundary conditions
(12.49) in case o #= 1.

The homogeneity assumption (12.58) is very special and considerably restricts the
applicability of Proposition 12.6. It turns out, however, that one may prove solvability
for (12.59) under mild growth condition for the function f(t, -, -), simply by using
the estimate (6.12) for the Furi-Martelli-Vignoli spectral radius. To this end, we
suppose that

lf@ u,v)| = pOlul+q@Ovl+r@) O=t=1;uv,eR) (12.62)

for suitable functions p, ¢, r € L{[0, 1],i.e., the nonlinearity f (¢, -, -) is of sublinear
growth.

Proposition 12.7. Let an # 1. Then the boundary value problem (12.59) has a
solution for any function 'y € L1[0, 1], provided that

1
lul(lpllh + liglh) < , (12.63)
clee, m)
where
an+1 Z ifan < 1,
cla,n) =1+ anT o 12—010;"7 f g
11 —an| anq ifan> L

Proof. Let X, Y, L and F as in Proposition 12.6. Using the explicit representation
(12.61) of L~! one may prove for x = L~y the estimates

lxll < cla, mliyll,  lxlh < cla, mliylh

which imply that | L) < c(a, n).

Now we use Theorem 6.3 for J/ = I and F replaced by L~'F. Clearly,
[L~1F]a = 0, so we have only to calculate the quasinorm [L’IF]Q of L~'F. But
from (12.62) and (12.63) it follows that

[L™'Flo < IL7"I[Flq
Ipllxlso 4 g% oo + 17l

< c(a, 1) limsup
flx | x— 00 llx 1l x

el + liglllxlloe + 71l

< c(a, ) limsup

llx]lx— 00 llx 1l x
<cla,m dlplit+liglin
1
< —.
|l

So i =1/ & opmy(L™'F), by (6.12), and the proof is complete. O
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Let us return to the equation

X(t) = pf @, x@), X)) + y(), (12.64)

where now f:[0,1] x R" x R" — R” and y: [0, 1] — R" are supposed to be
continuous vector functions, and i # 0 as before. We consider (12.64) with either
the classical boundary condition

x(0)=x(1) =0, (12.65)
or the periodic boundary condition
x(0) =x(1), x(0)=x(1). (12.66)

It is a well-known fact that these two boundary conditions lead to completely dif-
ferent problems: indeed, the case (12.65) may be studied by means of the Feng or
FMV-spectrum, while the case (12.66) requires the semilinear spectra introduced in
Sections 9.1 and 9.2.

To see this, we have to define appropriate spaces and operators. Consider first the
problem (12.64)/(12.65). We put

X :={x e C?[0,1]:x(0) =x(1) =0}, Y :=C[0,1],
and define operators L, F: X — Y by
Lx(t) :=Xx(), Fx)(@) = f, x(@),x()). (12.67)

Then L is invertible on Y with inverse

1
L™ 'y(s) = / k(s, t)y(r)dt, (12.68)
0

where
s—1) if0<s=<r<l,
ts—1) if0<r<s<l1

k(s,t) = {

is the classical Green’s function of L. Consequently, in the terminology of Section 12.2
we have Xo = X, Yo = {0}, Px = Qy =0, and Kpg = L~ ! is given by (12.68).
So the solvability of equation (12.17) simply reduces to the solvability of the classical
eigenvalue equation

MmM—LT'Fx)=2z (z€X).

The situation changes drastically if we consider the boundary condition (12.66) instead
of (12.65). In fact, in this case the operator L is not invertible. Put

X = {x € C?[0,1] : x(0) = x(1), x(0) = %(1)}, Y :=CJ0,1],
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and define operators L, F: X — Y again by (12.67). Now we have
N(L)={x € X : x(t) = const.} = R"
and
RIL)={yeY:Qy=0]=Y/R",
where

1
Qy=f y(t)dt. (12.69)
0

Moreover, for the projection P: X — R we may choose Px = x(0). So we have the
decomposition X = R"@ XgandY = R"@ Yy, andsodim N(L) = codim R(L) = n,
which shows that L is a Fredholm operator of index zero.

The operator L;l = (L|X0)_1 : R(L) — Xgisnow the restriction of (12.68) to the
range R(L) of L. The linear operators I[1: ¥ — Y/R(L)and A: Y/R(L) — N(L)
are given by

My=[yl:={yeY:0y=0y}, Alyl=0y.

So as canonical homeomorphism #: Y/R(L) — Yy we may choose A[y] = Qy. So
the linear isomorphism L + hA~!P: X — Y mentioned in Lemma 9.1 is here

(L +hA"'P)x(1) = (1) + x(0), (12.70)

and its inverse ATl 4+ Kpg = ATl + Lp' (I — Q): ¥ — X is

1 1 1
(AH+KpQ)y(s)=/ k(s, t)y(t)dt—|—(1 —/ k(s,t)dt)/ y(@)dt. (12.71)
0 0 0

With this choice of spaces and operators, one may then apply one of the
Theorems 12.6—12.8 to problem (12.64)/(12.66).

12.4 Bifurcation and asymptotic bifurcation points

The notion of bifurcation is fundamental in nonlinear analysis; indeed, it is also one of
the historical roots of nonlinear eigenvalue theory. We do not present here a general
view of bifurcation theory, but restrict ourselves to some very special aspects related
to nonlinear spectra. .

Let X be a real Banach space. A scalar A € R = R U {oo} is called a zero
bifurcation point of an operator F': X — X if there exist sequences (A,), in R and
(xn)n in X \ {6} such that

F(xn) = AnXn,  dn —> A, |xall = 0. (12.72)

If the last condition in (12.72) is replaced by || x, || — o0, then A is called an asymprotic
bifurcation point. Thus, a zero bifurcation point may be approximated by eigenvalues
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with eigenvectors tending to zero, while an asymptotic bifurcation point may be ap-
proximated by eigenvalues with unbounded eigenvectors. We write By (F') for the set
of all zero bifurcation points of F' and B, (F') for the set of all asymptotic bifurcation
points of F'. In the following lemma we give some connections with spectral sets.

Lemma12.1. The sets Bo(F) and Bso(F) are closed. Moreover,
Bo(F) NR C op(F) (12.73)

and
Bo(F)NR C og(F). (12.74)

Proof. The closedness of By(F') and B (F') is obvious. To prove (12.73), let A, — A,
lx.|| = 0, and F(x,,) = A,x,. Then

Ax, — F
T = Fly < inf P2 = F@l_ e =0,
neN |27 1| neN
hence A € o, (F). The proof for the inclusion (12.74) is analogous. O

It may happen that an operator F has no zero or asymptotic bifurcation points at
all. For example, for the operator (3.16) in X = C? we have By(F) = Boo(F) = 0,
because F'(x) = Ax implies x = 0 for any A. The next lemma gives a sufficient
condition for the existence of bifurcation points.

Lemma12.2. Let X be an infinite dimensional real Banach space, and suppose that
F € A(X) NB(X) satisfies
[Fla < [Flp. (12.75)

Then Bo(F) NR # @. Similarly, suppose that F € 2A(X) N Q(X) satisfies
[Fla < [Flg- (12.76)
Then Boo(F) NR # .

Proof. Suppose first that [F]o < 1 < [F]p, i.e., F is a-contractive, and || F(x)| >
lx|| for all x € X. Define F;,: S1/,(X) — S1/2(X) by

PP BC)
"= F®

(x € S1/n(X)).

Then [Fn|S1/,1(X)]A = [F]a < 1. By Theorem 2.5, we find x, € Sy/,(X) with
F, (x,) = x,, hence

F(x) = nl|F(xp) | Fn(xn) = nl|F (X)X = AnXn
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with A, := n||F(x,)]||. Obviously, ||x,|| — 0 as n — oo. Moreover, since

CF@D

|An| = < [Flg < o0,
[l |

the sequence (X,), is bounded. Passing to a subsequence, if necessary, we may
therefore assume that A,, — A as n — oo. Obviously, the limit A belongs to Bo(F).
Now suppose the (12.75) holds. Fix ¢ € ([F]a, [Fb) and put F.(x) := %F(x).
Then [F.]po = %[F]A < land [F,]p = %[F]b > 1, and so we find A € By(F,), by
what we have proved before. But then cA € By(F'), and so we are done.
The assertion (12.76) is proved analogously (and, in fact, has already been proved
in Theorem 6.8). O

The example of the operator (3.16) shows that Lemma 12.2 is false in finite di-
mensional spaces.
To illustrate Lemma 12.2, consider the Hammerstein integral operator

1
H(x)(s) = / k(s,t) f(x())dr (0=<s=<1), (12.77)
0

where k: [0, 1] x [0, 1] — [0, 00) and f: R — [0, co) are continuous and nonneg-
ative, and

1
M = max / k(s,t)dt > 0.
0

0<s<l1

Concerning the function f, we collect the set of additional assumptions

1
f0) > w (12.78)
d:= irit(”)f(u) > 0, (12.79)
and
D :=sup f(u) < oo. (12.80)
u>0

Proposition 12.8. If either (12.78) or (12.79) is satisfied, then H has the zero bi-
furcation point A = oo. If (12.79) and (12.80) are both satisfied, then H has the
asymptotic bifurcation point A = 0.

Proof. We study the operator (12.77) in the space X = C[0, 1]. Suppose that f
satisfies (12.78). For every r > 0, consider the 1-homogeneous compact operator
H,: X — X defined by

||x||H(ﬁx) ifx #6,

B () = ifx =0

(12.81)
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We claimthat 1 € op(H,) forsomer > 0. Otherwise the operator / — H, would be onto
for each r > 0, and so we would find a function x € X such that x(¢) — H,(x)(¢t) = 1.
Obviously, x(t) > 1 and ||x || H,(x)(s) < x(s) for 0 < s < 1. Consequently,

0
llx]]

1
> /0 k(s, 0) f (fhpx (@) dr. (12.82)

From (12.78) and the continuity of f it follows that we can find some § > 0 such that
f(u) > 1/M for |u| < §. Put

In

x(1).

8
rni=— X(0) =
n llx

Then || x,|| = r, < §, hence

f(x, (@) > % n=1,2,3,...),

and so

1 1
1
012521;41/0 k(s,t) f(x,(t))dt > ” Or;lsaé/o k(s,t)dt = 1.
Combining this with (12.82) we obtain x(s) > ||x||, an obvious contradiction. So we
have proved that 1 € op(H,) for some r > 0.

From Theorem 12.4 (with A = 1, F = H,, and L = 1) it follows that there
exist scalars A, > 1 and elements y, € X \ {0} such that H,, (y,) = A,y,. Putting

Zn = TuYn/llynll we get

r
Anyn = Hy,(yn) = lynllH (—"yn) = |lyallH (zn),
1yl
hence
A A
H(zy) = _n_Yn = —nZn.
[l yn n
Since r;, — 0 we have
A 1
lzall =7 — 0, == >— — oo,
I'n I'n

ie., 00 € Bo(H).

Suppose now that f satisfies (12.79). Denote by K the cone of nonnegative
functions in X = CJO0, 1], and consider the operator (12.81) from K into K. For
x € KN S(X) we have H,(x) = H(rx), hence

1

1
|H(x)|| = max / k(s,t) f(rx(t))dt > d max / k(s,t)dt = Md > 0.
0=<s<1Jo 0<s=<1Jo
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Now we apply Theorem 10.4 with Q@ = B°(X), F = H,, and § = Md. So we find
some A, > Md and x, € K N S(X) such that z,, := rx, satisfies

A
H(z;) = Hr(xy) = Arxp = _rZr (12.83)
’
as before. Letting r — 0 in (12.83) we see that

lzrll =r —0, > — — 09,

Ar d
r r

i.e., 00 € By(H) as before.
Finally, suppose that f satisfies both (12.79) and (12.80), and choose A, and z, as
in (12.83). Since

1
Ar = H @)l = |H(rxp)ll = 03331/0 k(s,t) f(rx(t))dt < MD,

letting r — oo in (12.83) we conclude that

lzrll =r — oo, — 0,

A MD
- <
-

r

and so 0 € B (H). The proof is complete. O

The following theorem provides a connection between the asymptotic bifurcation
points of an asymptotically linear operator F', on the one hand, and certain isolated
eigenvalues of its asymptotic derivative F’(c0), on the other. As we have seen in
Theorem 6.9, the FM V-spectrum ormy (F) of a compact asymptotically linear operator
F is at most countable, and every non-zero spectral value belongs to op(F’(00)) N
0q(F). In the following Theorem 12.9 the operator F' is not supposed to be compact,
but only the difference F — F’(00). We recall the definition of the various essential
spectra of a linear operator in Section 1.4; in particular, the essential spectrum oep (L)
of L € £(X) in Browder’s sense uses the multiplicity (1.20).

Theorem 12.9. Let X be a real Banach space and F: X — X be asymptotically
linear with asymptotic derivative F'(00) =: T. Assume that F — T is compact. Let
Ao € 0p(T) be such that |A| > rep(T), where ren(T') denotes the radius of the essential
spectrum (1.74). Moreover, suppose that the multiplicity

n(ho; T) = dim |_J N((ol — 7))
k=1

of Lo as an eigenvalue of T is odd. Then Ay € Boo(F).
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Proof. AsinSection 1.5 we denote by X ¢ the complexification of X, endowed with the
projective tensor norm. Similarly, by T¢c: X¢ — X¢ we denote the complexification
of T defined by Tc (x+iy) = Tx+iTy. Since op(Tc) = op(T) and rep(Te) = ren(T),
it follows that A¢ is a finite dimensional isolated eigenvalue of 7. We may therefore
choose ¢ > 0 such that rep (T) + 26 < |Ag|, and thus [Ag + 2| > rep(T) + &.

By Leggett’s theorem (see Section 1.5) we may assume, possibly after passing to
an equivalent norm on X, that [T¢]a < reb(T) 4 €. So also in the space X itself we
have

[Fla = [F —TIa+[T]a =1[T]a < ren(T) +&. (12.84)

Our choice of ¢ implies that
B:i=[oxte) —T], > 0. (12.85)

Moreover, from [F — T]q = 0 it follows that we can find n9 € N such that
1
|F(x) —Tx| < EﬁIIXII (lxll = no). (12.86)
Combining (12.85) and (12.86) we see that, for any n > ny,
1
(Ao £ &)x + H(x, )]l > EﬂIIXII (x € 5,(X), 01 <1, (12.87)

where we have put H(x,t) := (1 —)Tx 4+ t F (x).

For any A € R with |A| > rep(T) 4+ € we have [F/A]a = [T/A]a < 1, by (12.84).
So (12.87) implies that the Nussbaum—Sadovskij degree of both I — F/Aand I — T /A
on B (X) is well-defined for each n > ng. In particular, by the homotopy invariance
of this degree we obtain

deg(I — (ro £ €)' F, B(X),0) = deg(I — (Ao £ &) 'H(-, 1), B(X), 0)
= deg(I — (o £ &) H(-,0), B)(X),6)
=deg(I — (ho £ &) 'T, BY(X), 6).
Moreover, a well-known formula for calculating the degree of a linear operator states

that
deg(I — (Ao & o) T, B)(X),0) = (—1)", (12.88)

where

v=) n(uGoxe)'T)

n>1

is the sum of the multiplicities of all u € op((Ag & €)~'T) greater than 1. From
(12.88) we conclude that

deg(I — (ko + &) HF, B(X),0) # deg(I — (ho — &)~ F, BY(X), 6),
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and so we can find x,, € §,,(X) and ¢, € (0, 1) such that
tn(ho — &)X + (1 — 1) (Ao + &)xp — F(xn) = 0.

In other words, we have F(x,) = A,x, with A, := A9 + (1 — 2#,)e. Since € may be
chosen arbitrarily small, we see that A¢ is an asymptotic bifurcation point of F, and
the proof is complete. O

12.5 The p-Laplace operator

In this section we briefly discuss an application of our results to nonlinear partial
differential equations. As usual, we write now u = u(x) for a real function of several
variables. Let 2 < p < oo. Given some bounded smooth domain G C R”", we are
interested in the eigenvalue problem

—Apu(x) = plu()|P2ux) inG,
ux)=0 on 0G. (12.89)
Here
n
Apu = div(|Vu|?"2Vu) = Y Di(|Dju|’~>Diu), (12.90)

i=1
where D;u = du/dx; as usual, is the so-called p-Laplace operator. Consider the
reflexive Sobolev space X := W;’O(G) with norm

n 1/p
lu]| = (/GDDiu(x)V’dx)
i=1

and its dual X* = Wp_/l( p—l)(G)' As usual we pass from the problem of finding
classical solutions of —A,u = f to that of finding weak solutions of the generalized
problem a(u, v) = b(v) (v € X), where

a(u,v):/ (Z|D,~u(x)|p_2D,~u(x)D,'v(x)> dx
G o

and

b(v):/ f)v(x)dx.
G

The generalized problem is equivalent to the operator equation J(u) = b, where
(J(u),v) = a(u,v),and J: X — X* is continuous, strictly monotone, coercive, and
bounded. From Minty’s fundamental theorem on monotone operators it follows that
J is a homeomorphism between X and X*.
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The right-hand side of (12.89) in turn defines a Nemytskij operator
F(u) = [ul’2u (12.91)

which we may also consider between X and X*. In this way, we may rewrite the
eigenvalue problem (12.89) in the form

F(u) = AJ (1) (12.92)

with A = 1/u.
We remark that the eigenvalue theory for the problem (12.89) has many features
in common with the classical /inear eigenvalue problem

(12.93)

—Au(x) = pu(x) in G,
ux)=0 on dG.

which is a special case of (12.89) for p = 2. For instance, the first eigenvalue p of
(12.89) is always positive and simple and may be “calculated” as Rayleigh quotient

f|Vu(x)|pdx
inf 6

1,0 ’
”EWuI;G(G) / lu(x)|P dx
G

= (12.94)

Equivalently, 1 may be viewed as best possible constant C > 0 in the Poincaré
inequality

/ IVu(x)|? dx < c/ lu)|?dx (ue W[}O(G)). (12.95)
G G

Moreover, the corresponding eigenfunction u; € W[} 0 (G) is positive on G and simple
(in the sense that any other eigenfunction is a scalar multiple of #1). This function has
the same “variational characterization” as in the linear case p = 2: it minimizes the
functional W), : W;’O(G) — R defined by

Y, (u) = i/G [Vu(x)|? dx,

subject to the constraint

l/ w1 2u(x)dx = 1.
PJG

We also point out that there is a weak form of a nonlinear Fredholm alternative which
states that, for © < p1, the operator J — uF = p(AJ — F) is surjective, but for
W = [ it is not. We show now how to obtain some related results building on the
spectral theory for homogeneous operators developed in Section 9.6. First of all, we
state some kind of nonlinear Fredholm alternative for pairs of homogeneous operators
which is just a reformulation of Theorems 9.11 and 9.12. For the definition of the
characteristics occurring in this theorem we refer to (9.45), (9.54) and (9.56).
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Theorem 12.10 (Nonlinear Fredholm alternative). SupposethatJ: X — Y isanodd
t-homogeneous homeomorphism with [J]} > 0, and F: X — Y is odd, t-homo-
geneous and compact. Let .. # 0. Then the following assertions are equivalent.

(a) The eigenvalue problem (12.92) has only the trivial solution u = 6.

(b) The operator AJ — F is t-stably solvable, [\J — F] > 0, and [AJ — F]fl > 0.

(c) The operator J — F is epi on Q for each Q@ € OBE(X), [AJ — FIL > 0, and
[AJ — FIf > 0.

(d) The operator MJ — F is (k, T)-epi on Q for some Q € OBE(X) for sufficiently
small k > 0, and
inf [|AJ(m) — F(u)| > 0.
ued

To apply Theorem 12.10 we need some further properties of the operators J and
F. Since
(s1P72s = [t1P 720 (s =) z els =117 (5,1 € R)

for some ¢ > 0 (it is here that we need the restriction p > 2!), we see that J satisfies
the condition
(J(w) — J(),u —v) >cllu—v|?. (12.96)

This condition implies that
1T () — J )| > cllu—v||P~T, (12.97)

ie., [J]ff*l > ¢ and [J]f;*l > ¢. Consequently, the inverse operator J~!: X* — X
satisfies the Holder-type condition

17N =T @ < TV — gD, (12.98)
We summarize the properties of the two operators J and F with the following

Lemma 12.3. The operators J and F satisfy the hypotheses of Theorem 12.10 for

X = W;’O(G), Y = X* = Wp_/l(p—l)(G)’ andt = p — 1.

Proof. We already know that J is a homeomorphism between X and Y. This implies
that .
1/t
V1) = ——m>
( a ) [ J 1 ]IA/'[
by Proposition 2.4 (f). On the other hand, from the Holder condition (12.98) it follows
that

(12.99)

Y <V (12.100)

with 7 = p — 1. Combining (12.99) and (12.100) we obtain [J]} > ¢ > 0 as claimed.
Clearly, both J and F are odd and r-homogeneous for T = p — 1. It remains to
prove that F: X — X* is compact. But from the classical Krasnosel’skij theorem
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on Nemytskij operators between Lebesgue spaces it follows that F is continuous and
bounded from L, (G) into L; (G) = Ly;(p—1)(G), and hence continuous and compact
between X and X*, by the compactness of the embedding X — L,(G). O

In view of Theorem 12.10, we thus obtain from Theorem 9.11 and Theorem 9.12
the following two results.

Theorem 12.11 (Discreteness theorem for A ). For the operators F and J and
T = p — 1, the equalities (9.82) are true, i.e., all spectra defined in Section 9.6
coincide with the classical point spectrum op(J, F) of problem (12.89).

Theorem 12.12 (Fredholm alternative for A ). If u # 0 is not a classical eigen-
value of problem (12.89), then there is some k > 0 such that the operator AJ — F,
with . = 1/, is both (k,t)-stably solvable and (k,T)-epi on Q for every
Q € OBE(W,(G)).

In fact, a scrutiny of the proof of Theorem 12.12 exhibits that AJ — F is (k, T)-epi
on each Q € D%@(W;’O(G)) for any k < ¢, where c is the constant in (12.96).
Likewise, AJ — F is (k, t)-stably solvable for any positive k < ¢ satisfying

inf |AJ () — F)| < 1

) 12.101
lull=1 k ( )

where the infimum in (12.101) is positive because A & oy (J, F), see (9.61).

12.6 Notes, remarks and references

As we pointed out in the Introduction, we did not present a systematic account of
applications in this chapter, but just some sample results to illustrate the usefulness
of spectral methods. The necessity of replacing equations (12.2) by the more general
equation (12.3) is motivated by many examples in this chapter. We remark that equa-
tion (12.3) was studied recently in [54]-[56], where the authors also define some kind
of numerical range (see Chapter 11) for pairs of operators (J, F).

The assertions of Theorem 12.1 have already been proved in part before and may
be found, together with some examples, in the thesis [155]. Theorem 12.2 and its
applications given in Propositions 12.1 and 12.2 are taken from the recent paper [ 106].
One should admit, however, that some of the results of this chapter actually do not
require spectral methods, but may be obtained by other methods. For instance, the first
assertion of Proposition 12.1 may also be proved by Schauder’s fixed point theorem.
In fact, the assumption |A| > ||k b]|; implies that

H(x 1 Ka
up W < (Ricbly + llealy) < 14 100 <
o<k AR AR IA|R
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for sufficiently large R > 0, and so the (compact) operator H /A maps the ball Bg(X)
into itself.

Theorem 12.4 which seems to be particularly useful for applications, has been
proved by Feng [105] in case L = I and by Feng and Webb [110] in case of a general
linear Fredholm operator of index zero.

The Theorems 12.6-12.8 on the semilinar Feng spectrum are taken from [110].
They generalize corresponding solvability results by Mawhin ([187], [188], see also
[126]). More precisely, Theorem 12.6 for F' being L-compact and G being linear
and L-compact is Corollary 1 from [187], while Theorem 12.7 is an extension of
Lemma XI.3 of [126]. Moreover, if in Theorem 12.8 we take A = 1, [Kpp Fla =
[KpoT]a =0and G: Q — Y aconstant map G (x) = z for some z € (L — T)(R),
then Theorem 12.8 reduces to Theorem 2.2 of [188].

Boundary value problems provide of course the most important applications of
abstract solvability results for nonlinear operator equations in Banach spaces. We
have sketched only a few typical results, but we think that the applicability of spectral
methods goes far beyond the material presented here. Proposition 12.3 may be found
in [12]. An analogous inclusion to (12.40) for the spectral set (2.30),

@(r) }

r

ov(F) < [ e R hexp(—MIlblli/3) < inf
i

may be proved analogously. The thesis [82] contains a similar application under
slightly different hypotheses. So Dorfner assumes in [82], instead of (12.42), that

rexp(—=M||bll1/2) > [UyL,' LEG]q.

If one wants to prove the surjectivity of the operator LI — F, with F given by (12.36),
and so the solvability of the problem (12.31), one may also use the characteristic
(10.17). In fact, we claim that the hypothesis (12.42) implies that §,(F/A) < 1 for
some r > 0. To see this, assume that §,(F/X) > 1 for all » > 0, and so we find
Ar > land x, € S,(X) with

F(x,) = Arxp.

So for every ¢ € [0, 1] we have
A [xr (D] = 1 F ) (D)l
M [ 2,7 -1
< Mlal1 + - b(s)lxr(s)lds + M| Ly LI gz, x,(1))].
0
Taking norms and applying Gronwall’s lemma implies that

1 -
r< m(Mllalll + ML LY 126 (r)) exp(M b1 /2)

for all r > 0, and letting r — oo yields

MAILGHILI b = A exp(=MI|b]l1/A),
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contradicting (12.43). So from Proposition 10.1 (a) we conclude that the operator F'/A
has a fixed point, which is of course a solution of the equation F(x) = Ax.

We point out that the idea to use the Gronwall lemma in the proof of the inequality
[AI — F]q > 0 is due to Conti and Iannacci [67]. In their paper [67] the authors
suppose that the problem

X0 —ADx@) = f(r,w(@) O=tr=T),
Lx =y

has, for any function w € X and each y € R”, a solution x € X. Our proof of
Proposition 12.3 shows that this assumption is superfluous.

The calculation of the growth function (12.38) of a Nemytskij operator G is by
no means trivial and has been studied in [19]. Calculating this function in the space
L,[0, T is much more difficult than in the space C[0, T']. For example, the nonlin-
earity (12.46) generates in L{[0, T'] the growth function

n—D% 1 1
=—— — —+log—,
nG(r) 7 5t S
where n = n(r) is the unique solution of the transcendent equation el = (—1e .
The equation (12.47) arises in the study of radial solutions of nonlinear elliptic
equations of the form

—Au+h(|x[]) f(u) =0

on annular regions in R”, n > 2. Other examples are provided by the generalized
Emden—Fowler equation, where f(u) = u? for some p > 0 (gas dynamics, nuclear
physics, chemically reacting systems), as well as by the Thomas—Fermi equation,
where f(u) = u3/? and h(t) = t~Y/? (atomic structures).

The three point boundary value problems (12.47)/(12.48) and (12.47)/(12.72)
have been studied in detail by Feng, Infante, Lan, and Webb. Thus, problem
(12.47)/(12.72) has been considered for « < 0 and ¢ > 1 in [154], fora = 0
in [170], and for 0 < a < 1 in [271]. The case « = 1 is called the resonance
case and requires somewhat different techniques, see [109]. Similarly, an = 1 is the
resonance case for the problem (12.47)/(12.48) and has also been treated in [109].
Propositions 12.4 and 12.5 are taken from the recent paper [106], Proposition 12.6
from [107], and Proposition 12.7 from [108].

In [122] it is shown that B, (F) # ¢ for any quasibounded operator G : R>*+! —
R?"*1 The quasibounded operator (3.16) from Example 3.18 shows that this is not
true in R?". The application to Hammerstein operators given in Proposition 12.8 may
be found in [106].

The only nontrivial result in Section 12.4 is Theorem 12.9 is due to Edmunds
and Webb [103] and generalizes a classical result by Krasnosel’skij [161] in which
F is required to be compact. The hypothesis in Theorem 12.9 on F — F’(00) to be
compact is much more general; for example, any operator of the form F = L + G,
where L € £(X) and G is compact with [G]q = 0 satisfies this hypothesis.
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There has been a considerable mathematical interest in the Dirichlet problem for
the p-Laplace equation (12.89). In fact, the p-Laplace operator (12.90) arises in
many contexts of mechanics and physics, such as dilatant fluids (p > 2), elasticity
and plasticity (1 < p < 2), reaction-diffusion problems (p < 2), glaceology (p = %),
nonlinear torsional creep (p > 3), and others.

The literature on the theory of the p-Laplace operator (12.90) is vast. In particular,
this operator has been studied by means of topological or variational methods, e.g.,
by Lindqvist [173]-[177] and Drabek et al. [41], [75], [84]-[94], see also [5], [6],
[31], [40], [111], [250]. Some connections to so-called p-harmonic functions in the
plane with applications to mechanical problems are described in [23]-[27]. In [42]
the author investigates the eigenvalue problem (12.89) by means of Amann’s approach
[2] based on Ljusternik—Shnirelman theory; in particular, she proves that there exist
infinitely many distinct eigenfunctions satisfying a given norm condition with the
corresponding eigenvalues tending to infinity.

Minty’s celebrated theorem on monotone homeomorphisms has been proved in
[195], see also [287, p. 557]. The Rayleigh quotient (12.94) has been studied in
[175], the Poincaré inequality (12.95) for the p-Laplacian in [167]. A generalization
of (12.90) of the form

. Vu
Au = div (m(quI) |Vu|)’
with m: [0, 0c0) — [0, co) being a certain nondecreasing continuous function, is
called the m-Laplace operator and may be studied successfully in Orlicz—Sobolev
spaces [135]. Of course, the special choice m(r) = t”~! leads to the usual p-Laplace
operator (12.90). Some authors (e.g., [147]) also consider the p-Laplace operator with
varying p. Finally, an eigenvalue problem for the still more complicated operator

~ o IVu*P"2vy
Apu:le B —

1+ [Vu?P

which arises in the theory of so-called capillary surface equations has been studied
for p > 1in [117], [196]. As for the p-Laplace equation, the solutions of the corre-
sponding differential equation may be characterized as critical point of the functional
v, W[}’O(G) — R defined by

W, (u) = %/G(\/l + |Vu(x)[2P — 1) dx.

The classical nonlinear Fredholm alternative goes back to FuCik and Necas [114],
[115], [199], [200] (see also [166]) and, independently, to Pokhozhaev [221]. The
non-surjectivity of the operator J — wF for = w1 has been proved in [127], [128]
by constructing explicitly an element f € le/t —1) (G) which is not contained in the
range of the operator J — p1 F. An illuminating discussion of the state-of-the-art of
nonlinear Fredholm alternatives and their usefulness in applications to the p-Laplacian
may be found in the series of papers by Drabek [84]-[90] and others.
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The Theorems 12.10 and 12.11 are taken from the recent paper [17]. We remark
that Theorem 12.12 applies to eigenvalue problems of type

—Apu(x) = plu(x)|P2u(x) + h(x,u(x)) inG, } (12.102)

ux)=0 on 4G,

where h: G x R — R is a given nonlinear Carathéodory function. In the weak
formulation, the nonlinear perturbation 4 in (12.102) gives rise to another Nemytskij
operator H: X — X* defined by

(H(u), v) = / h(x, u(x))v(x) dx. (12.103)
G

So applying Theorem 12.12 amounts to giving conditions for the operator (12.103) to
be continuous, bounded, or compact between the Sobolev spaces X = WI}’O(G) and
X* = Wp_/l( p—l)(G)' Many such conditions, in terms of the generating nonlinearity
h, may be found in the monograph [229].

The results of Section 12.5 may also be used to consider global bifurcation theo-
rems of Rabinowitz type for the general equation (see [263])

—Apu(x) = ,ulu(x)l”‘2u(x) +h(\, x,u(x), Vu(x)) inG,
ux)=0 on G,

We close with two open problems. First, the term “discreteness” in Theorem 12.11
does not mean that the point spectrum oy (J, F), or any other spectrum for equation
(12.92), has no accumulation points. It is indeed an open problem whether or not there
is only a sequence of eigenvalues p of problem (12.89). Of course, the properties of
F and J stated in Lemma 12.3 imply that JTUF: W[}’O(G) — W;’O(G) is compact
and 1-homogeneous; moreover,

op(J, F) = {u"/P"V e oy (J71F, 1),

and so op(J, F), and any other spectrum for (12.89), is a homeomorphic image of
the classical point spectrum op(J —1F). However, Example 10.13 shows that, even
in a finite dimensional space, the point spectrum and point phantom of a compact
and 1-homogeneous operator may be a continuum. The recent paper [65] gives some
conditions under which the connected eigenvalues of a nonlinear operator are isolated;
unfortunately, these conditions are not met for the eigenvalue problem (12.89).
Second, we have seen that, by the crucial estimate (12.96), Theorems 12.11 and
12.12 are restricted to the case p > 2. It seems very unlikely that this restriction
has only technical reasons, and these theorems are true also for p < 2. In fact, for
p 1< 2 the estimate (12.98) would be a global Holder condition for J~! with exponent

=1 > 1. On the other hand, what we really need is not the Holder condition (12.98),

but the condition (12.100) for the t-measure of noncompactness of J —1 which is
much weaker. So the problem of the validity of Theorems 12.10-12.12 in case p < 2
remains open.
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evolution, 350
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limit, 35 Minty, 366, 372
linear, 1, 12 Nussbaum, 66, 144
local, 108 Sadovskij, 58, 133
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Neuberger, 100
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pseudo-adjoint, 230, 265
residual, 23
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Thomas—Fermi equation, 371
three point boundary value problem,
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Singhof, 128 a-contractive, 177
Vith, 191 compact, 137
translation operator, 58 essential, 137
trivial extension, 160 non-vanishing, 137
Volterra equation, 284, 300, 345
unbounded eigenvalue, 153 Volterra operator, 284, 300, 345
unbounded point spectrum, 153, 285
unit disc, 10 Weber spectrum, 241
Uryson equation, 340 Weyl sequence, 27
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